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Abstract

As benchmark model of complex dynamics, Stuart-Landau (SL) equation describes the
universal behavior of nonlinear oscillators near a Hopf bifurcation. The bifurcation gives
birth to a stable, finite-amplitude periodic motion called a limit cycle. Here we develop a
one-dimensional toy model showing how Dark Matter (DM) follows from the SL
equation. We outline how fluctuations in the control parameter pu(x) of the SL equation
generate progressive amplitude fragmentation, a process mimicking the iterative
construction of Cantor sets. The emerging structure freezes in a cosmological phase
known as Cantor Dust, a spontaneously broken condensate whose effective dimension
flows from 1 to a non-integer D <1. The resulting fractal dimension computed
numerically (D = 0.9) reinforces the hypothesis of running spacetime dimensions near

the Planck scale.
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1. Introduction

It has been known for quite some time that large-scale cosmic structures
exhibits hallmarks of multifractal dynamics, including clustering across scales,
lacunarity, and long-range correlations [1-2, 11-14]. These properties suggest
that standard continuous-density models may be insufficient to capture the

grainy and self-similar organization recorded in astrophysical data.

A promising alternative arises from nonlinear amplitude equations such as
the Complex Ginzburg-Landau Equation (CGLE) and its reduced case, the
Stuart-Landau (SL) equation, both being considered universal models of
nonlinear dynamics. Building off [17-19], here we adopt the hypothesis that
dimensional fluctuations of deep ultraviolet physics can be adequately
modeled by amplitude fields obeying the SL equation. Fluctuations in the

driving parameters of this equation lead to progressive amplitude
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fragmentation, which replicates the iterative construction of Cantor sets.
Developing this insight, we provide numerical evidence that the dynamic
behavior of the SL equation, under fluctuations of its control parameter pi(x),
generates Cantor Dust, a spontaneously broken condensate whose effective
dimension flows from 1 to a non-integer D <1. When u(x) fluctuates about
zero, localized regions effectively approach Hopf instability, forming
oscillatory patches that progressively break up into multifractal dust-like
sets. The resulting fractal dimension computed numerically (D~=0.9)
supports the conjecture that spacetime dimensions are continuous entities
running with the probing energy scale near the Planck regime. In this
picture, DM is the result of dimensional condensation, a process forming relic

cosmological structures left over from the primordial Universe.

2. Theoretical background

The complex amplitude field A(x, t) of CGLE and SL equations evolves

under the influence of the control parameter pi(x), which regulates the local
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departure to oscillatory instability. Spatial fluctuations of p(x) arise naturally

from background inhomogeneities, noise, or coupling to additional fields.

Regions where pi(x) is locally suppressed toward zero behave as if close to
Hopf bifurcation. Here, oscillatory modes grow, interact, and fragment,
producing primordial structures—spatial patterns with partial coherence.
Continued modulation leads to Cantor Dust-like fragmentation characterized

by lacunarity, self-similarity, and reduced fractal dimension.

The local fractal dimension D(x) serves as a diagnostic of fragmentation, and

departures from a uniform distribution are measured by

ex)=1-D(x)<<1

As p(x) drives deeper fragmentation, D(x) drops below 1 and epsilon(x)
increases, reflecting progressive fragmentation. Such multifractal
distributions naturally mimic DM by creating gravitational potentials
consistent with observations, without invoking new particles [see e.g., 20].

Thus CGLE/SL dynamics driven by spatially fluctuating p(x) offers a
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physically motivated mechanism for the formation of DM mass

distributions.

3. Starting point: CGLE with spatial inhomogeneity

We begin with the spatially extended CGLE [3-4]:

0. A t) = (u(x) +iwg)A— (L+icy)) A1 A+ (1 +ic;) 024 + n(x),

where the control parameter u(x) exhibits quenched spatial fluctuations
around a mean value u,, and 7n(x) represents small-amplitude noise.
Neglecting the gradient term in the weak-coupling limit gives the local SL

dynamics:

9. A(x,t) = (u(x) + iwg)A — (1 +ic,) | A 12 A.

In the context of this work, the amplitude field |A(x)| takes on the role of
dimensional density. Writing the amplitude-phase representation A = Re®®

yields the coupled partial differential equations:

d,.R = u(x)R — R3,
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atQ = (1)0 - C2R2.

The amplitude dynamics decouples from 8, and the fixed points of R are:

R=0; R=u(.

Thus, the local physical amplitude is uniquely determined by u(x). The spatial

field u(x) breaks up into alternating regions of:

o u(x) < 0: amplitude collapses R(x) — 0, producing voids.

« u(x) > 0: finite-amplitude oscillations occur, producing peaks.

Iterating this fragmentation reproduces the prescription “remove-keep-
remove” in the recursive construction of Cantor sets (Fig. 1). Numerical
experiments show that the empirical mapping is well modeled by the

exponential map:

e(x) = €g(1 — e~ ™),

a monotonic relation consistent with higher oscillatory activity at smaller
effective dimensions D (x).
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Fig. 1: Recursive construction of a two-scale Cantor set

Given the sampled field u(x) and computed amplitudes R(x), we proceed in

several steps,

1. Normalize u(x) to the unit interval.

2. Apply the exponential map to compute the dimensional deviation

€(x).
3. Obtain  the  effective dimension  via D(x) =1-—¢€e(x).

This yields direct maps of local effective geometry.
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4. Numerical Results

4.1 Amplitude snapshots

High-resolution amplitude profiles R(x) show increased fragmentation as
regions with negative u(x) collapse to zero while positive patches form
isolated peaks. As previously mentioned, this reflects the iterative formation

of Cantor Dust in the construction of multifractal sets.

4.2 Box-counting dimension and dimensional maps

Applying a standard box-counting algorithm to the thresholded set yields a

log-log slope (box counting dimension):

Deff ~ 0.90

This lies below unity and matches the expected dimension for a nonideal,

noisy Cantor-like set. Figs. 4 and 5 show the following.

« €(x) displays sharp spikes at fragmentation sites.
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« D(x) exhibits complementary voids, indicating local geometric

collapse.

Maps of ¢(x) and D(x) were computed by two complementary mappings (see

paragraph 6.3 and the Appendix section).

4.3 Phase portraits and histogram

Figs. 6 and 7 of local phase portraits (R, 0) reveal clustering around the limit-
cycle radius R = m . As expected, regions with u(x) < 0 collapse to the
origin, while regions with u(x) > 0 form annular clusters. This provides
another dynamic confirmation of the fragmentation mechanism. Fig. 7

displays the phase histogram as number of counts versus phase.

5. Details on the numerical simulation.

The one-dimensional CGLE was implemented using Python code,

incorporating a spatially varying control parameter.

o Domain: L = 256, N = 2048 grid points, periodic boundaries.
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Time increment dt = 0.02, tmax - 120, ¢; = 1.0, ¢, = 1.5, mean y, = —0.1 and
scaled by fisigma = 0.6.

Noise added as small additive Gaussian term with amplitude n =0.02.

6. Simulation results

6.1 Final amplitude | A(x) |

Computed as | A(x) |=/Re(A)2 + Im(A)2. When plotted vs x. shows

intertwined islands of peaks and voids.

6.2 Box-counting dimension

Covered domain with boxes of sizes b = 2" (in grid points) up to N/8.
Counted boxes containing any occupied point; plotted log N(e) vs
log (1/€) and fitted a line over the scaling range.

Estimated global effective dimension D = 0.9022 for the run; Recall that the

value of the box-counting dimension varies with input parameters, seed and

threshold.
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6.3 Local ¢(x) and D(x) maps and complex plane scatter

Two separate techniques were deployed, namely,

Amplitude-based mapping: for data points sampled across the domain,

local mass m(#;x) = | | A |? dx was computed at multiple scales ¢, fitted

Bp(x)

as log m(¥) vs. log ¢ to get the local slope D(x). Interpolation was extended
to the full grid and local dimensional deviation computed as e(x) =1 —
D(x).

Probabilistic mapping: coarse-grained values of the control parameter

U-(x) and a Gaussian distribution were assumed in order to estimate
survival probability p(x) = P(u, > u.); probability p = (1/s)® was inverted
with s =1/3 to obtain e(x) and D(x) = 1 — &(x). Both mappings were
plotted for comparison.

Complex-plane scatter: Re(A) vs Im(A) shows annular clusters where
oscillations persist and points near origin where amplitude collapsed. High

density sampling was used for enhanced visualization.
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6.5 Phase histogram

o Phase ¢p(x) = arg (A(x)).
o Phase vs x: shows phase coherence within peaks and phase gaps at

boundaries.

Below are the representative plots discussed above.

Amplitude snapshots (initial, mid, final)
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Fig 2: Snapshots showing progressive amplitude fragmentation.
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Box-counting (D = 0.9022)
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Fig 3: Box-counting log-log plot. Estimated global D = 0.9022.

13| Page



epsilon(x) maps

0 I |
G=lf
|u-1 %
& |
=2t
— epslon {amp mapping)
-3 3 ‘ — epslon {prob magping) .
0 50 100 150 200 250
X
Fig 4: ¢(x) maps (amplitude-based and probabilistic mappings).
D(x) maps
ir — D {amp mapping)
— Dlprobmepping)
1 - : ..................

L 1 i
100 200 230

Fig. 5: D(x) maps (amplitude-based and probabilistic mappings).
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Fig. 6: Phase portrait (complex plane scatter)
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Phase histogram

phase (rad)

Fig 7: Phase histogram

7. Concluding remarks

Both CGLE and SL equations provide a natural mechanism for the
emergence of Cantor Dust from scale-induced fluctuations of u(x). The SL
scenario backs up the idea of multifractal geometry of primordial spacetime,
in which continuous dimensions condense into cosmological structures.
Numerical simulations corroborate the theory, producing a fractal

dimension near D =~ 0.90.
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In a nutshell, numerical evidence shown here suggests that,

« DM is the result of a primordial dimensional condensation process,
« This process generates multifractal structures compatible with the

formation of Cantor Dust.

Future work may include 2D/3D CGLE simulations, multifractal spectra, a
links to fractional dynamics governing the evolution of matter fields in the
early Universe and to the study of topological defects and topological

condensation [1].

We close with a word of caution: a possible objection to this work is that it is
based on a circular arqument: we started from the Reaction-Diffusion (RD)
model of continuous dimensional fluctuations, arrived at the CGLE and the
SL equations [21], numerically analyzed them and concluded that it supports
the Cantor Dust structure of DM. But this is, in fact, another form taken by

the RD model of dimensional fluctuations, which we started with.
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The counterargument is that both CGLE and SL equations are not necessarily
connected to primordial dimensional fluctuations. They are universal
models of nonlinear dynamics and complex behavior [4-10], emerging from
the reduction to normal forms of bifurcation equations in the center manifold theory

[15-16].

We close by listing some testable predictions of the Cantor Dust hypothesis,

which include:

« Distinct Signatures in Structure Formation: The theory predicts
subtle changes to the large-scale distribution of matter in the Universe
that upcoming astronomical observations could detect. Missions like
the Euclid satellite are expected to provide high-precision maps of
DM, which may reveal these signatures and potentially falsify the
hypothesis if the observed structure doesn't align with the model's
predictions.

« Consistency with Fuzzy Dark Matter (FDM) Phenomenology: The

model is fully consistent with simulations of galaxy formation from
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ultralight "fuzzy" DM components, which provides a framework for
testing in an astrophysical context. The unique self-interaction and
physical properties of FDM on galactic scales could be explored with
current and future astronomical data.

Anomalies in Direct/Indirect Detection Experiments: The model
suggests DM is not composed of conventional Standard Model
particles like WIMPs (Weakly Interacting Massive Particles). As
traditional WIMP searches continue to yield null results (or conflicting
signals), this outcome is viewed as indirect support for alternative
models like Cantor Dust.

Absence of Expected WIMP Annihilation Signals: The model
predicts that DM interactions are unconventional, meaning classic
signals like specific high-energy gamma-ray photons from WIMP
annihilation (which some studies have reported hints of) should not
be the primary or only signature, or should exhibit non-standard

behavior. However, alternative models of Cantor Dust aggregation
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can be conceivably built to account for high energy WIMP-type

configurations and annihilation.

In essence, the predictions primarily lie in the astrophysical realm by
providing specific signatures for the distribution and behavior of DM on
large scales that differ from the standard cold dark matter (CDM) paradigm,
rather than in the realm of traditional particle physics/direct-detection

experiments.

APPENDIX: Asymptotic properties of dimensional deviation

This appendix clarifies the relationship between the geometric probe scale ¢
used in the box-counting analysis and the dimensional deviation

e(x) =1 — D(x), employed throughout the main text.

Let L denote the system size and £ the box size used to probe spatial

structure. We define the dimensionless resolution parameter

0<iK1.

S
Il
e~
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For a one-dimensional support with box-counting dimension D, the number

of occupied boxes scales as

N(8) ~ 67D,

For a continuous set, D = 1; for a fragmented Cantor-dust-like set, D < 1.

The scaling relation may be written as

N(8) = 571 &5

Taking logarithms and rearranging yields an explicit asymptotic definition:

. log [N(6) 6]
c = lim
5-0 log

In the numerical analysis of the CGLE/Stuart-Landau dynamics, local
structure is characterized by the mass measure

m(e;x) = jl 1A ay
y—x|<

Assuming local power-law scaling,

m(€;x) ~ £ P,
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and rewriting in terms of the normalized scale §, one obtains

m(3; x)

~ §E@)
5 ) :

The local dimensional deviation therefore follows from the asymptotic limit

. log[m(8;x)/8]
o) = = =

This definition makes explicit that €(x) quantifies the rate at which local

continuity breaks down as finer spatial resolution is applied.

Within the model developed here, spatial fluctuations of the control
parameter u(x) induce intermittent growth and collapse of the complex
amplitude A(x). Regions that repeatedly collapse contribute vanishing mass
as § — 0, while surviving oscillatory patches generate anomalous scaling

captured by £(x) > 0.
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Consequently, Cantor Dust-like geometry is not imposed a priori but
emerges dynamically as an asymptotic scaling property of the CGLE/Stuart—

Landau system.

It is also important to recall that, as stated in the main text, there is a direct
relationship between dimensional fluctuations €(x) and fluctuations of the

control parameter defined by

e(x) = €y(1 — e~ M)

References

1. E. Goldfain, (2025), “On Complex Dynamics and Primordial Structure

Formation”, preprint https://doi.org/10.13140/RG.2.2.32895.32167/1

2. E. Goldfain, (2023), “Cantor Dust and the Gravitational Wave

Background”, preprint https://doi.org/10.13140/RG.2.2.19323.49447

3. LS. Aranson & L. Kramer, (2022), “The world of the complex Ginzburg-

Landau equation,” Rev. Mod. Phys. 74, 99.

23| Page


https://doi.org/10.13140/RG.2.2.32895.32167/1
https://doi.org/10.13140/RG.2.2.19323.49447

4. M.C. Cross & P.C. Hohenberg, (1993), “Pattern formation outside of

equilibrium,” Rev. Mod. Phys. 65, 851.

5. K. Falconer, (2014), Fractal Geometry: Mathematical Foundations and

Applications, 3rd ed., Wiley.

6. T. Vicsek, (1992), Fractal Growth Phenomena, World Scientific.

7. U. Frisch, (1995), Turbulence: The Legacy of A.N. Kolmogorov, Cambridge

Univ. Press.

8. B. B. Mandelbrot, (1982), The Fractal Geometry of Nature, W. H. Freeman.

9. G. Paladin & A. Vulpiani, (1987), “ Anomalous scaling and multifractals in

turbulence,” Phys. Rep. 156, 147-225.

10. P. Grassberger & I. Procaccia, (1983), “Measuring the strangeness of

strange attractors,” Physica D 9, 189-208.

11. P. ]J. E. Peebles, (2020), Cosmology’s Century, Princeton Univ. Press.

24| Page



12. M. J. Aschwanden, (2012), “SOC systems in astrophysics”, preprint

https://arxiv.org/pdf/1207.4413.

13. E. Goldfain, (2024), “Notes on Critical Phenomena and Primordial

Cosmology”, preprint https://doi.org/10.32388/8Y7NQU.2

14. J. Gaite, (2019), “The Fractal Geometry of the Cosmic Web and Its

Formation”, preprint https://arxiv.org/pdf/1810.02311

15. G. Nicolis and I. Prigogine, (1977), Self-organization in Nonequilibrium

Systems, Wiley.

16. J. Guckenheimer and P. Holmes, (1983), Nonlinear Oscillations, Dynamical

Systems and Bifurcations, Springer.

17. E. Goldfain, (2025), “General Relativity from Primordial Dimensional

Fluctuations”, preprint https://doi.org/10.13140/RG.2.2.33155.16165/1

18. E. Goldfain, (2025), “Classical Field Theory from Primordial Dimensional

Fluctuations”, preprint https://doi.org/10.13140/RG.2.2.33971.08483/2

25| Page


https://arxiv.org/pdf/1207.4413
https://doi.org/10.32388/8Y7NQU.2
https://arxiv.org/pdf/1810.02311
https://doi.org/10.13140/RG.2.2.33155.16165/1
https://doi.org/10.13140/RG.2.2.33971.08483/2

19. E. Goldfain, (2025), “Higgs Mechanism from Primordial Dimensional

Fluctuations”, preprint https://doi.org/10.13140/RG.2.2.16252.40321

20. E. Goldfain, (2022), “Dark Matter as Dimensional Condensate”, preprint

https://doi.org/10.32388/8 A8579

21. E. Goldfain, (2024), “From Complex Dynamics to Foundational Physics

(Part 1)”, preprint https://doi.org/10.32388/HC9S30

26| Page


https://doi.org/10.13140/RG.2.2.16252.40321
https://doi.org/10.32388/8A8579
https://doi.org/10.32388/HC9S30

