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Abstract

In this research a general algebraic relationship is established between a pair of
primes. This relationship shown to be a useful tool to prove the Binary Goldbach conjec-
ture and other conjectures involving prime gap.
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Introduction

In the paper reference [1] an algebraic relationship between an integer greater than 1 and
prime numbers was established given by:

𝑚 = √𝑛2 + 𝑝1𝑝2 (1)

It was consequently shown that

2𝑚 = 2√𝑛2 + 𝑝1𝑝2 = 𝑝1 + 𝑝2 (2)

In the paper Reference [2] it was shown that the number of primes in the interval [𝑚,2𝑚]
is given by

𝜋[𝑚,2𝑚] ≥ 𝑅(2𝑚) ≥ 1 (3)

Where𝑅(2𝑚) represents the number of Goldbach partitions of the composite even number
2𝑚. In the paper reference [3] an algebraic relationship between consecutive primes was
established given by:

𝑝𝑖+1 = 𝑝𝑖 + √𝑝𝑖 ± (2𝑘𝑖 − 1) (4)
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In the paper reference [4] neccessary and sufficient condition for prime number pair qualfy
for Goldbach partition of a composite even number we established. It was shown that if a
composite even number is partitioned as below:

2𝑚 = 2𝑝1 + 𝑘1 (5)

with 𝑝1 prime, for 𝑝1 to qyalifiy to be Goldbach partition prime of 2𝑚 the

𝑘1 + 𝑝1 = 𝑝2 (6)

In other words
𝑘1 = 𝑔2,1 = 𝑝2 − 𝑝1 (7)

This paper will examine the algebraic relationship between in more detail with the aim of
getting an efficient tool for solving prime gap problems.

Algebraic relationship between primes and proof of Goldbach
conjecture

Consider two primes 𝑝1 and 𝑝2. They are connected together by the following algebraic
relationship

𝑝2 = 𝑝1 + √𝑝2
1 − 𝑝2(𝑝2 − 2𝑔2,1)|| ∶ 𝑝2 ≥ 𝑝1 (8)

𝑔2,1 = 𝑝2 − 𝑝1

Example
11 = 7 +

√
72 − 11 × 3||𝑔 = 11 − 3

2 = 4

23 = 19 +
√

192 − 23 × 15||𝑔 = 23 − 15
2 = 4

Thus

𝑝2 + 𝑝1 = 2𝑝1 + √𝑝2
1 − 𝑝2(𝑝2 − 2𝑔2,1)|| ∶ 𝑝2 ≥ 𝑝1 (9)

or

2𝑚 = 2𝑝1 + √𝑝2
1 − 𝑝2(𝑝2 − 2𝑔2,1) = 𝑝1 + 𝑝2|| ∶ 𝑝2 ≥ 𝑝1 (10)

or
2𝑚 = 2𝑝1 + √𝑝2

1 − (𝑝1 + 𝑔2,1)(𝑝2 − 2𝑔2,1) = 𝑝1 + 𝑝2|| ∶ 𝑝2 ≥ 𝑝1 (11)

or
2𝑚 = 2𝑝1 + √𝑝2

1 − (𝑝1 + 𝑔2,1)(𝑝1 − 𝑔2,1) = 𝑝1 + 𝑝2|| ∶ 𝑝2 ≥ 𝑝1 (12)
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Now

𝑚 =
2𝑝1 + √𝑝2

1 − (𝑝1 + 𝑔2,1)(𝑝1 − 𝑔2,1)
2 = 𝑝1 + 𝑝2

2 ≥ 2|| ∶ 𝑝2 ≥ 𝑝1 (13)

All semiprime even numbers have at least one Goldbach partition. We need to come up
with a proof that all nonsemiprime even numbers have at least one Goldbach partition.

For all nonsemiprime even numbers 𝑝2 > 𝑝1 meaning that there exists a prine 𝑝2 in between
𝑚 and 2𝑚 such that:

𝑚 =
2𝑝1 + √𝑝2

1 − (𝑝1 + 𝑔2,1)(𝑝1 − 𝑔2,1)
2 < 𝑝2 < 2𝑚 = 2𝑝1 + √𝑝2

1 − (𝑝1 + 𝑔2,1)(𝑝1 − 𝑔2,1)
(14)

The quadraric inequality (7) above implies that for every semiprime even number 2𝑚 there
exists at least one Goldbach partition prime 𝑝2 in the interval between𝑚 and 2𝑚, meaning
that all nonsemiprime even numbers have at least one Goldbach partition. This result is
in Agreement with Bertrand’s postulate. It should be noted that for even numbers greater
than 6 inequality (7) can simply written in the form (8) below consistent to the Bertrand’s
postulate:

𝑚 = 𝑝1 + 𝑝2
2 < 𝑝2 < 2𝑚 = 𝑝1 + 𝑝2||𝑝2 > 𝑝1||𝑚 > 3 (15)

Thus
𝑚 = 4 = 3 + 5

2 < 5 < 2𝑚 = 8 = 3 + 5

𝑚 = 5 = 3 + 7
2 < 7 < 2𝑚 = 10 = 3 + 7

𝑚 = 6 = 5 + 7
2 < 7 < 2𝑚 = 12 = 5 + 7

𝑚 = 7 = 3 + 11
2 < 11 < 2𝑚 = 14 = 3 + 11

𝑚 = 8 = 3 + 13
2 < 13 < 2𝑚 = 16 = 3 + 13

𝑚 = 8 = 5 + 11
2 < 11 < 2𝑚 = 16 = 5 + 11

Formulae (8) and (12) mean that there is a quadratic equation connecting two primes given
by

𝑝2
2 − 2𝑝1𝑝2 + (𝑝2

1 − 𝑔2
1,2) = 0 (16)

From equation (16) we establish that:

𝑠𝑔 = 𝑝1𝑝2 = 𝑝2
2 + (𝑝2

1 − 𝑔2
1,2)

2 (17)

and also:
𝑝2

1 + 𝑝2
2 = 2𝑝1𝑝2 + 𝑔2

1,2 (18)
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Thus
2𝑚 = 2𝑝1 + √𝑝2

1 + 𝑝2
2 − 2𝑝1𝑝2 = 𝑝1 + 𝑝2

By equation (16) twin primes are subject to the quadratic equation:

𝑥2 − 2𝑝1𝑥 + 𝑝2
1 − 4 = 0 (19)

Primes with a gap of 2𝑛 are subject to the quadratic equation:
𝑥2 − 2𝑝1𝑥 + 𝑝2

1 − 4𝑛2 = 0 (20)

Thus the solution of
𝑥2 − 6𝑥 + (32 − 502) = 0

is (𝑥1, 𝑥2) = (53,−47). The gap the elements of the solution is 100. However the gap
between 3 and 53 is 50.
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