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Abstract

In this short report we speculate the spacetime dimension in our universe , by
using both the Kasner solutions to the Einstein field equations and the Kaluza-Klein
concept of the extra dimension. Surprisingly around the past Big-Bang, the space-
time dimension may have been two dimensional (1+1) , and in the future the spacetime
dimension may tend to three dimensional one (2+1) , though our observable space-time
is four dimensions at the moment. This is a toy model.

∗tatsuyukisugawa@hotmail.com

1



Contents

1 Introduction 2

2 Set-Up 2

3 three dimensional cosmology in four dimensional Kaluza-Klein model 4

4 conclusion 5

5 Acknowledgements 5

1 Introduction

We live in the four dimensional space-time at the present stage. My question is : this
universe has been four dimensional space-time from the birth and will continue as four
dimensional space-time toward the future? In the Kaluza-Klein cosmology , A. Chodos
and S. Detweiler [1] discussed the possibility that a simple solution to the vacuum Einstein
equations with no matter in 4+1 space-time dimensions leads to a universe which has 3+1
observable dimensions, by one dimensional space shrinking[1] .They pointed out that the
five-dimensional Kasner solution [2] describes a universe in which one spatial dimension
shrinks with time while the other three spatial ones expand. This not only accords with
the observed expanding universe , but also can explain why the fifth dimension is so small.
In our report we will study the possibility that our universe would be a 2 + 1 dimensional
space-time plus one spatial extra dimension. namely we consider the Kaluza-Klein theory
which is the 2+1 space-time and 1 extra spatial dimension. In the past we studied the wave
function of the universe in three dimensions.[3] If our universe began as three dimensional
Big Bang ,the concept of the Big Bang would be changed drastically . In other words, all
space times were not born as one Big Bang around the same time, one space had been
existed beforehand. After that another two spaces were born as the Big Bang. Now our
space-time is the four dimensional space-time.In the past two dimensional space-time had
already existed and another 2 spaces were born as Planck scale to become growing up to
the present scale. So around the present we live in 3+1 space-time. In the future one space
will be shrunk to be very small , maybe the Planck Length. As the result , the future
space-time may tend to the three dimensional one(2+1 space-time).

2 Set-Up

We follow the Chodos-Detweiler method. We set time to be a continuous parameter ranging
over the real time and take the spatial coordinates xα to be periodic.

0 ≤ xα < L
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where L is some parameter with the dimension of length. In our model with no matter,
the basic equation is the vacuum Einstein field equations (the energy-momentum tensor
Tµν = 0, cosmological constant Λ = 0)

Rµν −
1

2
Rgµν = 0 (1)

where Rµν is the four- dimensional Ricci tensor. R is the four-dimensional Ricci scalar.
Following Chodos-Detweiler, we assume that the universe has evolved according to the
Kasner solution [2] to Eq.(1) which is a homogeneous and anisotropic vacuum solution in
the case of (Tµν = 0, Λ = 0). In d spatial dimensions, the Kasner solutions to Eq.(1) have
the form

ds2 = −dt2 +
d∑

i=1

(
t

t0
)2pi(dxi)2 (2)

provided Kasner conditions are satisfied, which are

d∑
i=1

pi =

d∑
i=1

p2i = 1 (3)

The above relations require at least one of the pi to be negative which means contraction
in at least one spatial dimension. As Chodos Detweiler pointed out, in four dimensions
the vacuum Kasner solution may seem a poor description of the universe since it predicts
contraction in at least one dimension. Here we dare consider the four dimensional case,
since we concentrate on the three dimensional gravity originally. The Kasner conditions in
four dimensions(d = 3) are

p1 + p2 + p3 = p21 + p22 + p23 = 1 (4)

We take the choice to satisfy the above relations.

p1 = p2 =
2

3
, p3 = −1

3
(5)

Thus the four - dimensional Kasner metric is

ds2 = −dt2 + (
t

t0
)
4
3dx2 + (

t

t0
)
4
3dy2 + (

t

t0
)−

2
3dz2 (6)

= gµνdx
µdxν (7)

where

gµν =


−1 0 0 0

0 ( t
t0
)
4
3 0 0

0 0 ( t
t0
)
4
3 0

0 0 0 ( t
t0
)−

2
3

 (8)
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gµν as the inverse of gµν is

gµν =


−1 0 0 0

0 ( t
t0
)−

4
3 0 0

0 0 ( t
t0
)−

4
3 0

0 0 0 ( t
t0
)
2
3

 (9)

3 three dimensional cosmology in four dimensional Kaluza-
Klein model

Ordinary Kaluza-Klein theory is considered to be 3+1 space-time plus one extra spatial
dimension. However here we consider 2+1 space-time dimension plus one extra spatial
dimension. Namely we consider three dimensional cosmology. Anyway we investigate the
Kasner metric (6).
If we look at t0 as our present time,

(a) t ≈ t0

The metric (6) is

ds2 ≈ −dt2 + dx2 + dy2 + dz2 (10)

This is the almost flatlike and isotropic metric which shows nowadays our (3+1) dimen-
sional universe.
This is a good metric, considering Λ ≈ 0 though observably Λ ⪆ 0
But the distance around any dimension is L. L ≈ 1030cm.

(b) t ≪ t0

ds2 ≈ −dt2 + (
t

t0
)−

2
3dz2 (11)

the universe had only one spatial dimension, whose length approached infinity at the initial
singularity t = 0.
This shows the 2 dimensional (1+1) universe.
The other spacial dimensions, x, y, will come to be compactified with the scale of the
Planck length. This means the new big bang. The compactified two dimensional space
is the essencial manifold which is explained by three dimensional quantum gravity (2+1).
Two space (x,y) was born in the (1+1) space-time.
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(c) t ≫ t0
The metric is

ds2 ≈ −dt2 + (
t

t0
)
4
3dx2 + (

t

t0
)
4
3dy2 (12)

the distance around the fourth dimension (z) has shrunk to ( t
t0
)−

1
3L to be compactified to

the Planck length, on the other hand the other two spatial dimensions(x,y) have grown to

( t
t0
)
2
3L.

This shows the 3 dimensional(1+2) space-time universe. In the far future the universe will
become three dimensional space-time.
　

4 conclusion

We spaculated our universe dimension considering the Kasner’s metric and the Kaluza-
Klein concept. Our universe is at the present (3 + 1) dimensional space-time, but the
initial universe may have been (1 + 1) dimensional space-time as a starting point. In
addition in the future it will be (2 + 1) dimensional space-time. Of course we have no
observational evidence . However our universe (or Multiverse) may be very mysterious
for us. If my speculation may be true, the Big-Bang may have started as the birth of 2
dimensional space on the background of (1 + 1) space-time . If so , our next question is
how the other two dimensional space was emerged? In order to avoid the two dimensional
space-like singularity we may use the (2+1) dimensional space-time quantum gravity. Our
toy model may touch the conflict of basical physics principle.
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