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ABSTRACT. In this paper, we investigate the interaction of two breathers in the
Sine-Gordon model. We derive an explicit analytic expression for the two-breather
solution of the Sine-Gordon equation and study its dynamics. We show that the
breathers behave like classical particles of equal masses upon collision, but with
the momentum continuously transferred via their fields. By suitably averaging
the oscillations of the solution we derive analytic expressions for the trajectories
of the two breathers. It is shown that in the non-relativistic limit, the interaction
potential between the two breathers has the same form as the velocity-dependent
interaction potentials used for Machian unified theories of gravity and inerita.
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1. INTRODUCTION

A breather soliton model of elementary particles [1] is suggested by Machian
unified theories of gravity and inertia[2-9]. In such a theory, particles are breather-
solitons in the gravitational field, or more generally, a unified field of which the
gravitational one is a part. The particles are then part of the field itself, namely the
breather soliton. A universe consisting of N particles is described by an N-breather
solution to the underlying non-linear field equation, which in the simplest possible
form reads

Op+ V(p)=0. (1.1)
This N-breather solution then includes the N particles, the fields generated by them
as well as the resulting motion due to the fields. For such a breather soliton model
of elementary particles, it is necessary to show that all known properties of the
elementary particles are exhibited by the solitons. Especially, the correct behaviour
under collisions and the fact that indeed the mutual interaction due to the soliton’s
fields are included in the multi-soliton solutions, has to be demonstrated. Although
the correct three-dimensional soliton equations remain to be found, it is desirable
to study the collision and mutual interaction of breather solitons already in toy-
models, such as the 1 dimensional Sine-Gordon model. It is based on the Sine-
Gordon equation
Op + %sin(gp) ~0. (1.2)
This equation possesses breather and N-breather solutions [10], with the well-known

one-breather solution given by
cos(%n(q)(ct — :L’ﬁ))
cosh(%s(q)(x - vt))

p(z,t) = 4arctan | cot(q) (1.3)

Here, v is the breather’s velocity and q is a real parameter. d is proportional to
the 1/e radius and thus the size of the breather. f = v/c and v = 1/\/1—762
are defined in the usual way. In the following, we want to study the interaction
between two such breathers. This problem has so far only been studied for resting
breathers of constant relative phase, using approximate solutions for large separa-
tions between the breathers [11,12]. Those results are not applicable to the case
of two breathers moving with different velocities, since they necessarily oscillate at

different frequencies due to the relation

sin(q)y
d

w= c (1.4)
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between the breathers velocity and the oscillation frequency. This implies that their
relative phases wont stay constant during their motion. Further, the assumption of a
large separation between them is obviously invalid when a collision occurs. Instead,
we use exact two-breather solution of the Sine-Gordon equation, which is derived
in the appendix. Using the asymptotic expansion of this solution we will show that
the breathers behave like classical particles of equal masses under collision. We
will determine the trajectory of the breathers by averaging out the oscillations and
calculate the maxima of the two breather solution ¢ , as is described in the next
two sections.

Since a breather soliton nature of the elementary particles is suggested by
Machian unified theories of gravity and inertia [2-9], it is particularly interesting to
analyze the form of the interaction potential between the two breathers in the classi-
cal, non-relativistic limit. Those Machian theories are classical and non-relativistic,
including up to second order terms in 3. They are built on velocity dependent grav-
itational potentials which only contain relative quantities, like the Weber-potential
2:6]

Gm1m2 7“%2
Viveper = — 021 _ 12y 1.5
Web = (1-53) (1.5)
or the Riemann-potential [8,9]
Gmimg V2,
Vi iemann — 1——). 1.6
R T12 ( 202) ( )
Here, r15 = |r; — 1] and vis = vi — vy , G is the gravitational constant and c

the speed of light. The velocity dependent part of the potentials then gives rise
to the phenomenon of inertia, instead of the usual Newtonian kinetic energy. It is
desirable to show that breather-breather interaction potentials in the classical, non-
relativistic limit (the lowest non-vanishing order in /) reduce to the form exhibited
by (1.5-1.6), which is

V = f(rz)(1 + afb), (1.7)

with a some dimensionless parameter of order of unity. This, we want to show in

the fourth section of our paper for the interaction of two Sine-Gordon breathers.



2. THE AVERAGING PROCEDURE

The one breather solution of the Sine-Gordon equation is given by (A.4)

o(x,t) = 4arctan <cot(q)cf)§1((b;)> (2.1)
with @
7 cos(q
a= d (x — vt — )
b— %n(q)(ct — 28) + &

The trajectory of a breather (or particle) can be defined as the line on which the

successive maxima and minima of the oscillations lie.

FIGURE 1. The one-breather solution (2.1) for the parameters 5 =
0.6 ,qg=1.2,d=0.2. The line on which the successive maxima and
minima lie can be defined as the trajectory of the breather

This line can be found by averaging out the oscillations, setting the oscillatory

function equal to a constant
cos(b) = & = const.

and then calculate the maxima via

Oy
— =0 2.2
5 (2.2)
This yields the condition
x = vt+x (2.3)

which is the free breather’s trajectory. Alternatively, if one would’ve have deter-

mined the maxima of (2.1) directly without setting the oscillatory function to a



constant, one would’ve obtained the equation
tan(q)S tan(b) = tanh(a) (2.4)

This transcendent equation gives the solutions of the discrete maxima and minima
of the breathers oscillations. The line, on which they lie is again (2.3). Indeed, if
we plug this in (2.4), the right side vanishes leaving us with an additional condition

which yields the discrete maxima and minima of the oscillations, given by

4p (mn — &) + ——

n:sirl(q)\/l—ﬁ2 1—p?

If we are interested only in the trajectory (the line, on which these extrema lie), it

Zo

is sufficient to calculate (2.2) with the oscillatory functions set to a constant.

3. THE TRAJECTORIES OF THE TWO-BREATHER SOLUTION

This procedure we now want to apply to the two-breather solution, which is

@ = 4arctan (%)

with f; and f, given by (A.7, A.8) (see appendix A for a derivation). Since two

given by

breathers of different q; # ¢o still behave like particles of the same masses under
collisions, we restrict ourselves to the case ¢ = ¢o =: ¢ here. For simplicity, we also
set the initial positions of the two breathers (x¢); = (x9)2 = 0; keeping a non-zero
value for them would only change the specific position of the collision, which doesn’t
impact our discussion. Because we're only interested in the trajectories and not the
discrete positions of the single maxima, we again set the oscillatory functions to a
constant. Here, we will distinguish two cases: The case where both breathers move
in phase close to their collision point, and the one where they move out of phase
close to the collision point. Over the whole motion, one cannot specify a specific
relative phase, since, as was already pointed out, both breathers oscillate with
different frequencies, according to (1.4). Since the relative phase that impacts the
interaction most will be the one where the breathers are closest, we will distinguish
both cases by the relative phase at this point. An example of both an in-phase
(Fig. 2) and out-of-phase (Fig. 3) collision of two breathers is plotted below. In
both cases, one can see how the two breathers move in-phase and out of phase
respectively close to the collision point. The further one goes away from that point,

the more their relative phases change due to their different oscillation frequencies.



F1GURE 2. The two-breather solution with both breathers being in
phase at the collision point. It is plotted for the parameters 5; = 0.7,
P2 =0.3,d=0.1and ¢ =1.2.

F1GURE 3. The two-breather solution with both breathers being out

of phase at the collision point. It is plotted for the parameters 5, =
0.7, B=0.3,d=0.1 and ¢ = 1.2.



Now, both breathers will collide close to the origin, there we have

bl %51, bg %(52

For in-phase oscillation at this point, we have dy = d§; and thus we set

cos(by) = cos(by) = &
For out-of-phase oscillation we have d, = d; + 7 and thus we set

cos(by) = — cos(by) = &

3.1. Out-of-phase oscillation. We first deal with the case of out-of-phase os-
cillation. If we plug (3.2) into (A.7,A.8) and use the half-angle formulas for the

hyperbolic functions, we obtain the expressions

fi= sinh(a1 J2r &2) (2uywyC3¢ sinh(a1 ; aQ) _

8(uiwy)?C'y/1 — €2 cosh(a1 — az))

2
fr = —FE — F cosh(a; + a2) — G cosh(a; — az)

with
E = 28%uyuy(D? — B) + 8(ujwsy)?D(1 — €2)
F = wiwy(D?* + B) — 4(ujwy)*D
G = wywy(D* + B) + 4(uywy)*D

. C(;S(Q) (z

Now, we can transform into the center of mass frame moving with

—'U;J), k= 1,2

v — Y101 + Y2U2
Y1+ Y2

In this frame, we have

a1 + as = ax

al—agzbt

with
o= + 72 cos(q)
~y d
2
p_ 2nrey COS(q)U12
Mn—"7 d
and vy = v — vy , ¥ = 1/4/1 — 32 We can thus write
ﬁ sinh(%)g(t}

fr ~ E+ Fcosh(ax) + G cosh(bt)

(3.10)
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(A) In the center of mass frame (B) In the lab frame

FIGURE 4. The trajectory of the two breathers for the out-of-phase
case. It is plotted for the parameters 5; = 0.7, S5 = 0.3, d = 0.1 and
q=12.

bt bt
g(t) = _2U1w202§ Sil'lh(?) + 8(U1w2)20\/ 1 — &2 cosh (E)
We can now calculate again (2.2). Taking into account that

890 o aft/fr
835_0(_} ox

since the arctan is a strictly monotonic function, and f;/f, given by (3.10), we

obtain®)

=0

ry(t) = i% cosh_l(g cosh(bt) + k) (3.11)

E
k=2+— 3.12
v (312)
Eq. (3.11) is the trajectory of our two breathers in the center of mass frame. The
solution is plotted for the same values as in Fig. (3).
The asymptotics can be calculated using the formula cosh™ (z) ~ In(2z) as

|z| — oo giving

v ()~ gm + ém(%) (3.13)
v (t) ~ —gm - éln(%) (3.14)

One can see that, like for classical particles the breathers move towards each other

with opposite velocities of equal magnitude

b 2717272
Ve = — = 55 V12
a Y1 — 72

TA third solution is x=0, which corresponds to the minimum between both breathers along the
trajectory of the center of mass. This solution we don’t need here.
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before the collision, swap their velocities upon collision, and move away from each
other afterwards, again with opposite velocities of the same, equal magnitude. Un-
like classical particles, however, the collision is not a discrete process in time, but a
continuous transfer of momentum via the fields of the particles (the breathers), as
can be seen by (3.11). The fields generated by the particles transfer the momentum
from the faster particle to the slower one until they have swapped their velocities.

Multiplying (3.11) by a and transforming back into the lab frame with the
help of the equations (3.8-3.9) leads to an implicit equation for x given by

a; +ay ==+ cosh_l(g cosh(a; — as) + k) (3.15)

This equation is not solvable analytically for x in general. It is plotted numerically,
again for the same values as in Fig. (3). The asymptotics can again be calculated

analytically using cosh ™ (z) ~ In(2z), giving

d G
- U2t+mln(f) t— —0o0
4 (t) ~ o (3.16)
vt + 2cos(Q)71 H(F) t — 400
d G
T (t) o {Ult " 2cos(g)1 ln(f t— _OO} (3 17)
_ d G . .
Vgl — Toos(@)7a ln(F) t — 400

Those expressions could’ve also been obtained by directly transforming (3.13-3.14)
back to the lab frame. They agree with those obtained directly from the asymptotics
of the exact two-breather solution derived in appendix B (A.14-A.15). Indeed, using
the definitions (3.5-3.7) and the identity

1 1
= ln( + x) — tanh ' (z)
2 1—x

we can write the phase shifts as

duqug D 1 G
1 1482 _ -
tanh™ ( Ean ) = 21n(—>.

which agrees with (3.16-3.17).

3.2. In-phase oscillation. The derivation for this case is analogous to the out-of-

phase case. Plugging (3.1) into (A.7-A.8) yields

Ji cosh (%) g(t)
f,  —FE + Fcosh(ax) + G cosh(bt)

G(t) = 2uywy,C*¢ cosh(%) — 8(u1w2)20msinh<%)

in the center of mass frame and from this one obtains for the trajectory

a(t) = % coshl(% cosh(bt) — k) (3.19)

(3.18)
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These solutions agree with the ones for the out-of-phase case, just with & — —k.
Therefore, also the asymptotics agree with the ones obtained for the out-of-phase
case. However, in this case, we also need to consider the solution with x=0. This is
because at some time t, the right side of (3.19) will vanish and both solutions de-
generate. At this point, both breathers merge and propagate as one single breather
along the trajectory of their common center of mass until at some time t, they
reemerge and propagate as two single breathers again. This behavior can be seen in
fig. 2 near the collision point: There no longer exist two separate maxima/minima
of the two breathers, but only one combined maximum/minimum due to construc-
tive interference between them. The points, at which the two breathers merge and

reemerge respectively can be found from the condition
G
coshfl(F cosh(bt) — k) =0

which, upon solving for t is equivalent to
E+3F
¢ )
The ”lifetime” of the composite breather is thus

2 E +3F

T=7 cosh™( G )

In the lab frame, the corresponding expressions read

1
t= :l:z cosh™(

G
a; +ay ==+ cosh_l(F cosh(a; —as) + k) (3.20)
for the (implicit) equation for the trajectory and
d E+ 3F
t==+ Nty osh_1(+—)
cos(q) 27172012 G

for the times of the merging and reemerging of the two breathers.

The discontinuity of the velocity of the breather trajectories at the two points
t is an artifact of our definition of the trajectories. When the two breathers approach
the point t, the minimum of the function ¢ between them will suddenly have a higher
value than the two former maxima. This point corresponds to the discontinuity in
the derivatives of the breather trajectories. Nevertheless, the breathers move with
a well-defined, finite velocity through these points. It is just the position of the

maximum that shifts discontinuously.
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(A) In the center of mass frame (B) In the lab frame

F1GURE 5. The trajectory of the two breathers for the in-phase case.
It is plotted for the parameters g; = 0.7, 5 = 0.3, d = 0.1 and
g = 1.2. The merge/reemerge points are at t = £0.637 in the lab
frame and t = £0.078 in the cms frame.

4. THE CLASSICAL, NON-RELATIVISTIC LIMIT AND CONNECTION TO THE

MACHIAN THEORIES

We now want to analyze the motion of the two breathers in the classical,
non-relativistic limit. This means we have (1,3, << 1 and 7 >> d ?) with r the

relative separation between the two breathers
ri=1T; — X9 (4.1)

We will show that the trajectory of the two breathers in this case corresponds to

the motion in a Machian interaction potential of the form

V= f(r)(1+ab) (4.2)

with a some dimensionless parameter of the order of unity.

Since the in phase case only differs from the out-of-phase case by a sub-
stitution £ — —k, we can just deal with the out-of-phase case and later make
this substitution in the result to get the formulas for the in-phase case. In the

non-relativistic limit we have v; =~ v ~ 1 and thus
a; + as =2z — (v + vo)t

ap — az = —vat

2The second condition comes from the fact that we’re considering the classical limit, thus our two
particles have to be far enough away from each other so that their separation r is beyond a typical
quantum mechanical scale like the Bohr radius r >> ag. d is now the 1/e radius of the breather
and thus our particle. We therefore have d ~ r,, with r;, the radius of the proton. Both together
imply the claimed condition.
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Plugging this into (3.11) and solving for x yields for the trajectories in the lab frame

d G t
e (t) = U _g L 5 Cosh_l(E cosh(v%) + k) (4.3)
For the relative separation (3.1) this gives
G t
r= dcosh_l(E cosh(%) + k) (4.4)
For the time derivative we obtain
: 1 . (Pl
= — h{ — 4.5
"7 Sinh(r/a) 2T ( d ) (4:5)

Solving (4.4) for cosh(viat/d) and plugging the result into the square of (4.5) yields
1+ k*— G*/E? — 2k cosh(%)

sinh(%)? )
In this, we can identify the first term in the brackets as the total energy and the

second as the negative interaction potential

1+ k%> — G?/E? — 2k cosh(%
V(r)=—v}, i ,/ — cosh (3) (4.6)
smh(a)

Now, in the classical limit we have r >> d . Therefore, in the interaction potential

(4.6) we only have to keep the last term proportional to cosh(r/d) . Further, we

can approximate

cosh(g) 2exp(~1)

sinh(%)? d
leaving us with the far field
V(r) = 4kvi, exp(—%) (4.7)
Finally, we have for k in the lowest non-vanishing order
t(a)2
k=201 4 U,
Bia

Plugging this into (4.6) yields

V(r) ~ 8¢ cot(q)*(1 + tan(q)*52%,) eXp(—§>

which has the claimed form (4.2).

For the in-phase case we get accordingly

V(r) ~ —4kvi, exp(—%) (4.8)

As we can see, this still has the same form, just with a different sign. We can see

from (4.7) and (4.8), and the fact that k£ > 0, that the potential is attractive for
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the in-phase case and repulsive for the out-of-phase case, in agreement with what

has already been found in [11,12]

5. CONCLUSION

We have analyzed the interaction between two Sine-Gordon breathers and
found analytic expressions for the trajectories they follow due to their mutual in-
teraction. We have seen that they behave like classical particles with equal masses:
They swap their velocities upon collision. However, the momentum transfer is not
discrete, but continuous, mediated via their fields. This shows how in a soliton
model indeed particles and fields have a unified description. The fields ” generated”
by the particles are part of the solitons themselves and are included in the soliton
solutions. As is the interaction due to these fields: The trajectories found for each
of the two breathers correspond to an accelerated motion, caused by the field of the
other.

In the classical, non-relativistic limit we’ve shown that the interaction po-
tential between the two breathers takes the same form as the interaction potentials
underlying the Machian unified theories of gravity and inertia. As we stated in the
beginning, the soliton model of elementary particles is suggested as a consequence
of those Machian theories. Here, we have shown that in turn the interaction poten-
tial between two breathers in the Sine-Gordon model indeed reduces to a velocity
dependent potential of the same form as used in the Machian theories. This is a
further indication that a breather soliton model of elementary particles is indeed the
correct quantum-relativistic generalisation of the classic, non-relativistic Machian
theories. To show, that the above said is also true for the full, 3 dimensional theory

remains a task to be done, once the correct soliton equations are found.

APPENDIX A (THE TWO-BREATHER SOLUTION OF THE SINE-GORDON

EQUATION)
The N-soliton solution to the Sine-Gordon equation

I
Oy + = sin(p) =0

is given by [10]

© = arctan(%) (A.1)

f=f+tifi=W@, ..., ¥n)
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Here, f,, f; denote the real and imaginary part of f and W is the Wronskian with
the entry vector ¢ = (¢1, ..., ¥n)T

Wy, ..., on) =[O, D @D

0 1 N—-1
UL
) (1) (N-1)
_ wz 2 see 2 (A'Q)
0 1 N-1
T

with w,gj) = &1, /0X7. The number N is the number of solitons in the solution.

The functions 1, are given by

Y = ag exp(%k) + by exp (—%)

1
=X + —T + ¢
Ak
X = (x+ct)/2d and T = (x — ct)/2d are the light cone coordinates. «, a and b are

complex parameters, () a complex phase.

The N-breather solution is obtained from the 2N-soliton solution by setting

%U = (wlly ¢127 770217 ¢22---7 77ZJN17 wNQ)T

with

Without loss of generality, we can set ap = b, = 1 by absorbing the constants into
the phase (,go).

proof:
By using a; = exp(In(ax)) and by, = exp(In(bg)) , we can write
0 . ¢ o\ -+
Yr1 = exp <§k) (exp (%) + exp (—%) ) = exp <§)¢k1

5k = ln(akbk)
& =+ ln(a—’“)

The same can be done for s , giving

eS8 o ) -(8)

with
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Now, since d; doesn’t depend on X, it isn’t affected by the differentiations in the
Wronskian (A.2). Since the first line in W is proportional to exp(d;/2), the second
to exp(07/2), and so on, we can pull each of these factors out of the determinant,

and write
‘Vwﬂzmm(E:Rd%OWWQ

Now, the factor standing by the new Wronskian on the right side is real and thus it

cancels out in the final solution (A.1), which is only dependent on the quotientf;/ f,..

O

Thus we can write the functions 1, as

VY1 = eXP(%) +exp (—%), Ykg = €Xp (%) — exp<—%>

where we have suppressed the tilde symbols again for brevity.

The one-breather solution can now obtained by choosing N=1, which yields

the solution

fr = 2ucos(b) (A.3)
fi = —2wcosh(a) (A.4)
with
a=¢ = VCOdS(CD (x — vt — ), b=¢( = 7S12(q> (ct — x8) + 0o
and we’ve set
o= —— (O =
7 cos(q)

Here, v is the velocity of the breather, 8 = v/c and v = 1/4/1 — 2 . Further, we

have

—_

af = 12
_|_

—_

and
u = o, = |a]cos(q)
w = a; = |afsin(q)

with q a real parameter. Thus, we can write the one-breather solution with (A.1)

and (A.3, A4) as

¢ = 4arctan (cot(q)
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where we have used the formula arctan(1/z) = 7/2 — arctan(z).

The two-breather solution is obtained by choosing N=2.  Performing the

Wronskian with Mathematica one obtains

fi = —wiuz(C* — A) cosh(ay) cos(by) — wyuy (C* + A) cosh(az) cos(by)

+4uy ugwyweC(sinh(ay) sin(by) — sinh(az) sin(by)) (A.5)
fr = —wiwy(D* + B) cosh(ay) cosh(ay) + usuy (D? — B) cos(by) cos(by)
+4uq ugwywe D(sinh(aq ) sinh(ag) + sin(bs) sin(by)) (A.6)
with
= (G = BB (g g
bk = ((k), = %rl(qk)(ct — ﬁkI) + 5k
___4d © UM _
(wo)k = S cos(ay) (G s Ok =1(¢ )i k=12

Here, vy are the velocities of the two breathers 1 and 2, [ = wvi/c and v, =

1/4/1 — B%. Further,

anf? = 3
1+ 5
and
ur = |og| cos(qr)
wy = || sin(gx)
as well as

C = —lai]* + ||

D = |a1? + |af?
A = 2|y [*as)?(cos(2q1) — cos(2¢2))
B = 2|a; [*|as|*(cos(2q1) + cos(2¢2))

For two equal breathers with ¢; = g2 =: ¢ (but in general different velocities), we

have

A=0
B = 4|a; [*|as|? cos(2g)
With this, we can write the solution as
fi = —ujwyC?(cosh(ay) cos(by) + cosh(ay) cos(by))
+4(uyw;)?C(sinh(ay ) sin(by) — sinh(asy) sin(by)) (A7)
fr = —wiwy(D* + B) cosh(ay) cosh(ay) + usuy (D? — B) cos(by) cos(by)



+4(uywy)? D(sinh(ay ) sinh(ag) + sin(by) sin(by)) (A.8)

6. APPENDIX B: THE ASYMPTOTICS OF THE TWO BREATHER SOLUTION

In this appendix we want to derive the asymptotic expressions of the two
breather solution (A.1) with (A.5, A.6). By dividing f; and f, by cosh(a;) cosh(as)

we can write them as
fi = —wius(C? — A)zy — wouy (C% + A)z
+4uyuswiwoC(tanh(ay )y — tanh(as)y;)
fr = —wiwy(D* + B) 4 ugui (D? — B)z1 29
+4uguswiwe D(tanh(a ) tanh(as) + y1y2)

with )
cos(by,
e
Zk cosh(ag)’ ’
sm(bk)
=—"— k=12
Yk cosh(ag)’ ’

In this form, we can now easily find the asymptotics. Without loss of generality
we assume v; > vo . This means, that before the collision, breather 1 is left of
breather 2, and vice versa after the collision. We can find the asymptotics now by
for example first looking at breather 1 before the collision. Here, breather 2 is far
enough away so that we have
2 R Y =0

in the vicinity of 1. In addition, since 1 is left of 2, we have

tanh(as) ~ —1
This leaves us with

fi = —wauy (C? + A)zy + duyugwiwyCyy

fr & —wywy(D? + B) — 4ujuswywy D tanh(ay)
Plugging both into (A.1) yields

Wolq (02 + A) COS(bl) — 4U1U2’U)1U}20 sin(bl)
wywq(D? + B) cosh(ay) + 4ujuswyws D sinh(ay)

el x4 arctan(

) (4.9)
If we set
sin(9) = 4ugugwiwyC cos(8) = wyuy (C? + A)

sinh(€) = 4ujuswiwy D cosh(e) = wywy(D? + B)
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we can use the addition formulas for trigonometric and hyperbolic functions to write
(A.9) in the form

(A.10)

by +90
QDZ{efOTe =4 arctan(—cos( 1+01) )

cosh(a; + €)
with the phase and position shifts §; and e given by

4usw,C
tan(d;) = 022+1A
4U1U2D
tanh(e) = FSEEG]

Equation (A.10) is a one-breather solution phase shifted by d§; and position shifted

by €. In the same way we can obtain

before —4 t COS(bQ + 52) A1l
© arc an(—cosh(ag — (A.11)

by — 1)
after — A arctan cos(hy = o) A2
1 cosh(a; — €) ( )
b )
after — A arctan cos(by = 9) A.13
72 cosh(ay + €) ( )
The phase shift d, is given by?)
4uqwoC'
tan(d
) = E g
We can directly obtain the trajectories of the asymptotics. Taking into account
that to the trajectory 2 belong the asymptotics ©5/¢ and ¢/ and to z_ the
asmptotics @™ and 37" we get
vot + tanh ™ (24w2l) ¢ & —o
Ty A { ? cos(q) 1(4152:% ) } (A.14)
vit + COS( 5 tanh ™ (5 ) t— 400
Vot — —E— tanh ! (duwl) ¢ 5 oo
.~ { 2 COS(Q)’}’Z 1<4€f:5)) } (A.15)
vt — cos(qm tanh™ ( JAERwE ) t— +oo

3In the case considered in section 3 we have ¢; = ¢ and thus ujws = usws. Consequently we
then also have §; = d, in this case.
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