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Abstract

The theory of tensors and pseudotensors underlies the mathematical framework
of modern physics, providing a coordinate-invariant language for describing physical
laws and symmetries. In this work, we systematically analyze the transformation
properties of tensors and pseudotensors of various ranks, with particular empha-
sis on their behavior under spatial and spacetime reflections. The construction
and interpretation of the Levi-Civita symbol in two, three, and four dimensions
are discussed in detail, elucidating the essential distinction between true tensors
and pseudotensors in terms of orientation and parity. Explicit transformation rules
for ordinary tensors and pseudotensors are derived, including the role of the Jaco-
bian determinant and its sign. Through concrete examples—including scalar triple
products, cross products, and antisymmetric tensor decompositions—we reveal the
fundamental algebraic and geometric features of these mathematical objects. The
implications for vector calculus, relativistic field theory, and physical invariants such
as chirality and duality are highlighted. Our results provide a unified and rigorous
treatment of the reflection and contraction properties of pseudotensors, with di-
rect relevance to applications in classical mechanics, electromagnetism, and modern
theoretical physics.

Keywords: tensors, pseudotensors, Levi-Civita symbol, coordinate transformation,
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1 Introduction

The formalism of tensors and pseudotensors lies at the heart of modern theoretical and
mathematical physics, providing the indispensable scaffolding upon which our most pro-
found physical theories are constructed [1, 2, 3]. From the formulation of Einstein’s
general theory of relativity, where the invariance of the physical laws under arbitrary
diffeomorphisms is ensured by the tensorial structure of the field equations [4, 5], to the
foundational role of antisymmetric tensors and their duals in gauge theories, topological
phases, and quantum field theory [6, 16, 7], a deep understanding of tensor transformation



properties is not merely a matter of mathematical rigor, but is central to the correct and
physically meaningful construction of theory.

While the transformation rules for ordinary (true) tensors under coordinate changes
are now standard curriculum in advanced physics and geometry [8, 9], the subtleties
introduced by pseudotensors—particularly in the presence of improper transformations
such as parity inversion or time-reversal—remain both technically and conceptually sub-
tle [10, 11, 12]. Pseudotensors (or tensor densities), by acquiring a sign factor under co-
ordinate transformations with negative Jacobian determinant, are intimately connected
to orientation, chirality, and fundamental symmetry principles in physics [13, 14, 15].
Classic examples include the Levi-Civita symbol, which encodes the oriented structure
necessary for volume integration and cross products, and whose duality structure enables
the definition of Hodge star operations and topological invariants [16, 3]. The distinction
between polar and axial vectors, and between ordinary and pseudo-objects, is not only
of abstract mathematical interest, but governs the transformation of observables such as
angular momentum, magnetic fields, and parity-violating processes [12, 17, 18].

Recent advances in both mathematical physics and high-precision experiment have un-
derscored the critical role of these structures. For example, the classification of topological
phases of matter and the study of anomalies in quantum field theory rely on a precise
handling of tensor densities and pseudotensorial invariants [19, 20, 16, 14, 21]. Similarly,
the formulation of chiral theories, the behavior of spinors under improper Lorentz trans-
formations, and the structure of CP and T violation in the Standard Model are predicated
upon the correct usage and interpretation of pseudotensors [22, 23].

Despite their ubiquity, there remains a surprising amount of confusion in the literature
and even among advanced practitioners regarding the explicit transformation properties,
index structure, and physical interpretation of pseudotensors. This paper addresses these
issues through a systematic, axiomatic, and example-driven exposition of tensors and
pseudotensors in arbitrary dimensions, with special emphasis on their behavior under
general (including improper) coordinate transformations. Explicit formulae are derived
for low- and high-rank pseudotensors, including the Jacobian-based transformation law,
and illustrative computations are provided for canonical objects such as the scalar triple
product, axial vectors, and the full Levi-Civita tensor in both three and four dimen-
sions. The consequences for the algebra of physical observables, parity operations, and
the construction of Lagrangians are rigorously analyzed, bridging the gap between ab-
stract geometric formalism and concrete physical application.

2 Definition and Transformation Rules

The transformation properties of tensors and pseudotensors underpin much of modern
mathematical physics, providing a coordinate-independent language for physical laws. In
this section, we formalize the transformation rules for general tensors and pseudotensors
under arbitrary smooth changes of coordinates, and clarify the structure and meaning of
the Jacobian matrix and its determinant in these transformations.

2.1 Ordinary Tensor Transformation

Let T,ii;j; denote a general tensor of type (p,q), where p and ¢ are the numbers of con-
travariant and covariant indices, respectively. Under a smooth and invertible coordinate
transformation x +— z’, the components of T" transform according to the well-known tensor



transformation law:
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where the Jacobian matrix of the transformation is defined by J; = 92" /92!, and J~!
its matrix inverse.
For clarity, the same transformation rule can be explicitly written in terms of partial

derivatives:
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Or, more compactly, using product notation:

1%
/11 dp H ox't or™ ﬁTll 1 (3)
k1 kg T 81'/k3 mi.. mq'

zla

These transformation laws guarantee that the geometric or physical content repre-
sented by T is independent of the chosen coordinate system, ensuring the covariance of
the associated physical equations.

2.2 Pseudotensor Transformation

Pseudotensors, or tensor densities of weight one, play a key role in contexts where orien-
tation (parity) matters, such as in the description of cross products, determinants, and
certain physical invariants (e.g., the Levi-Civita symbol). The transformation rule for
a pseudotensor of the same type (p,q) is similar to Eq. (1), but acquires an additional
sign factor that reflects the behavior under improper (orientation-reversing) coordinate
transformations:

P = sign(det J) Ji - S (J7N) 00 (TN P (4)
Here, sign(det.J) distinguishes between proper (det.J > 0) and improper (detJ < 0)
transformations. This sign factor is responsible for the change of sign of pseudotensors
under spatial reflections or parity transformations, making them suitable for describing
orientation-dependent phenomena.

2.3 Jacobian Matrix and Its Determinant

The Jacobian matrix J of the coordinate transformation x* — z'(z', ..., z") is defined
as the matrix of partial derivatives:

ozt ozt ox'!
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and its determinant is
81,/1'
det J = det (8 Bk (6)
X



The sign and magnitude of det J characterize how the infinitesimal volume elements
and orientation transform under the change of coordinates. In particular, a negative
determinant signals a reversal of orientation (as occurs in spatial reflections), which is
why the sign appears explicitly in the transformation of pseudotensors.

In summary, Eqgs. (1)—(6) provide a complete framework for understanding how ten-
sorial and pseudotensorial quantities behave under arbitrary coordinate changes. This
machinery is fundamental in differential geometry, general relativity, and modern field
theory, forming the backbone of covariant physical law.

3 Motivation for Pseudoscalar (Oth-Rank Pseudoten-
sor)

Pseudoscalars, or Oth-rank pseudotensors, play a fundamental role in both mathematics
and physics, particularly in the context of orientation, parity, and volume invariants. The
canonical example is the scalar triple product, which naturally exhibits the key prop-
erty of changing sign under improper (orientation-reversing) coordinate transformations.
This property distinguishes pseudoscalars from ordinary scalars and is essential in topics
ranging from vector calculus to quantum mechanics and particle physics.

A general pseudoscalar can be constructed from three vectors a, b, ¢ as the scalar triple
product:

az by ¢
S=(a-[bxc])=det|a, b, ¢, |. (7)
a, b, c,

This expression is geometrically interpreted as the signed volume of the parallelepiped
spanned by the three vectors. Its transformation property under reflection reveals its
pseudoscalar nature.

3.1 Reflection Transformation along the r-Axis

Consider the effect of reflecting only the z-axis, that is, the transformation z — —uz,
y — 1y, 2 — z. The components of the vectors transform as:

a' = (—ay, ay, a,), b =(=by b, b,), ¢ =(—cq ¢y, ). (8)
After applying this reflection, the scalar triple product becomes:
—Qy _baz —Cy

S'=(a-[bxc])=det| a, b, ¢
a, b, Csy

a; by ¢y
=(-1)det [a, b, ¢, | =-5. (9)
a, b, c;

The negative sign arises from extracting a factor of —1 from the first row of the determi-
nant, directly demonstrating that S is a pseudoscalar: it changes sign under reflection of
a single axis.



3.2 Reflection along All Three Axes

Consider now the full inversion of all spatial coordinates: © — —x, y - —y, 2 - —=z. In
this case, the Jacobian matrix is J = —I and its determinant is det J = (—1)3 = —1. The
vectors transform as:

!/

a' = (—ay, —ay, —a,), b =(=by, =b,, =b,), & = (—cz, —¢y, —C). (10)
Accordingly, the triple product transforms as:
—a, —b, —c,

S'=(a b xc])=det | —-a, —b, —¢,
—a, —b, —c,

=(-1)?%det {a, b, ¢, | =-S5 (11)
a b, c

Again, the result is the negative of the original triple product, consistent with the trans-
formation law for a pseudoscalar under inversion.

These transformation properties reflect the fundamental algebraic and geometric mean-
ing of pseudoscalars: they are quantities invariant under proper rotations but change sign
under improper transformations (such as reflection or inversion), thereby encoding infor-
mation about orientation in three-dimensional space.

4 Properties of Polar and Axial Vectors (Pseudovec-
tors) under Reflection

Vectors in three-dimensional Euclidean space are classified as either polar vectors (true
vectors) or axial vectors (pseudovectors), depending on their transformation properties
under orientation-reversing operations such as spatial reflections or inversion. This dis-
tinction is fundamental in physics, with important implications for the formulation of
conservation laws, parity violation, and tensor calculus in general.

4.1 Definition and Reflection of Polar Vectors

A polar vector, such as the position vector r or velocity v, transforms under inversion
(reflection of all spatial axes) by a simple sign change of its components:

reflection

r= (rxa Ty, rz) r = (_rxa —Ty, _rz)' (12)
This transformation is governed by the Jacobian matrix J = —I with det J = —1. Ex-
pressing this via the chain rule,
Ox" i i i
i 0, = ' = Jkrk = —r" (13)

Thus, polar vectors reverse sign under an odd number of spatial reflections, consistent
with their geometric definition.



4.2 Axial Vectors and Their Reflection Properties

Axial vectors (pseudovectors) arise from the cross product of two polar vectors, a con-
struction that is orientation-sensitive. For example, the angular momentum vector is
given by

L; = €15 Pr, (14)
where €51, is the Levi-Civita symbol. Expanded in components,

Lx = TyPz — TzPy,

Ly =r.ps — 1sp2,

Lz = TgPy — TyPz-
Under the full reflection of all axes,

/ /

r = (_r% —Ty, _TZ)7 P = (_pxa —Dy, _pz)7 (15)

the components of the axial vector transform as:

Ly = (=1y)(=pz) = (=72)(=py) = 1yp> — 720y = + Lo,
L;; = <_TZ>(_pac> - (—T;v)(—Pz) = TPz — TzP> = +Ly7
le = (—T’x)(—py) - (_Ty>(_px> = TzPy — TyPx = +L..

That is, the components of an axial vector **remain unchanged®* under full spatial

inversion. This is a defining property of pseudovectors: they are invariant under improper
transformations that reverse orientation, in contrast to polar vectors.

4.3 Basis Transformation and Determinant Formalism

It is important to emphasize that under reflection, not only the vector components but
also the basis vectors transform. If the original basis is {e,,e,, e}, after reflection we
have

e, = —e; (16)
A vector expressed in basis form,
L=L,e,+Lye,+ L.e,, (17)
thus transforms as
L' = Lye, + L,e, + L€, (18)

and explicit calculations using the determinant form for cross products must account for
the basis transformation:

e, e, e,
det | a, a, a |. (19)
v, b, U



4.4 Pseudotensor Transformation Law for Axial Vectors

The general pseudotensor transformation law confirms these observations. For an axial
vector (pseudovector) Lj,

Lj = sign(det J)JIL/, (20)
so, for full reflection, J; = —¢%, det J = —1, and

This result formally demonstrates that pseudovectors are invariant under total inversion,
distinguishing them from true (polar) vectors, which acquire an overall sign change.

In summary, the distinction between polar and axial vectors is intimately connected
to the behavior under spatial reflection, underpinning many key physical effects related
to parity and orientation in both classical and quantum systems.

5 Second-Rank Pseudotensors and Their Reflection
Properties

Second-rank tensors and pseudotensors serve as foundational objects in both classical and
modern physics. Their behavior under spatial reflections and coordinate transformations
provides insight into the distinction between ordinary and pseudo-objects, especially in
relation to orientation and parity.

5.1 Transformation of Ordinary Second-Rank Tensors

Let T;; be a general second-rank tensor in two dimensions (7,5 = 1,2). Under a linear
coordinate reflection, its components transform according to

B oxt O™

/
Tiw = ozt Oxli ™

= JL I Tim, (22)

where J! = 0z!/92" is the Jacobian matrix of the transformation. For a reflection z —

= —x,y—y = —y, we have
-1 0
(0 -
5.2 The Levi-Civita Symbol as a Second-Rank Pseudotensor

A paradigmatic example of a second-rank pseudotensor is the Levi-Civita symbol in two
dimensions, €;;, which encodes the oriented area element. For vectors a and b in the
xy-plane, their cross product can be expressed as

Gy bm

l[a x b] = 0 b

€, =& aibj €, (24)

Y Y



where

+1, if (4,5) = (1,2),
€ij = _17 if (Zaj) - ( 71)7 (25)
0, ifi=j

Here, ¢;; is antisymmetric and reflects the orientation of the coordinate system.

5.3 Explicit Reflection Calculations

Consider first a reflection of the xz-axis only: * — —x, y — y. The components of a and
b transform as a = (ay,a,) — d = (—ag, ay), b = (by,b,) — b = (—bs,b,). The cross
product becomes

@] = | e = (canb, - ay(-b,) = all c.. (26)
Y )

LV

Direct calculation shows that the antisymmetric symbol remains unchanged: &;; — €}; =
Eij-

5.4 General Pseudotensor Reflection Law
For a general pseudotensor P;;, the transformation law is
P}, = sign(det J) J}'J} Py. (27)

For reflection of a single axis, say x, the Jacobian is

-1 0
J = ( 0 1) , det J = —1. (28)
For the Levi-Civita symbol, explicit component calculations yield

Epz = 6;/y =0, 5fpy = (=D(=1)(1)ewy = &ay, 5;,@ = (=D(M)(-Deys = &ya-

Similarly, for a two-axis (full) reflection,

-1 0
J = < 0 _1) , det J =1, (29)
and

€y = (D=1 (=1D)ewy = eay. (30)

Thus, a second-rank pseudotensor such as the Levi-Civita symbol does **not** change
sign under reflection of an even number of axes, a property directly tied to its parity and
orientation structure.

This analysis illustrates the general features of pseudotensors: their sign behavior
under improper transformations encodes essential geometric and physical information,
which is crucial for understanding phenomena such as handedness, chirality, and parity
violation in mathematical physics.



6 Third-Rank Pseudotensors and Reflection Proper-
ties

Third-rank tensors and, in particular, the Levi-Civita symbol, are essential in express-

ing cross products, determinants, and various topological invariants in three-dimensional

physics. Their transformation properties under spatial reflection exemplify the difference
between ordinary and pseudo-objects.

6.1 Transformation of Ordinary Third-Rank Tensors

Let T} be an ordinary third-rank tensor in three dimensions. Under a full reflection of
all spatial axes,

r— a1 =—u, y—y =—v, z =2 =—z (31)
the Jacobian matrix is J = —1I, so det J = —1. The tensor components transform as

T 9z Ox° Oz°

ik " 9t Oald Ok T (=0T = —Tij, (32)

demonstrating that a third-rank tensor changes sign under full inversion.

6.2 Levi-Civita Symbol: Definition and Structure
The Levi-Civita symbol €;;;, in three dimensions is defined as
+1 if (4,4, k) is an even permutation of (1,2, 3),

gijk = § —1 if (4,7, k) is an odd permutation, (33)

0 otherwise,

and is totally antisymmetric in its indices. This symbol is the canonical example of a
third-rank pseudotensor.

6.3 Cross Product and Determinant Representation

The cross product in three dimensions is compactly written as

e, a, b,
c=axb=c¢j,ajbye;, =det | e, a, b, ], (34)
e, a, b,

which, in components, gives

Ce = ayb, — a.by,
Cy = asz - aa:bza

¢, = azby — ayb,.



6.4 Reflection Properties of the Levi-Civita Symbol

Consider the effect of a single-axis reflection, such as * — —x. The transformed vectors
are @’ = (—ay,ay,a;), b = (—=by, by,b,). The cross product in this new system is

—e, —a, —b,
c=det| e a b |, (35)
which yields the same form as before, indicating that
Eijk — €;jk = Eijks (36)

so the Levi-Civita symbol itself does not change sign under a single-axis reflection.
For a full inversion of all axes,

/

a = (—ay, —ay,,—a,), b = (=by, —by, —b,), (37)

the cross product becomes

—e, —a; —b, e, a U,

I — _ _ _ _ / / /
c'=det|-e, —a, —b,| =det|e, a, b |, (38)

—e, —a, —b, e, a, b,

again showing that e;;, is unchanged under total inversion.

6.5 Pseudotensor Transformation Law for the Levi-Civita Sym-
bol

By the general pseudotensor transformation law,

e} 5x = sign(det J) J*J?Jf €ape, (39)
and for the full reflection J¢ = —¢¢, det J = —1, so

eign = (—1) - (=1)cije = +eij. (40)

Thus, the Levi-Civita symbol remains invariant under reflection of all axes, confirming its
character as a true pseudotensor.

This invariance under orientation reversal is central to the role of the Levi-Civita
symbol in encoding geometric and topological information in three-dimensional physics,
especially in the formulation of vector calculus identities and conservation laws.

7 Fourth-Rank Pseudotensors and Reflection Prop-
erties

Pseudotensors of rank four are central in four-dimensional spacetime physics, particularly
in the formulation of relativistic field theories. The Levi-Civita symbol €;;,,, encodes the

orientation of four-dimensional volume and is crucial for defining duals and invariants
under Lorentz and parity transformations.

10



7.1 Definition of the Four-Dimensional Levi-Civita Symbol

The fully antisymmetric Levi-Civita symbol in four dimensions is defined as

+1 if (4, k,l,m) is an even permutation of (0, 1,2, 3),
Eikim = § —1 if (4, k,1,m) is an odd permutation, (41)

0 otherwise

with the convention £p193 = +1 in a right-handed coordinate system.

7.2 Transformation Law for Fourth-Rank Tensors and Pseu-

dotensors
For a general fourth-rank tensor 7},,,,, under a coordinate transformation,
Ty = JoJ0 T T2 T o, (42)

where J = 0x® /0z" is the Jacobian. For a pseudotensor of the same rank, an additional
factor of sign(det J) is included, reflecting orientation sensitivity.

7.3 Reflection Types and Jacobian Analysis

In four dimensions, two main types of reflections are considered:
(1) Pure spatial reflection (all three spatial axes reflected, time unchanged):

Jspace = diag(1, —1,—1, —1), det Jopace = —1. (43)
(2) Time reflection (time axis reflected, spatial coordinates unchanged):

Jiime = diag(—1,1,1,1), det Jiime = —1. (44)

7.4 Transformation Law for the Four-Dimensional Levi-Civita

Symbol
For the Levi-Civita symbol, the transformation law under a general coordinate change is
Elam = sign(det J)JEJP T T € apea. (45)

Focusing on the totally antisymmetric component, for both pure spatial and time reflec-
tions:

Ehoz = sign(det J)JJ T} J2 Tse0123 (46)
For spatial reflection,
€o1os = (1) - (1) - (=1) - (=1) - (=1) - (+1) = (+1)e012s (47)
For time reflection,
€193 = (=1) - (=1) - (1) - (1) - (1) - (1) = (+1)€012s (48)

In both cases, the sign remains unchanged. This invariance is critical for Lorentz-invariant
constructions in four-dimensional spacetime physics.

11



8 Contraction Operations and the Nature of Pseu-
dotensors

The interplay of tensors and pseudotensors under index contraction determines the trans-
formation properties of resulting quantities. The following general rules are fundamental:

8.1 General Contraction Theorem

Theorem:
(i) Contracting two ordinary tensors yields an ordinary tensor.
(ii) Contracting an ordinary tensor with a pseudotensor yields a pseudotensor.

(iii) Contracting two pseudotensors may yield either an ordinary tensor or a pseudoten-
sor, depending on the contraction details.

Proof (for case (ii)): Let P be a pseudotensor and 7" an ordinary tensor. Consider
contraction over one upper and one lower index:

Ci = PIT}. (49)

Under a general coordinate transformation,

Cy = PITy. (50)
Applying the transformation laws,
Pl =sign(det J)Ji(J NP, T = JI(J N, (51)
SO
Cy = sign(det J)JL(J 5T (T )P Ty (52)

Since (J~1)4J7 = 07, this simplifies to
¢ = sign(det J)J, (J7 g BT, (53)

which is precisely the transformation law for a pseudotensor.

8.2 Summary Table

e Contraction of two ordinary tensors — ordinary tensor.
e Contraction of ordinary tensor and pseudotensor — pseudotensor.

e Contraction of two pseudotensors — ordinary tensor or pseudotensor (case-dependent).

12



9 Construction of Four-Dimensional Second-Rank An-
tisymmetric Tensors

Second-rank antisymmetric tensors in four dimensions are at the heart of electromag-
netism, gauge theory, and relativistic field theory. They encode both polar and axial
vector structures within the same mathematical object.

9.1 From Three-Dimensional Axial Vectors to Four-Dimensional
Antisymmetric Tensors

Recall that a three-dimensional axial vector C = A x B can be written as

1
Co = apyApBy = 5“5&5705% (54)

where Cp, = AgB, — A,Bg is the antisymmetric tensor associated with A and B.

9.2 Antisymmetric Second-Rank Tensors in Four Dimensions

A four-dimensional antisymmetric tensor A;, satisfies

All diagonal elements vanish (A; = 0). In matrix notation,
0
0
- ", (56)
0

The purely spatial part (i, k = 1,2, 3) corresponds to an axial vector:

0 —205 20,
(Aw) = | 205 0 —20, (57)
—20, 20, 0

where Ca = %%BA,CBW.

9.3 Decomposition into Polar and Axial Vectors

The components Ay, (a = 1,2,3) form a three-dimensional polar vector, while A,z form
an axial vector. Thus, the most general antisymmetric 4 x 4 tensor may be written as

0O px Dy D2

N_|Pp: 0 —a. q
A= [0 e (58)
—p. —Qy Gy 0
where p = (p, py, p») is a polar vector and a = (ay, a,, a,) is an axial vector.
In covariant notation:
Aik - (_p7 CL), Alk = (p7 a)‘ (59)

This structure underlies the tensorial formulation of the electromagnetic field strength
and its dual, and connects the algebraic properties of three-dimensional vectors to their
relativistic generalizations.

13



10 Conclusion

This work has provided a unified, rigorous, and physically motivated treatment of tensors
and pseudotensors, with special attention to their explicit transformation properties under
both proper and improper coordinate transformations. By deriving general transforma-
tion laws—including the role of the Jacobian determinant’s sign—and providing explicit
constructions for objects such as the Levi-Civita symbol and higher-rank antisymmetric
tensors, we have elucidated the precise mathematical and physical distinctions between
ordinary tensors, pseudotensors, and tensor densities.

The central results establish not only the technical foundation required for correct ten-
sorial calculations across physics but also illuminate the deep interplay between algebraic
structure, orientation, and symmetry principles. This has far-reaching implications for
a variety of fields: from the formulation of parity-violating interactions and topological
field theories to the modern classification of matter phases and the quantization of gauge
systems [21, 19, 14, 18]. The framework provided here is directly applicable to current
research challenges, including the study of anomalies, dualities, and geometric phases in
condensed matter and high-energy physics [20, 22].

Furthermore, by clarifying the connection between geometric structures (such as ori-
entation, volume forms, and Hodge duality) and the physical observables they underpin,
we pave the way for future advances in the mathematical formulation of field theories,
the geometric quantization program, and the exploration of new symmetry-protected
topological phenomena. The ability to distinguish and correctly manipulate tensors and
pseudotensors is no longer merely a technical subtlety but a prerequisite for meaningful
participation in the ongoing revolutions of modern physics.

We expect that this systematic exposition will prove invaluable not only for theoretical
investigations but also for computational applications, such as in numerical relativity,
topological data analysis, and modern quantum simulations where orientation-dependent
quantities play an essential role. By bridging the mathematical formalism with physical
intuition and experimental relevance, this work contributes to the enduring project of
unifying geometry and physics at the most fundamental level.
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