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Abstract

This document contains implementation notes for the MATLAB class “mpoly”
(Multivariate Polynomial), which represents a numeric array (of any nonempty size, any number
of dimensions) as a polynomial function (any degree) of a set of independent parameters (any
number), or as a truncated Taylor series approximation. The class supports most standard array
operations (algebra, indexing, etc.), employing automatic differentiation to calculate series
coefficients of function outputs.

Representation

The MATLAB class mpoly' represents a multivariate polynomial function of parameters
Xy Xyy oo s €8,

f(x)=C+C,-x +C3-)c12+C4-x2+C5-x2 - X, +C6-x22 (D)

For notational convenience, f will be represented as a homogeneous polynomial by defining an
auxiliary constant parameter x, =1. The polynomial is written with all powers multiplied out and

with the same number of x factors in each monomial,
% =1 @)
J)=C Xy x+C,-x,-x,+C;-x, -, +C, X, - Xy +Cs - X, - X, + C - X, - X, 3)

The x subscripts in the monomial associated with coefficient C; are listed in a corresponding
“subscript vector” s, ., and the subscript vectors are collected in a matrix s . For example, the

subscript matrix associated with Eq. (3) is

! posted on MathWorks File Exchange: https://www.mathworks.com/matlabcentral/fileexchange/182185-class-
mpoly-multivariate-polynomial
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The general form of a multivariate polynomial is
f(x)= ch XXX (5)
J

deg 1is the polynomial degree, equal to the number of s columns. The subscript rows are
individually sorted in descending order and are in the range 0,..., Nx, where Nx is the number

of parameters (excluding x, ),

>0 (6)

NX25,,28,..28, 40 2

The s rows are collectively sorted, first by column 1, then by column 2, etc.;

S S8 Iij,l:k—l =8, 1k-10 then Sk S8 (7

(MATLAB’s colon notation is used here and elsewhere to denote an index range, e.g.,
l1:k-1=[1,2,...k—1].)

The monomial factor in Eq. (5) will be written as mon(s; ,,x) . For a particular subscript

vector S =[s,,5,,...],
mon(s,x) =X, X ... ®)

Eq. (5) is restated as

f(x)= ZC]. -mon(s ., x) 9

(An isolated colon represents a full index range, e.g., “:” is shorthand for 1:deg in Eq. (9).)

Typically, the x; elements in Eq. (8) are scalar, but they can alternatively be arrays to

represent multi-valued parameters. In this case, the multiplication operations in Eq’s. (8) and (9)
are elementwise multiplications, which commute. (Following MATLAB’s convention, product
factors and summation terms are automatically repmat-expanded in singleton dimensions to
match sizes.?) If f(x) is array-valued for scalar parameters x,, then the C ; coefficients can be

2 See MATLAB documentation: Array vs. Matrix Operations and Compatible Array Sizes for Basic Operations.
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array-valued. The x; parameters can also be array-valued in this case, and the products in Eq’s.
(8) and (9) are still elementwise, commutative multiplications. In general, the x; and C; factors

must all be mutually “size-compatible”: Two arrays are size-compatible if they are size-matched
in all dimensions except for singleton (size-1) dimensions in either array.

Index, subscript association

The complete subscript matrix s associated with polynomial degree deg and parameter

(deg,Nx)

count Nx is denoted as s'“*™. The rows of s comprise all length-deg , descent-sorted

integer vectors with elements in the range 0: Nx (Eq. (6)). The matrix has deg columns and is

row-partitioned into two submatrices: a first submatrix containing no occurrences of Nx in any

of its rows, and a second submatrix containing at least one occurrence of Nx in every row. The

(deg, Nx—

first submatrix is s Y. All rows in the second submatrix have Nx as their first element (due

to the descent ordering, Eq. (6)); thus the second submatrix, with its first column omitted, is

gldes b - gldee- M) g recursively constructed as follows:

size-[1,deg ]

deg , N> .
If Nx = 0 or deg = 0, then s'“*™ =[0,0,...]; otherwise

S(deg,Nx—l)
(10)
S(deg,Nx) —
Nx S(deg—l,Nx)
The number of subscript rows in s'“¢™ | denoted as B(deg, Nx), is defined by the
recursion relation
If Nx =0 or deg =0, then B(deg, Nx) =1; otherwise (an
B(deg, Nx) = B(deg, Nx —1)+ B(deg —1, Nx)
This equates to the binomial coefficient
Nx+1)-(Nx+2)-...-(Nx+d
1-2-...-deg
Since s“*™ is constructed by appending rows to s'“**™" it can be conceptualized as the first

(deg)

B(deg, Nx) rows of an extended subscript matrix s“*’, which has an infinite number of rows:

(deg,Nx) _ (deg) ; (deg,Nx) _ (deg) ;
s - Sl:B(deg,Nx),: (l‘e" Sj.: - Sj.:L fOI'] < B(deg,Nx)) (13)



s'“® lists all length-deg , descent-sorted subscript vectors s =s'"*’ as a function of
serialization index ;. The inverse mapping to index j from subscript vector s, denoted as

Index(s) , is defined as

j =Index(s)=size (Sl(i.ef),l ) with deg = 1length(s) and Sl(i.ef) =s (14)

In this definition s is a row vector, which is assumed to be zero-padded to length deg and

descent-sorted. 5% is equivalent to s with Nx =s'“*" (because no s“*’ element

17,2 q 1:j,: .l 1:j,:
exceeds s;.‘fg ’); and based on the partitioning of s“*™ in Eq. (10), the following condition is
obtained,

With deg = 1ength(s) and Nx =, (or Nx = if deg =0):
If deg = 0 or Nx =0, then Index(s) =1, (15)
otherwise Index(s) = B(deg, Nx —1) + Index(s,.,,, )-

It follows from Eq. (15) that

With deg = 1ength(s) if deg > 0: I
Index(s) = B(deg,s, —1)+ B(deg — 1,5, =) +...+ B(l,5,, — D) +1 (16)

(If s, =0, then the term B(k,s, —1) in Eq. (16) is zero.)
Denoting the polynomial degree of f(x) in Eq. (9) as f.deg , and the number of
parameters X,,X,,... in f(x) as f.Nx, the equation is written canonically as

f(x)= z C/»mon(sjs’f'deg),x) (17)

jef . Indices

where the index set f.Indices is selected from 1: B(f.deg, f.Nx),

f.Indices c1: B(f.deg, f.Nx) (18)

Derivatives

Each nonzero subscript i = sﬁfl,‘;g ) corresponds to a first-order partial derivative operator

(deg)

.. corresponds to a generalized mixed partial derivative

0/ 0x;, and each subscript vector i =s

operator Dop,

Dop, = ] < (19)

{k|ix>0} Yy,



(The “IT” notation, in this context, represents operator composition.) The operator Dop,,
applied to function f* defined by Eq. (17) and evaluated at x =0, is denoted as D, and is
proportional to C;,

With i =s%, D, =Dop,f(0)=0'""-C, (20)

The proportionality factor Gj.deg ' is a product of factorials,

max(7) deg
With i =s\%, o\ =] ((Zij = k]!] 1)

k=1 Jj=1

(In this expression the logical summand “i; = k£ is implicitly cast to an integer, 0 if false or 1 if

true, and the sum counts the number of occurrences of £ in i.)

Polynomial evaluation

Eq. (17) takes the following form, with application of Eq. (8),

fG= Y (Withi=s/"®, C,-x -x,...) (22)

Jjef Indices

The monomial mon(i,x) = x, -x, ... has monomial degree
mon_deg(i) =Y _ (i, #0) (23)
k

(The logical summand “7, # 0 is implicitly cast to an integer, 0 if false or 1 if ture.) Each
subscript vector i is descent-sorted, so the first mon_deg(i) elements of i are nonzero and all

remaining elements are zero. The product mon(i,x) = x; -x, ... need only include the first

mon_deg (i) factors; all remaining factors are x, =1 (Eq. (2)).

Eq. (22) can be efficiently evaluated by maintaining a list of partial products associated
with each summation term,

pprod,; = (With deg = mon_deg(sjsi'deg)), EAREAEE A A I X, ]) (24)

U] n I
Based on the construction illustrated in Eq. (10), the subscript vectors satisfy the relation

With deg = mon_deg(s'/:*®), deg >0 and s'/:%%) = g'/-%) (25)

JHLe j+ll:deg—1 — * j,l:deg—1



(sﬁ.{idfg ! is generated from s(.{'deg ) by a counting procedure in which deg is the minimum index

are all identical, and s'/;%% =[s\/5¢) | s'/:) +1,0,0,...].) The

(f.deg)
Jrdeg: f.deg

partial products can thus be calculated as follows,

for which elements s

With deg = mon_deg(s'/;**),

J+1,
d, _ s if deg =1 (26)
pproa, . de .
[ppl/'Odj,l:deg—l’ pprOdj,deg—l : Sﬁiljidi;] lf deg > 1

Polynomial shift transformation

A shift transformation of polynomial f(x) by vector ¢ computes the polynomial

g(x)= f(c+x). The shift is applied to one x coordinate at a time, i.e., a function sequence g,

g, &, ... with
&=/
ifk=j+1 27
g(x)=g;(c"+x) withc ={Ck ' / @7)

0 otherwise

Each step of this process involves a computation of the form g(x)= f(c+x), where ¢ is

all-zero except for ¢, :
¢, =0 ifk#n (28)
f and g have expansions having the form of Eq. (17),

gx)=f(c+x)= Z C, mon(s(f 48 o4 x)= z C- mon(s(f 48 x) (29)

jef .Indices Jjef Indices

The C| coefficients are initialized to zero, and then terms C, -¢,” are accumulated into C". The

(f -deg)

subscript vector i =, contains p occurrences of 7 in i, for some k and p,

With i = S;'.,/:p.deg) : il:k—l >n, Z‘k:k-+—p—1 =n, ik+p:fdeg <n (0 < p < fdeg) (30)

The monomial term in the first sum in Eq. (29) expands to

With deg = mon_deg (i), mon(i,c+x)=x, -...- (¢, +x,)"x

lk 1 ’ x[,deg

p

ZB(qp q)-¢c -...-x,‘k_l-xnp_q-x SELE 31

e+ p
q=0

ZB(‘] r—q)-c’ mon([i[lzk—l,k+q:deg]]’x)

9=0

S



The factor C,-B(q, p—q)-c,” is accumulated into C’, with ;' = Index([i,._, ;. 4:degy»0s++ 1) - (The
Index argument is zero-padded to length f.deg.)

The C’ coefficients are calculated by the following algorithm,

Initialize C) = 0.

(f.deg)
Jst

Forj e f.Indices, withi=s
if i contains p occurences of n with iy, >n, i, =n, i, ..., <n (0< p< fdeg),
forg=0:p,
with deg = mon_deg (i) and j' = Index([i,, , 1, 4deq1» 05+ )5
C,«C,+C;-B(g,p—q)-c,

(32)

Polynomial product

The following product algorithm applies to scalar multiplication of two polynomials but
can be generalized in a straightforward way to elementwise array multiplication, matrix
multiplication, tensor products, and paged variants®. To accommodate these generalizations, the
product operation (which need not be commutative) will be denoted as “*”, while elementwise
multiplication is denoted as ““- .

Polynomial functions f(x) and g(x) having respective degrees f.deg and g.deg, and
parameter counts f.Nx and g.Nx, are defined as in Eq. (9),

B(f.deg, f.Nx) B(g.deg,g.Nx)

f= 2 fCmon(s)*.x), gx)= D gComon(sf ", x) (33)
j=1

k=1

The product A(x) = f(x)* g(x), with degree h.deg and parameter count 4. Nx , has a form
similar to Eq’s. (33),

B(h.deg,h.Nx)

h(x) = Z hC, -mon(sf,f’,;deg),x)
m=1
B(f.deg, f.Nx) B(g.deg,g.Nx) )
=f(0*gx)= D> SC#gC-mon(sY: ") x) - mon(s ", x), (34)

j=1 k=1

h.deg = f.deg + g.deg, h.Nx =max(f.Nx,g.Nx)

3 pagemtimes, pagetensorprod
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(h deg) (f deg) (g deg)

The subscript vector s, in A(x) is determined from associated vectors s and s,

via merging and sorting (sort(z)([sgsf:'de‘*),s,(f;def’)]) , Where the “>"" superscript denotes descent
sorting, Eq. (6)):
(f .deg+g.deg)

,X) = mon(s(f 48 x)- mon(s(g ) x),

(f deg+g.deg) _ SOFl‘(>)([S(f des) (g deg,)])

m’

mon(s,,
(35)
(The monomial equivalence in Eq. (35) is a consequence of commutativity of the - operation.)

The mapping from j,k to m in Eq. (35) is defined by a ““ sortIndex” matrix,
m= sortlndex(f degogdeg) — Index(sort(z)([sﬁ:f;'deg),S,({f”:'deg)])) (36)

(The sortIndex “¢¢ %% matrix is considered to be of infinite size, but Eq. (34) only uses
elements sortIndex'/;****) in the range j < B(f.deg, f.Nx), k < B(g.deg,g.Nx).) The
coefficients AC, in Eq. (34) are defined as follows,

With m € 1: B(h.deg,h. Nx),
hC, = > fC, * gC, 37)

{ kjel :B(f.deg,f.Nx),kel:B(g.deg,g. Nx)}
Js

and m= smtlndex(f deg,g-deg)
Eq. (37) is implemented procedurally as

With m €1: B(h.deg, h. Nx), initialize hC, =0.
Forjel:B(f.deg, f.Nx)and k €1: B(g.deg,g.Nx), (38)
With m = sort]ndexj{;d"g’g‘deg ', hC, <« hC, + fC . *gC,

Degree-truncated polynomial approximations

Infinite Taylor series are typically approximated as low-degree polynomials via degree
truncation, e.g.,

f(x)=C,+C,-x+C, x> +0x’ 39)

The polynomial product algorithm is modified to work with truncated polynomials. The degree
of a polynomial product 4(x) = f(x)* g(x), without truncation, is the sum of the f and g

factors’ degrees, but if f or g is truncated then the degree of the product is typically the
minimum of the factors’ degrees, e.g.,



(C+Cyx+Cy-x” +0x )*(C+Cy-x+Cy - +C - x” +0x* ) = o)
C*C+(C*Cy+C, *C))-x+(C *C+ C, *Cy + G, * () - x> + O x°

The product’s degree can be higher if either of the factors is missing low-degree terms, e.g.,
(C+Cyx+Cy-x*+0x)*(Cyx+Cy - x* +C-x* +0x) =
C*Cyx+(C*C+C,*Cy)-x* +(C *C+ C, *Cy + C *Cy ) -x° + Ox”,
(C2 X+ Gy x +0x3)*(C3' X +C X +0x4) =
C,*Cy- X’ +(C,*Cy+Cy *Cy)-x* +0x°

(41)

A multivariate monomial mon(s,x) associated with subscript vector s (Eq. (8)) has a
monomial degree mon_deg(s) defined by Eq. (23). The degree of polynomial function f(x),
denoted as f.deg , is the maximum of its specified monomials’ degrees. This can include
monomials with zero-valued coefficients, but typically f.deg is reduced to the maxim degree of

the monomials with nonzero coefficients. The minimum degree of the monomials with nonzero
coefficients are denoted as f.min_deg . The truncation degree of a truncated polynomial f(x),

denoted as f.frunc_deg , is the minimum degree of its truncated monomials. The conventional
notation for degree truncation is f(x)=...+O| x| """“*¢ . All monomials of degree
f.trunc_deg and higher in f(x) are truncated, and no monomials of lesser degree are truncated.
Typically, f.deg = f.trunc deg—1;if f.deg < f.trunc _deg—1, then all monomials of degree
greater than f.deg and less than f.trunc _deg implicitly have zero-valued coefficients.

If polynomial f(x) is not truncated, then f.trunc deg = . If the specified polynomial
coefficients are all zero (including the constant term), then f.min _deg = f.trunc_deg and
f.deg is undefined. (In general, f.min_deg represents the minimum monomial degree of any
polynomial term that is, or could potentially be, nonzero.) The case f.min_deg =0 holds when
f(x) is not truncated and is identically zero. With these conventions, the following conditions
apply to a product of polynomials,

With A(x) = f(x)* g(x):
h.min_deg = f.min_deg + g.min_deg
h.trunc_deg = min( f.trunc_deg + g.min_deg, g.trunc_deg + f.min_deg) (42)
h.deg = min( f.deg + g.deg, h.trunc_deg —1)
(or h.deg is undefined if either /.deg or g.deg is undefined)
The “degree span” of polynomial f, denoted as f.span_deg , is defined as

f.span_deg = f.trunc_deg— f.min_deg (43)
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(In the case that f.min_deg = f.trunc_deg =, f.span_deg is defined to be zero.) It follows
from Eq’s. (42) that

With A(x) = f(x)* g(x):

44
h.span_deg = min( f.span_deg,g.span_deg) “4)

The truncation degree of either f* or g can be reduced so that f.span deg = g.span_deg
without changing the product f(x)* g(x). The discarded terms have no effect on the truncated
product, so it can be assumed that

h.span_deg = f.span_deg = g.span_deg (45)

With truncation, the polynomial product formula, Eq. (38), is modified as follows: The
monomial degree of subscript vector sﬁd‘f’ ' (Eq. (23)) is denoted as mon_deg;deg ),

deg
mon_deg}deg ) = mon_deg(sffg)) = Z(szg) #0) < deg (46)
k=1

The following result follows from the condition s¢/;%¢*¢%¢ = Sort(z)([s;{;’deg),s,(f;deg)]) in Eq.
(35),

Sort(z) ([S;’f:.deg),sl({:g:.deg)]) — Sfﬁf’":.deg+g.deg) N (47)
mon_degi.f 8 mon_deg* ™ =mon_deg!/ ¢ < f deg + g.deg

Without degree truncation, the product 4(x) = f(x)* g(x) has degree h.deg = f.deg + g.deg ,
but with degree truncation, h.deg < f.deg + g.deg and the summation in Eq. (37) is truncated to

only include product terms fC, -gC, with mon_deg'""**' + mon_deg,***’ < h.deg . With this

S .deg)

'

restriction, the subscript vector sort™ ([s' ,5%4%9)7) in Eq. (47) comprises a length- /.de
p J Kyt q p g g

subscript vector s\ followed by f.deg+ g.deg—h.deg trailing zeros;
f.deg+g.deg—h.deg zeros
> .de; . de; h.de;
sort(>)([s§:”: ¢, 5 5] = [0, 0,0,... ] > (48)

mon_degﬁ.f 8 4 mon_deg'*** = mon_deg""*®’ < h.deg

Eq’s. (37) and (38) are modified as follows to accommodate truncation,
With m € 1: B(h.deg,h. Nx),
hC, = > JC, *gC,

|j,k

(49)

jejel:B(f.deg, f.Nx),kel:B(g.deg,g.Nx),
manideg}‘ deg) +mon7degl(\,g'deg) <h.deg,
and m=1ndex(sort(2) ([sﬁ-,/:'deg) , S/(f:.deg) ])l:h.deg )
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With m € 1: B(h.deg, h. Nx), initialize hC, = 0.
Forjel:B(f.deg, f.Nx), k €1: B(g.deg, g. Nx),
and mon_deg;.f ¢ + mon_deg\**® < h.deg :

With m = Index(sort(z)([sﬁ.-”;'deg),s,ﬁﬁ'd"g)])hh.deg), hC,, < hC, + fC *gC,

(50)

Eq. (50) is efficiently implemented by precomputing the index triplets [ j,k,m], and the

associated monomial degrees deg , and collecting them into rows of a four-column index matrix

times]ndex(f-deg,g-deg,h-deg,f-Nx,g-NX) .

With [ j,k,m,deg] = times]ndexi(’{'deg’g'deg’h‘d"g’f'Nx’g'Nx) :
jel:B(f.deg, f.Nx), kel:B(g.deg,g.Nx),

m= [ndex(sort(z)([sﬁf ;8 ),S,ﬁi'deg )])l:h,deg),

(51
deg = mon_deg!"*® < h.deg

(The deg entry in [ j,k,m,deg] is not used here but will be used for polynomial division.) Eq.
(50) translates to

With m e 1: B(h.deg, h.Nx), initialize hC, =0.
Fori=12,... (52)
With [ j,k,m] = timeslna’exl.(ﬁ':‘feg’g'deg’h'deg’f'N"’g'N"), hC, < hC, + fC,* gC,

If the coefficients in either [ or g are all zero, then the following zero-product formulas
apply:
f(x)-Ox" = Qx/mndeetn N

Ox"-Ox"=0x"" (54)

Polynomial division

The following division algorithm applies to scalar division but can be generalized in a
straightforward way to elementwise array division and matrix left- or right-division (with a
square, nonsingular divisor matrix).

The operation g(x)= f(x)\A(x) (left-division) yields the solution g(x) to the relation
h(x)= f(x)*g(x). A truncated polynomial approximation to g(x) can be determined by
modifying Eq. (52) to solve for the coefficients gC, . The denominator f(x) must have a

nonzero leading coefficient fC, (i.e., f.min_deg =0). Assuming that f(x) is non-constant, at
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least one of f.trunc_deg or h.trunc_deg must be finite. The numerator /(x) is assumed to be
nonzero. Also, it is assumed that

f.span_deg = h.span_deg (55)
h.trunc_deg = h.deg +1 (56)
h.Nx> f.Nx (57)

Eq. (55) is consistent with Eq. (45). (Either f.trunc _deg or h.trunc_deg can be reduced, if
necessary, to satisfy Eq. (55).) Eq. (56), with the additional condition g.deg = h.deg , is
consistent with the relation h.deg = min( f.deg + g.deg,h.trunc_deg —1) (Eq. (42)). (h.deg can
be increased to satisfy Eq. (56).) Eq. (57), with the additional condition /. Nx=g.Nx, is
consistent with the relation 4. Nx =max( f. Nx, g. Nx) (Eq. (34)). (h.Nx can be increased to
satisfy Eq. (57).) The preceding conditions imply

f.min deg =0, h.deg=hmin deg+ f.deg (58)
A polynomial approximation to g(x) will be generated with

g.min_deg = h.min_deg, g.deg =h.deg, g.trunc deg = h.trunc _deg,

g.Nx=h.Nx (59)
Eq. (52) computes a sum of the form
With m e 1: B(h.deg,h. Nx) and mon_deg\"** > h.min_deg,
With [, k] =
hC, = » fimes Inde 3454 ) o
{l. timeglndexf;é.deg,g.deg.h.deg,f.Nx,g.Nx):m} fC/ % ng

(f.deg)

The sum includes a term with j =1 because fC, is nonzero. For this case s;/;**’ is all zeros and

o) = 5&%¢) (because g.deg =h.deg and s, = sort? ([sV:*5;% "), 4 )» implying

s
that k =m . Eq. (60) is applied in order of increasing degree mon_deg'"*® , with the fC, *gC,

term separated out of the sum:
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For deg = h.min_deg : h.deg,
with m € 1: B(h.deg,h.Nx) and mon_deg""**® = deg,

With [ /,k] = (61)

. (f.deg,g.deg,h.deg, f.Nx,g.Nx)
timesIndex;’; ,

. (f.deg,g.deg,h.deg, f .Nx,g.Nx) _

; tzmeslndexi,3 =m fC * ng
and with times[ndex({'deg’g'deg’h'deg’f'NX’g'Nx) >1 /
i,
F h 7 k] ind ir in th d (f.deg) d (g.deg) _ d (h.deg) =d d
or each [ /,k] index pair in the sum, mon_deg; + mon_deg, =mon_deg, " =deg an

mon_deg'\'"*® >0 (because j>1); hence, mon_deg*** < deg and the gC, factors in the sum

will have already been determined for a smaller deg . Thus, Eq. (61) can be solved for gC, ,

For deg = h.min_deg : h.deg,
with m € 1: B(h.deg,h. Nx) and mon_deg\"*® = deg,

gC, =
hC, —
With [/, k] =
JC N Z timeslndexf,jl‘:.zcleg,g.deg,h.deg,f.Nx,g.Nx)’
simesTndex ) -46g>8-deg h.deg, f N, g Nx) _
+ and withl;;meslndeXf;f -deg.g-deg,h-deg. f -Neg-Nr) g fC’ " g€,
(62)
Eq. (62) is formulated procedurally as follows,
Initialize gC = hC.
For deg = h.min_deg : h.deg,
Fori=12,...: If timeslndexf,ﬁ'deg’g'deg’h'deg’f'N"’g'N") =deg,
with [ /,k,m] = timeslndexf,{;‘feg’g'deg’h'deg’f'Nx’g'Nx), (63)

if j>1, gC, « gC, — fC,*gC,
For m=1: B(h.deg,h.Nx),
U-d8) = deg, gC <« fC/\gC,

m

if mon_deg

Polynomial square root

A truncated polynomial approximation to f(x) =+/A(x) can be determined by modifying
Eq. (52), with gC = fC, to solve for the coefficients fC;. Assuming that /(x) is non-constant,
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it must be truncated to finite degree (4.trunc_deg finite), and its leading coefficient #C, must be

nonzero (implying A.min_deg =0). A polynomial approximation to f(x) will be generated with
f.min_deg =h.min_deg =0, f.trunc deg =h.trunc _deg (64)

f(x) is the solution of f(x)- f(x)=h(x), using pointwise multiplication. The square
root algorithm could be generalized to solve the equation f(x)* f(x)=h(x), e.g., using matrix
multiplication, but the following algorithm is applied using pointwise multiplication.

Eq. (61) is modified as follows for this case: gC is replaced by fC, the multiplication

¢

“*” is pointwise multiplication “-”, and the summation terms [ j,k]=[m,1] and

operator

[/,k]=[1,m] are both separated out of the sum,

fcl :\/Ea

For deg =1: h.deg,

with m € 1: B(h.deg,h.Nx) and mon_deg'"**® = deg, (65)
hC. =2 fC,- fC. +

{,-

This is solved for fC, ,

fCI =\/m,

For deg =1: h.deg,
with m € 1: B(h.deg,h. Nx) and mon_deg""*® = deg,

With [/, k] =
. .deg,g.deg,h.deg, f.Nx,g.N:
timesIndex! {68 4e-h-deg [ N g )
(f.deg,g.deg,h.deg, [ .Nx,g.Nx) _
3 =

tzmeslndexi G detodogondeg. e g fC, . ka
and with timeslndexl.‘l'z%’z" R RS | ’

,1i

<, =
hC, -
With [ j,k] =
(2~fC1)\ z timeslndex;;/;':.zcieg,g.deg,h.deg,f.Nx,g.NX),
. (f.deg,g.deg h.deg,f.Nx,g.Nx) _
o s 1716,
il:
(66)

(Note: For the more general case f(x)* f(x)=h(x) with a non-commutative multiplication
operator, Eq. (65) would take the form of a Sylvester equation hC, = fC * fC + fC * fC +...,
which can be solved for fC, inthe fC, diagonal space.)
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Eq. (66) is implemented procedurally as in Eq. (63),

Initialize fC = hC, fC,=JhC, .
For deg =1: h.deg,
Fori=12,...: If timeslndexfﬁ‘deg’g'deg’h‘deg’f"Nx’g’N’C) =deg,
with [ j,k,m] = timeslndexfj;‘;’eg’g‘deg’h'deg’/ Mg (67)
if j>landk>1, fC, < fC, - fC,- fC,
For m =1: B(h.deg,h. Nx),
if mon_deg"*® =deg, fC <« (2-fC)\ fC,

The duplicate operations fC, - fC, and fC, - fC, can be avoided with the following modified
procedure in which the condition k& >1 is replaced by k> j and the product fC; - fC, is doubled

in the case k> j,

Initialize fC = hC, fC, =.[hC,.
For deg =1: h.deg,
Fori=1,2,...: If timesIndex/; ¢« 1-de6:/ o8- 2) = dog
with [ j,k,m] = timesIndex ¢S Mg 1) (68)
if j>landk>j, fC, < fC, ~ fC,- fC,-(1+ (k> j))
For m =1: B(h.deg,h. Nx),
if mon_deg!"*® =deg, fC <« (2-fC)\fC,

m

(The logical expression “k > j ” 1s implicitly cast to an integer, O if false or 1 if ture.)

Multivariate composition

The composition (or “chaining”) of multivariate polynomial f with polynomials g, g,,

... calculates

h(x) = f(g(x)) (69)
f and & are assumed here to be scalars while g and x are vectors of length Ng and Nx,
respectively,

Ng=f.Nx, Nx=g .Nx=g,.Nx=... (70)

The polynomials’ leading constant terms are separated out, leaving residual primed terms:

h(x)=f'(g'(x)) (71
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where
g'(x)=gx)-g(0), g'©0)=0
S )= f(g0)+y)-f(g(0), f(0)=0 (72)

K (x) = h(x)—h(0), H'(0)=0

If f is truncated ( f.frunc_deg # ), then g(0) must be zero. Otherwise, a shift transformation
is applied to f to obtain f’. The primeson f', g',and 4’ are henceforth omitted and it is
assumed that

g(0)=0, f(0)=0, An(0)=0 (73)
The polynomial degree of f is denoted as J ,
J = f.deg (74)
h(x) is constructed by substituting g,(x) for y, in f(y),
SO =D 1C, - mon(s\), )+ 0 e b
= > (Withi =5\ andy, =1, fC, -y, -y, ... 3, )+ Oy "

h(x) = f(g(x))
= Z(Wlth i= S:,’J:) and go(x) =1, an . g:] (x) . giz ()C) R gij (X))—I— Oxh.l‘runcideg

(75)

/ has minimum, maximum, and truncation degrees f.min_deg, f.deg,and f.trunc deg. g,
has minimum, maximum, and truncation degrees g,.min _deg, g .deg,and g .trunc deg.Eq’s.

(73) imply that all of the min_deg values are positive,
f.min_deg >0, g.min_deg>0 (i>0) (76)
The summation index n ranges over a set f.Indices corresponding to nonzero coefficients fC,,
ne f.Indices c1: B(J,Ng) (77)

(Each vector sf,i) contains at least one nonzero element because f.min_deg >0.) In addition, if

any g.(x) is identically zero (g,.min_deg =), then f.Indices excludes all indices n for
)

n,:

which subscript vector s,°. contains 7. After making these adjustments, none of the summation

terms in Eq. (75) will be identically zero.

Summation term n in Eq. (75) has minimum degree
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Jjel:J

min_deg term, = [With i= S,ii’ , Z g, .min_degj >0 (78)

The term’s truncation degree trunc_deg term, is determined by the factors’ truncation degrees
g, -trunc_deg . For example, the first factor g, (x) includes truncated terms O| x [ while
the remaining factors g, (x)-g, (x)-... have combined minimum degree

g, -min_deg + g, .min_deg +...; thus, frunc_deg _term, is at most

g, trunc_deg + g, .min_deg + g, .min_deg +..., or equivalently,

g,-span_deg + g, .min_deg + g, .min_deg + g, .min_deg +.... Considering similar truncation

degrees of g, , g, .-+ trunc_deg term, is

trunc_deg _term, = span_deg _term, +min_deg term, 6 >0 (79)
where

span_deg term, = (With i=s, grgr}( g, .span_deg)) (80)

(Note: With g,(x)=1, g,.min_deg =0 in Eq. (78) and g,.span_deg =0 in Eq. (80).)

The 4 truncation degree is limited by #runc_deg term,, and it is also limited by the
truncation terms O| y|"""“*¢ in f(y). With the substitution y = g(x), the truncated terms in
f.trunc_deg : .
0| y| comprise products of g, (x), g, (x), ... with at least f.trunc_deg factors

(excluding g,(x)=1) in each term. The minimum degree of the truncated terms is

f.trunc_deg - mion( g,.min_deg) . Hence, the truncation degree of /4 is limited by

h.trunc_deg <min( min (trunc_deg term,)), f.trunc_deg mlgl( g,.-min_deg)) (81)

nef.Indices

By default, htrunc_deg is equal to the right side of this expression, but Atrunc_deg can be

further reduced to a predetermined truncation limit. The minimum degree and degree span of
h(x) are

h.min_deg = min( }111151 (min_deg term)), h. trunc_deg) >0 (82)
h.span_deg = h.trunc_deg —h.min_deg >0 (83)

If h.span_deg =0, then h(x)=O| x|"""““¢ . Assuming that h.span_deg >0, the degree of
summation term # in Eq. (75) (deg _term,) and of h (h.deg) are
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J
deg term, = min([ With i = sg) , Z g, .deg} ,trunc _deg _term, —1) (84)
j=1
h.deg = min( rfnagc (deg _term)), h.trunc _deg —1) (85)
nef.Indices

g; . .trunc_deg

If any gl.j.deg is undefined in Eq. (84) (i.e., g, (x)=0x" ), then deg term, is

undefined, and the set f.Indices in Eq. (85) will be restricted to exclude n values for which

deg term, is undefined. g, .span_deg and span_deg term, in Eq. (80) are then positive,

For n e f.Indices and i = sz"/:), g, .span_deg >0 and span_deg _term, > 0. (86)

deg term, is defined for at least one n because the condition A.span_deg >0 and Eq’s. (82)

and (83) imply that h.trunc_deg > h.min_deg = min(nggllﬂm(min_deg_termn ), h.trunc_deg) ;
hence

min_deg term < h.trunc_deg for some n € f .Indices. (87)
Eq. (81) implies

h.trunc_deg <trunc_deg _term, foranyn e f.Indices. (88)

Hence min_deg term, <trunc_deg term,, span_deg _term, >0 (Eq. (79)), and deg term, is

defined for some n € f.Indices .

If any A(x) summation term in Eq. (75) has truncation degree trunc deg term, greater
than A.trunc_deg , it can be truncated to degree A.trunc_deg without affecting the result. If
min_deg term, >=h.trunc_deg , then n can be omitted from f.Indices . Otherwise, the degree

span of g, (x) can be limited to h.trunc_deg —min_deg term, in the context of term n (cf. Eq.
(80)), 1.e., the truncation degree g .trunc_deg 1s temporarily (in the context of term 7 ) limited
to g, trunc_deg < g, .min_deg + h.trunc_deg —min_deg term, .
The polynomial degrees of g, (i €1: Ng) and /4 are denoted as K, and M ,
K, =g .deg (or 01if g,.deg 1s undefined), M =h.deg (89)
g,(x) has the polynomial expansion

g, (X) — z gC’lk . mon(sl(cfi)ax) + O’ X |g[ trunc_deg (90)

kel:B(K;,Nx)
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This is substituted in Eq. (75) (initially with n ranging over the full index range 1: B(J, Ng)),
Withi=s, and gC,, = (k, =1),

fC g iaky Ciz,kz""'gci, ky
kyel:B(K; ,Nx)

h(x) = Z mon(s( i) ,X): mon(s( Ko) ,X) mon(s( Ki) ,X)

nel: BT Ng)| F2E1B(Kiy s NY)
.k“/elB(K Nx)

Zm()n deg([ )]) <M
Jj=1

+ 0 xh.tr unc_deg (9 1)

= [ z hCm . mOn(Sr(nA’{)’ X)J + Oxh't’"”"c,deg

mel:B(M ,Nx)
(The logical expression “k, =17 is implicitly cast to an integer, 0 if false or 1 if true.)

Subscript vectors S( ‘1) , s,i ‘2), .. in Eq. (91) are merged and sorted to determine a

corresponding subscript vector sfn’:) in h(x),

mon(s( i) ,X)- mon(s( Ka) ,X) e mon(s( ) ,X) = mon([s( i) s,({f ), P ;(f]:'])] X)

= mon(sort™ (s, 502,514 1),x) = mon(s\™0), x); (92)
2 gk (Ko) Ky
S(M) = sort" )([S aSkz,:2 e Sy 4 ])IM
Eq. (91) is implemented by precomputing the index combinations [m,n,i,k,,1,,k, ...,i,,k,] and

collecting them into a matrix chainlndex"™"">*1-52-%7) .

(Nx M ,J,K,Ka s Kng) |

With [m,n,i, ki, k,...,1,,k,]= chazn]ndex
nel:B(J,Ng) (fC, index)

i=s") 0<i>i,>...2i,>0 (gCl,]_’k/_ lstsubscript)

J n,j?

93)
kj el: B(Kl,,Nx) (gCi_ " 2nd subscript) Ifij > 0, then kj >1; ifij =0, then kj =1.
mon_deg([s",s\....s < M (mon(s2, %))

2 (s &) (Kn) Ky
Sws =501t (5, 17,5, o5, Dy
The condition 0 <7, is imposed because 0=4, implies i, =i, =...=i, =0 and n=1 (i=s.", all-

zero); but fC, =0 in Eq. (75) because f(0)=0 (Eq. (73)). If i, >0, then &, >1 because
g,(0)=0 for i >0 (Eq’s. (73), (90)). If i, =0, then k, =1 because g,(x)=1.

(Nx,M,K1,K2»....K ;)

chainlndex is defined under the premise that g,.Nx=g,. Nx=...= Nx, but if any
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(N3, M o J K 5K 50K g )

g,.Nx < Nx, then chainindex
k;el:B(K, g, .Nx).

rows can be omitted to include only

(Nx,M,Ky,K7,...,K y)

Eq. (91) is reformulated as a sum over chainlndex rows,

(N, M J KK 5K g )

With [m,n,i,k,i,,k,...,i,,k,]= cham]ndex ,

h(x) = Z

(M)
fC,-gC, , -8C, 4, - 8C,, , -mon(s,, ", x)
+ Oxh.truncideg (94)
_ (M) h.trunc_deg
= Z hC, -mon(s, . ,x) |+Ox
mel:B(M ,Nx)

(Nx,M 1T KK e K g )

(This sum can include zero factors fC, or gC, ., - chainlndex rows

corresponding to zero-valued summation terms can be eliminated.) Corresponding monomials on
both sides of Eq. (94) are matched to obtain AC, ,

Withm e chazn[ndexwx MK Ko Kg)
With [n,i, k,,i,,k,...,i,,k,]=
e %)
hC, = Z chainlndex ., ;"""
(Nx,M ,J,K1,K25...,KNg )
{p chainlndes, " 7m} an : gCil,/q gClz ky Tt gCiJskJ
Eq. (95) is implemented procedurally as
With m €1: B(M, Nx), initialize hC, =0.
Forp=1,2,...
(Nx M, J K1, Ky s Kig ) (96)

With [m,n,i, k,i,,k,....i,,k,]= chaznlndex ,
hC, < hC,+ fC,-gC. , -gC,_ , -... gCiJ’kJ

The product in Eq. (96) 1s efficiently calculated by maintaining a list of partial products
pprod =[fC,, fC,-gC, ., fC,-gC, , -gC, , ,..] and only calculating list terms that have

NxyMyJ Ky Koy K
(o pR2oBne) pows should be

changed on each iteration in Eq. (96). The chainindex
collectively sorted to make this process efficient. The subscript vector i =[i,,1,,...,i,] in each
row Eq. (95) is descent-sorted, i, 27, >...2i, 20. The rows are sorted by 7; for each n they are

sorted by i, ; for each [n,i] they are sorted by £, ; for each [n,i,k ] they are sorted by i, , etc.
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Multivariate solve

The multivariate solve algorithm finds a truncated series representation of the solution of
a set of equations similar to Eq. (69),

f,(gx)=c,, qg=1:Nf

o7
Solve for g, 1 (%)s Eng npia ()55 & (X)

f and c are a length- Nf vectors (with ¢ constant), and g and x are vectors of length Ng and
Nx , respectively, with Ng greater than Nf ;

Nf <Ng=f, Nx, Nx=g.Nx (98)
g(%), g,(x), ..., gy,ry(x) are predetermined, while g, (%), ..., g,,(x) constitute Nf

unknowns to be determined. gy, .,(0), ..., g, (0) are predetermined; these determine the

constants ¢, ..., Chy -

¢, = f,(g(0) (99)
The polynomials’ leading constant terms are separated out as in Eq’s. (71) and (72),
/,(g'(x)=0 (100)
where

g/(x)=g,(x)-g,(0), g/(0)=0

101
L1 = £,(8(0)+ )~ £,(g(0),  £(0)=0 (101)

Ifany f, is truncated ( f, .trunc_deg # ), then g(0) must be zero. The primes on f” and g are

henceforth omitted and it is assumed that

g(0)=0, 7 (0)=0, ¢, =0 (102)
The min_deg values for f, ..., fo° and g nra1s o> &yg are 1, and are positive for g,
s oees ENgnF -
Ji-min_deg =...= f,,.min_deg =1
Sngnyu-min_deg =...= g, .min_deg =1 (103)

g,.-min_deg 21,...,g,, \,.min_deg >1

It is assumed that none of the g;(x) functions is identically zero (g,.min_deg # ). The

polynomial degree of f, is denoted as J_,
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J, = f,.deg (104)

fq has a polynomial expansion similar to Eq. (75),
.fq (y) = chq,n . mOn(Si‘:q),y) + Oy/q .trunc_deg

= Z(Wlth l = S,(,:]:q) al’ldyo = 1, qu,n ~y[] .yiz .""y,‘J )+0yﬁ]'tmnCdeg
h,(x) = f,(g(x)=0

=3 (With =5 and g, (1) =1, £C, 8, (1), (x)-..rog, (9)]+ O

(105)

The truncation degree A, .trunc_deg is defined as in Eq’s. (78)-(81). The n-th summand
in Eq. (105) has minimum degree min_deg_term, , (from Eq. (78)) and truncation degree

trunc_deg _term, , (from Eq’s. (80), (79)),

min_deg term, , = {With i= s,(::q), Z g;, .min_deg} (106)
jeld,

span_deg _term, , = (With i= sij," ), l’nll}’l ( g, .Span_deg)j (107)
’ > Jelg

trunc_deg _term, , =span_deg _term, , +min_deg _term, (108)

With g,(x)=1, g,.min_deg =0 in Eq. (106) and g,.span_deg = in Eq. (107). j can be
limited to the range 1: mon_degijq) in Eq’s. (106) and (107) because, if j > mon_degij") , then
i, =0, g, (x)=1, g, .min_deg =0, and g, .span_deg = . h,.trunc_deg is defined by Eq.

(81),

h,.trunc_deg <min( min (trunc_deg _term_ ), f,.trunc_deg) (109)

ne fy Indices

(The factor ngion( g;-min_deg) in Eq. (81) is 1, due to Eq’s. (103).) By default, A frunc_deg is

equal to the right side of Eq. (109), but & .trunc_deg can be further reduced to a predetermined

truncation limit.
Eq. (109) implies that 7, .trunc_deg < f, .trunc_deg . 1f h .trunc_deg < f,.trunc_deg,

then f,.trunc_deg can be reduced to h, .trunc_deg because any f, (y) term fC, -mon(sif’), ¥)
in Eq. (105) of order f,.trunc_deg or higher in y will translate to a 4, (x) term
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/<, ., -mon(siiq), g(x)) of the same or higher order in x. Thus, it can be assumed without loss of

generality that f,.frunc_deg <h,.trunc_deg , and Eq. (109) implies

Jy-trunc_deg < min (trunc_deg _term, ) (110)

ne fy Indices an

The following conditions are imposed, for a common truncation degree frunc_deg , to satisfy Eq.
(110),

Sy -trunc_deg =g, .. .trunc_deg =...= g, .trunc_deg =trunc_deg (111)
trunc_deg <
. . . . 112
mln[ min [Wlth i= sff,"), min(g, .span_deg) + Z g, .min deg]] (112)
q ne fy .Indices > JelJy J - jet, J -

The f,.trunc_deg and g,.trunc_deg terms in Eq. (111) are reduced to a common value to

satisfy the equation. (trunc_deg can be further reduced to a predetermined truncation limit.) If
Eq. (112) is not satisfied, then trunc_deg is reduced to satisfy Eq. (112) and the left-hand terms
in Eq. (111) are further reduced to match #runc_deg . (The terms in Eq. (112) with i, > Ng — Nf

can be neglected because, in this case, g, .min_deg =1, and g;, .span_deg =trunc_deg —1. Also,

mon_deg,(qu) >1 when n e f,.Indices .)

trunc_deg is assumed to be finite. (Some special cases do not require truncation, e.g., if
and g are linear functions, but those cases are not considered here.) The polynomial degrees
poly g

of h, and gy, yri1s---» 8y, aresetto frunc_deg—1,
h,.deg =M =trunc _deg—1 (113)
K, =g,.deg, Ky, y,=--.=Ky,=M (114)

g,(x) has the polynomial expansion in Eq. (90). Eq. (105) is expanded as in Eq’s. (94)
and (95) (with the left sides of the equations set to zero). Eq. (95) translates to

(Nx, M J g Ky Ky oK g

With g el: Nf and m € chainlndex., ,

With (1,4, k.. K, iy LK 1=
(115)

_ . (N2, M . Jy Ky Ks oK g )
0= z chainlndex, ,.,, ,
s

(Nx, M Jg . K1.Kp o KNg) _ }
" qu,n 'fs--'Cil,k1 'gciz,kz '--"gCqu,qu
This equation is applied in order of increasing monomial degree, deg =mon_deg'":

chainlndexp 1
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Fordeg=1: M,

( XMJ K] K2 KNg)

with g el: Nf, m € chainindex, , and mon_deg\""’ =deg, (116)
With [n,il,kl,iz,kz...,ijq,qu] =

_ . (Nx,M,J,K1,K . K g )
0= Z chainindex , ,.,,, ,
{ (N, M, Jy ,K1,K . KNg)

ey | £C,,-8C, 1, 8C, oo -8C, ),
The index list i =[i,i,,...] in Eq. (1 16) corresponds to subscript vector i =,

'+, and index £,

corresponds to subscript vector Sk / (Eq (93)). List i is descent-sorted (7, =i, >...20,

Eq. (6)). i, is nonzero because f,.min_deg >0 (Eq’s. (103)), implying that mon_deg(i) > 0. The
summation terms for which mon_deg(i)=1 (i.e., i, =i, =...=0) and 7, > Ng— Nf are separated
out of the sum. (The factors gC, , , gC, , , ... areall 1 for these terms, and the subscript

(Kyp)  (Ky)
vectors s, 7, s, 7, ... are all zero.)

Fordeg =1: M,
with gel: Nf, m echazn[ndex( e Tq KK Bxe) and mon_deg"=deg,
With [n,i,, k] =
0= Z chainlndex;iv;M’Jq’K"Kz"”’KNg),
chainlndex(p[’vx’M’Jq’Kl Koo KNg) qu ) . gC ”

M,J,,K1,Kp,...K
and with [7, i) = chaln]ndex( [X3 5] q-mR2 Ng

ij>Ng—Nf and iy =0

(117)

With [1.7,.k,. 1.k, .1, LK, 1=

kp
. (Ne,M T Kp Ky s K g )
+ Z chainlndex 7102 R

p,2:end s
11’

qu’n .gCil»kl gC2 JRREEE gCqu’qu
(This equation assumes that J_ >1;if J =1 then i, is implicitly zero and the 7, =0 and i, >0

Nx,M,J,;,K1,Kp,....K
chainlndex; f g K1 K2 KNg)
o . (Nx,M . Jg, Kl Ky,
and with [}, iy ]:chamlndex 13,51
0<i)<Ng—Nf oriy>0

tests are omitted.)

In the first sum of Eq. (117) the index 7 for which s, =[7,,0,0,...] is

Jq —1 zeros

n = Index([i,, 0,0,...1) = B(J,,i, ~1)+1 (i, > Ng— Nf) (118)

(cf. Eq. (16)). The relationship s = sort™ ([s, 15,02 s..o5, 7 Dy (Eq. (93)), with 5.2,

(K

Sp. ’3) , ... all zero and K, =M (Eq. (114)), implies that k;, =m . The sum simplifies to
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With [n,i, k] =
. (Nx,M,J . K{.Kr....Kn,)
Z chainlndex ., """

Nx,M,Jy,K{,K2 ... K No
chain[ndex( lx a2 N‘g)=m fC .oC

2B g Pk
o ) (N, M ,Jg K1, K2 - K Ng) q,n i,k
and with [i], 12]:chamlndexp [3,5] s

ij>Ng—Nf and i) =0

!

Ng

> (Withn=B(J,.i-D+1, fC,,-gC,,) (119)
i =Ng—N/+1 ’ ’
1 . .
Z (Wlth n= B(Jq H Ng - Nf + ll - 1) + 19 qu,n ’ gCNg—Nfﬂ'l ,m ) = Lq,: ’ gCNg—NfH:Ng,m

i=1

where L is a square matrix defined by

Forq.i=1:Nf, L, =(Withn=B(J,,Ng-Nf+i-D+1, fC,,) (120)

L is a Jacobian matrix, L, =0f, (¥, ¥55--)/ Qyy nrei . The L matrix must be nonsingular.

y=

Its inverse is denoted invL ,
invL=L" (121)

In the second sum of Eq. (117), if i, =0, then i, < Ng—Nf and the summand is
SC,, -&C, , - (The factors gC, , , gC,

. ---areall 1.) gC. , 1isin this case a coefficient of one
3,13 1,1

of the predetermined functions g,(x), ..., gy, » (%) . Inthe case i, >0, i, and i, are both

positive; hence mon_deg,;K"l) and mon_a’eg,ifiz) are both positive. It follows from Eq. (92) that

(Kpp) )

Ki
mon_afeg,El vy mon_deg, * +...= mon_deg™;

m 2

(K3) K;
hence mon_deg; ", mon_a’eg,({2 27, ... areall

strictly less than mon_deg™ in the second sum and the summand factors 8C. 1> 8C, 4 -

will have been determined from a previous iteration of Eq. (117) (for smaller deg ). Thus, Eq.

(117) can be solved for the unknowns gC, , in the first sum,

Fordeg=1: M,

(Nx,M ,Jy K. K7 ... Kg)

with m € chainlndex, , and mon_deg'""

m

=deg,

gCNg—Nf+i1 ,m =

With [1,i,. k1, by ..., LK, 1=

and with [7, ip ]=chain1ndexp [3,5] s
ij <Ng—Nf ori,>0

. . (N, M, J K{ K e Ky
-> invL, - > chainlndex,, ., ;"""
gel:Nf . (Ne,M g Ky K oo K g )
chainlndex =m
| b (Ne.M g KK oK g ) quJl gCllvkl gClszz gCUq,qu
P

(122)
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Eq. (122) is implemented procedurally as

Initialize gCy, /., 1.ng.. = 0-
Fordeg=1: M,
Forg=1:Nf, p=12,...

(N, M g K| KoK )

with [m,n,i, k,,i,,k, sl ,qu] = chainindex, , ,

if mon_deg" =deg and (i, < Ng — Nf ori, > 0), (123)
8Ce-rrsqm < 8Crne-nrrqm = FCyp 8C 4 8Chu, - 8C, i,
Fori =1:Nf, m=1:B(M, Nx)
if mon_deg" = deg

gCNngerl:Ng,m «invL- gCNg—Nerl:Ng,m

ODE integration

The ODE integration algorithm integrates a set of ordinary differential equations of the
form

Dgy, npg(¥)=f,(8(x)) (qel:Nf) (124)
x is scalar; f and g are vectors of length Nf and Ng, respectively,

Nf < Ng =max(f,.Nx), g.Nx=1 (125)
q

Dg, is the derivative of g . The functions g (x), g,(x), ..., gy,_y (X) are predetermined,

while g, (%), ..., gy, (x) are to be determined. (g, r.,(0), ..., g, (0) are predetermined

initial values.) The g polynomials’ leading constant terms are separated out,
Dg e g ()= 1(&'(x)) (g €1:Nf) (126)

where

g'(x)=g(x)-g(0), g'(0)=0

£1)=1,(g(0)+y) (127)

Ifany f, is truncated ( f, .trunc_deg # ), then g(0) must be zero. The primes on f* and g are

henceforth omitted and it is assumed that

g(0)=0 (128)
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/, has minimum, maximum, and truncation degrees f,.min_deg, f,.deg,and
J,-trunc_deg. g; has minimum, maximum, and truncation degrees g,.min_deg , g;.deg ,and

g,.trunc_deg . Eq. (128) implies that
g,.min_deg >0, iel:Ng (129)

If £(0)=0, then Eq. (124) with initial condition g(0)=0 has the trivial solution g(x)=0. It is

assumed that f(0) is nonzero,
Dgy, yr.,(0)=f,(0)#0 for at least one g € 1 : Nf (130)

The condition Dg,, ., (0)# 0 implies that g,.min_deg <1 for at least one i in
Ng— Nf +1: Ng . Hence, it follows from Eq’s. (129) and (130) that

min(g,;.min_deg) =1 (131)
The polynomial degree of f, is denoted as J ,
J,=f,-deg (132)

/, has a polynomial expansion,

j;[(y) = Z qu,n . mon(S:l"]q)’ y) + Oyfq ~f7'uﬂ(’7d€g

ne /;]Alndices
- z With i = S:(ziq) and y,=1, qu,n Vi Vi et Vi, )+ Oyfq'tmnc_deg
nef;l.lndices q
DgNg*Nf#q (x) = fq(g(x)) (133)

= > (Withi=s"" and g,(x)=1, qu,n'gfl(x)'gtz(x)""'gwq(x))

nef;I Indices

ENg-Nf+q Jrunc_deg—1

+0x
(gel:Nf)
The derivative Dg,, ., (x) in Eq. (133) has truncation degree g, ., frunc_deg—1.
This is equal to the truncation degree of f, (g(x)), which is limited by
J,-trunc_deg -min(g;.min_deg) . It thus follows from Eq. (131) that

ngnpogtrunc_deg —1< f .trunc deg (q €l:Nf) (134)

If gy, npiqdrunc_deg is limited to a predetermined upper bound, then f,.frunc_deg can be

reduced so that f,.frunc_deg+1 is equal to the bound, consistent with Eq (134).
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The n-th summand in Eq. (133) has minimum degree min_deg term,, and truncation

n

degree trunc_deg _term, , , as in Eq’s. (106)-(108),

min_deg_term, , = [With i= s,(liq), Z g, .min_dng (135)
jel:Jq
span_deg _term, , = (With i= SLJ,‘I ), n’lll}l ( g .span_deg)) (136)
’ > Jel: q
trunc_deg _term, , =span_deg term,, +min_deg term, (137)

With g,(x)=1, g,.min_deg =0 in Eq. (135) and g,.span_deg = in Eq. (136). The truncation

degree of Dg\, ., (x) (i.e., gy, y ., frunc_deg—1) cannot exceed trunc_deg term,, , and this
condition is combined with Eq. (134),
Egnpogtrunc_deg—1<min( min (frunc_deg term, ), f, .trunc_deg) (138)

nef;j Indices

Sng_ny+qfrunc_deg can be further limited to a predetermined upper bound, and
g ny+qfrunc_deg is maximized subject to these limits. (If Eq. (138) is insufficient to limit

Eng_ny+qfrunc_deg , then a predetermined limit must be imposed.)

g;(x) has the polynomial expansion

g, (x)= Z gC., -mon(s,({f"),x) +O xSt K =g . deg (iel:Ng) (139)

keg; Indices
For i e Ng—Nf +1: Ng, g, has polynomial degree g, .frunc_deg—1,
K, =g trunc_deg—1 for ie Ng—Nf +1: Ng (140)

In the context of Eq. (139), x is scalar (g,.Nx=1) and s,ﬁf") = s,({f"’” , where s*"" has the form

K. columns
000 ..0
1 00 0
sEV=I1 1 0 .. 0] (K +1rows, s =(j>k), g Indicesc2:K, +1 (141)
1111 1
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(The logical expression “ j >k is implicitly cast to an integer, O if false or 1 if true.) The
summation set g;.Indices in Eq. (139), excludes 1 due to Eq. (128).) The monomial functions

defined in Eq. (139) are powers of x,

mon(s,(cf"’l),x) =x"" (k> (142)

g= Y gl ¥ +OxTE (i€l Ng) (143)

k+leg;.Indices

Eq’s. (140) and (143) are substituted in Eq. (133),

flg)= T (Withi=s andgy(0=1, fC,, g, g0 g, ()]

nefq ndices

Ky
+ O x Ve

Withi=5,""". g,(x) =1, and g,.Indices = {1},

: : gC C C k| +k2+...+qu
'fC ’ [1,k1+1'g [2,k2+1'-..'g [Jq’qu+1.x
o ky+leg; Indi
ne f, Indices 1+leg; Indices (1 )

ky+leg;, .Indices

qu +Iegijq Indices

+0 xKNg*Nfﬂi
_ _ k-1 Ky, —Nf +¢
= DgNg—Nf+q (x)= Z gCNg—Nf+q,k+l kX" +OxTET
k+legng—Nf +q-Indices
(g el:Nf)

Corresponding powers of x are matched to solve Eq. (144) for gCy, /. ;.5

With i = sfli"), 8Co4 0= (k; =0), and g,.Indices = {1},

c 1 c Z 8C, 1 8C, sy "--'gCqu,qu+1
g Ng—Nf+q.k+1 — % Z f an’ ky+leg; .Indices

nefq “Indices ky +legl-2 Indices

k/q +leg;, .Indices

R
(gel:Nf, k+legy, y.,Indices)
(145)
(The logical expression “k, =07 is implicitly cast to an integer, 0 if false or 1 if true.) The
condition k, +k, +...+k,, =k—1 in the sum implies that k,, k,, ... are all less than & . Thus,
iteration of the above formula in order of increasing £ will determine gCy, ., ., from

gC,

SVIPRIPE 4 CE The index sets

previously determined coefficients gC, , .,
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Sngnr-Indices , gy, ., Indices , ... g\, .Indices can initially be empty, and are then

augmented as the coefficients are calculated.

The conditions &, +k, +...+k,, =k—1 and k, >0 (from Eq. (128)) further imply that
k; +deg <k . The index set g, .Indices is not known in advance for i, > Ng— Nf', but the
condition k; +1€2:k+1-deg implies that the condition &, +1e g, .Indices can be replaced by
k;+1eg, IndicesN2:k+1-deg in the sum. If & <1+deg or any ‘set

g, Indices N2 : k+1—deg is empty, then the sum is zero.



