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Abstract

Likelihood-approximation methods and contrastive learning (CL) are two prominent
approaches for inference in models with unknown partition function. In this work, we provide
a detailed comparison between the likelihood approximation by Geyer’s approach (GA) and
CL. Rather than increasing the complexity of Geyer’s method to enable comparison, as
proposed in [34], we adopt the opposite strategy by simplifying CL. We introduce a class of
IS-within-CL schemes that estimate the partition function via importance sampling (IS) and
reduce the optimization problem to the original parameter space. This perspective motivates
the development of novel variants, whose theoretical properties are analyzed and empirically
compared in replicable experimental studies. The described IS-within-CL schemes yield
an entire approximation of the partition function, so enabling a possible efficient classical
Bayesian inference. An optimal independent proposal density for IS-within-CL methods
and the GA is also introduced. Overall, this work contributes to a clearer unification of
likelihood-approximation and CL approaches, offering both theoretical understanding and
practical tools for inference in energy-based and non-normalized models. Related MATLAB,
Python and R codes are also made freely available to help the reproducibility of the results.

1 Introduction

Energy-based models define probability distributions only up to an unknown normalizing function
Z.x(0), commonly referred to as the partition function, where the parameter vector € ® C R%
is the object of interest for inference. For this reason, they are also commonly referred to as
non-normalized models. In this framework, the model is defined as ¥ (y|0, Z:,) = ‘ég('gg where
y are the observed data [7, 5, 22 29, [36]. Hence, the probability of an observation is specified
through the numerator function ¢(y|@), that captures the compatibility between the data and
the model parameters, while normalization is implicitly handled by integrating (or summing)
over the entire sample space. This formulation provides remarkable modeling flexibility and has
been successfully applied across a wide range of domains, including statistical physics, spatial
statistics, computer vision, and modern machine learning [I} [0} 10} 20} 26]. In Bayesian inference,
these models generate the so-called doubly intractable posteriors [2, 23 B1], B3]. However, the




intractability of the partition function in high-dimensional settings poses significant challenges for
likelihood-based inference, parameter estimation, and model comparison.

A variety of alternative estimation strategies have been developed to enable practical inference for
this kind of models. The main approaches can be broadly organized into four major families. A first
class consists of likelihood approximation-based approaches, which approximate the intractable
likelihood or partition function, as originally proposed by C. J. Geyer [11], 12, [13]. The main
idea is to use importance sampling (IS) estimators to approximate Z(6) [25, 24]. Hereafter,
we refer to it as Geyer’s approach (GA). A second family is formed by the score matching
method, which bypasses the computation of the unknown normalization function designing a
proper cost function involving the first and second derivatives of the numerator ¢(y|6) [I7, [19].
A third class includes the contrastive learning (CL) approach, more precisely noise-contrastive
estimation (NCE)E], which reformulates parameter estimation as a classification or discrimination
problem between observed data and artificially generated samples [I4] [15]. Finally, the fourth
class is formed by the pseudo-likelihood methods which replace the full likelihood with products of
conditional distributions, thereby avoiding direct evaluation of the partition function at the cost
of introducing approximation bias [I, I§]. The CL approach has received considerable attention
and has been extensively studied in the literature from different perspectives and in a wide range
of applications [30} 34], B35], including in very recent works [27, [35].

In this work, we focus on the Geyer’s and CL approaches. First of all, we provide an exhaustive
description and comparison between the two methodologies. In the literature, the authors in [34]
compare GA and CL within an asymptotic framework, considering the joint increase of the number
of observed and artificial data. Since Geyer’s approach optimizes only over the parameter space
©®, whereas CL operates in the higher-dimensional space ® x R, the authors reformulate Geyer’s
method by introducing an additional parameter. This modification increases the complexity of
the GA enabling the comparison between the two methods in the common (greater) space © x R.
However, this strategy may be regarded as questionable, since it renders Geyer’s approach more
complex than its original formulation. In this work, we adopt the opposite strategy by simplifying
the CL approach: we estimate the partition function using IS estimators within CL schemes and
reduce the optimization problem to the space @ (lower-dimensional with respect to ® x R). We
refer to them as [S-within-CL schemes. These novel methodologies differ from GA in the functional
form of their employed cost functions. The design of these novel cost functions is motivated by the
theoretical comparison between Geyer’s and CL cost functions previously analyzed. Furthermore,
we theoretically derive the optimal proposal density for GA, which also performs particularly well
across all the IS-within-CL schemes, as proved by the numerical experiments. We also develop
an algorithm for its practical implementation. Throughout the considerations and comparisons
presented in this work, we mainly focus on the estimation of the true parameter vector 6.,. For
an exhaustive analysis of the performance of standard CL in estimating the normalizing constant
Zr(04r) (i.e., the particular value of the partition function at 6. ), see [27].

We discuss the potential benefits and compare all the proposed approaches through a replicable
experimental study. The associated MATLAB, Python and R code is provided to facilitate the

!Throughout the remainder of this work, the term contrastive learning (CL) refers specifically to noise-
contrastive estimation (NCE), even when NCE is not explicitly mentioned.



reproducibility of the results| Both GA and the IS-within-CL schemes yield an approximation
Z(0) of the entire partition function Z.,(@). In this sense, they can be employed for a pre-Bayesian
analysis, providing information about high-probability regions of the parameter space as well as
a full approximation of Z.,(€). This possibility is specifically described in Section |5.3]

The rest of the work is structured as follows. After recalling the necessary background in Section
2, the main contributions of this work are given in Sections [3 [l and 5] In Section [3| we first
establish the relevant connections between GA and CL, which provide the basis for introducing
the proposed schemes in Section 4l Section [f] is devoted to the derivation and description of the
optimal proposal. Several numerical experiments and additional tests are presented in Section [6]
while the final discussion and conclusions are provided in Section [7]

2 Problem statement and two benchmark solutions

2.1 Energy-based models (EBMs)

Let ¢(y|0) = e PW9 > 0 be a function parametrized by a vector of parameters 6 taking values
in ® C R%. The non-negative function E(y|@) = — log ¢(y|0) is often called energy function. We
assume that ¢(y|@) is analytically known and we can evaluate it. Thus, an energy-based model
is represented by a parametrized family of density functions ¢ (y|6@, Z.), defined for each 6 as
¢(y|0) d
0,7.,) = —>-—, e D C R 1

V(y16, Ze:) 7(0) y (1)
Generally, for given 6, the following integral cannot be evaluated analytically (or its computational
cost is prohibitively high):

70 (6) = /D 4(y10)dy. 2)

Namely, Z,(0) is unknown because the integral above cannot be solved analytically in closed form,
ie., is intractable.rf] The subindex tr stands for “true” function in this case (and true value when
referred to €, as shown in Table[I)). Hence, the normalizing constant Z..(0), often called partition
function, cannot be evaluated point-wise. This represents a challenge for making inference on 6,
as we discuss in the rest of the work.

2.2 Observed data and goal

Let us assume that we have an observed dataset y = yi.n = {y1,...,¥n} € DN Each
vector y, may contain different types of data, includiﬁg discrete, continuous, and/or mixed-type
components. The observed dataset y contains i.i.d. realizations distributed as the EBM in Eq.
for a specific unknown vector of parameters Oy, (true vector of parameters), i.e.,

Gtr
o e Zu) = S =1, )

2Related code is given at http://www.lucamartino.altervista.org/PUBLIC_CODE_ISCL.zip

3We assume that y is a continuous vector, although several of the considerations also apply to the discrete
case, as illustrated in the second numerical experiment. When the observed data are discrete, all integrals must be
replaced by sums.


http://www.lucamartino.altervista.org/PUBLIC_CODE_ISCL.zip

Note that Z.,(6:,) is a scalar normalizing constant, i.e., the true partition function evaluated
at O.y. As a consequence, ¥ (y|0sr, Zir) can be regarded as the true model, in the sense that it
represents the model generating the observed data. Table [If summarizes the main notation of the
work. The aim of this work is to infer the parameter vector @ and, possibly, to approximate the
function Z(@). We focus on a frequentist approach. However, all the algorithms in this work can

be employed for a pre-Bayesian analysis.

Table 1: Main notation of the work and energy-based models (EBMs).

’ Notation | Description
0. True vector of parameters
Ze(0) = [, o(y]0)dy True partition function

V(Y |Otr, Ziy) = % Generating EBM (true model that generates the observed data y1.n)

Vo ~ U(y|Otr, Zir) n-th observed data vector
Zer(Osr) Normalizing constant of the true model
V(y|0, Zyy) = % EBM with true partition function but with a generic 0
Z(0) Generic partition function
7 (8) Approximated/estimated partition function
IS-based CL
q(x) Proposal density Reference density
Xm ~ ¢(x) Auxiliary data Reference data

Set of true observed data
Set of auxiliary /reference data

y =yun = {y1, -, yn}
K =
Union of the two sets above: observed and auxiliary/reference data

X1:M = {X1,~-~7XM}
u=yux

2.3 Likelihood function in EBMs

The most straightforward approach to perform inference in EBMs is through maximum likelihood
estimation (MLE). In order to estimate the parameter of the distribution, the likelihood function
of @ given y is given by

N 1 N
L(yl0. Zex) = p(y1,¥2, - yn|0) = [ [ ¢(y4l0. Zex) = 7o)~ [JoGml0). (4)
n=1 tr

n=1



and the corresponding log-likelihood is

N
log L(y|0, Zex) = > 10g ¥ (ynl6, Zex), (5)
n=1
N
= =D _B(yal6) - Nlog Z..(6), (6)
n=1
where E(y,|0) = —log ¢(y,|0). The MLE of 0 is often reformulated as the minimization of a

cost function defined as the negative log-likelihood function (NLL), i.e
N
JNLL(0|Ztra X) = 1Og L(X|0a Ztr) = Z E(Yn|0) + N log Ztr<0>7 (7)
n=1

so that Oy = arggee max L(y|0, Z;,) = arggce min JyL(0|Zer,y). Generally, a standard widely-
used optimization approach is based on the so called gradient-descent, where the information of
the gradient Vo Jy.L(60;-1|Zer,y) is required.

Remark 1. However, Z;,(0) is unknown for any 6, and cannot be computed in closed form. As
a consequence, we cannot compute VOJNLL(0|Z1:I7X> neither. Therefore, suitable strategies must
be adopted for approximating Z,(0) (or, at least, its gradient).

2.4 Geyer’s scheme based on IS estimators

2.4.1 IS estimators for Z,.(0)

Theoretically speaking, the simplest approaches rely on applications of some numerical method
for computing Z;.(0). One way to obtain this approximation is based on importance sampling
(IS) [24]. Let g(x) be a known normalized density ([, ¢(x)dx = 1) that we are able to draw from.
This density is chosen by the user and does not depend on 6. Let x = {x1,...,x)}, be a sample
of size M generated from ¢(x), i.e.,

X ~ q(X), xn EDCRY  m=1,.. M

In this context, ¢(x) is referred to as the proposal density, and the samples x,, are often called
auziliary or artificial data [12]. In this case, the IS estimator is given by

M
1 o o(xi|0)
=Y P (), 3
Vi mZ:l o) X ~ q(x) (8)
which is unbiased and consistent for every 6, even when the same set of samples xq,...,x;; is

employed. A potentially more efficient estimator is

Z Plx X ~ 4(x]6), (9)

mlq



where the proposal depends on @, and a different set {xle e XJ\Z } is generated for each value
of 8. In this scenario, the optimal proposal is q(x|6) o ¢(X|0) [24]. Hence, for a fixed 6, the
estimator Zy(6) can be generally more efficient than Z(8). The quality (i.e., the variance) of Z(6)
changes with 8: the proposal ¢(x) may be well suited for some values of 0 and inadequate for
others [24]. Nevertheless, 7 () provides an approximation that is valid for all 8. Moreover, note
that once the known part ¢(-), the proposal ¢(-), and the auxiliary samples x,, are fixed, 7 (9)
becomes a deterministic, analytically known, and easily evaluable function of 6.

2.4.2 Geyer’s approach (GA)

In [12], the first IS approximation is substituted directly into Eq. (7):

N
Ja(0) = Jun(8]Z,y) = > E(ya|0) + Nlog Z(8),

n

Il
—_

E(yn|0) + N log

I
Mz

(Xom)

By IS arguments, we have J,(6) ~ JyL(0|Zir,y). The idea is then to minimize this function [12],

n=1

¢ Xm|0)
M Z o Xm ™ Q<X)' (10)
ie., §GA = argmin Jg,(0). Clearly, as M — oo,

Jaa(0) = (012, y) — (0] Zer,y) and, as a consequence,

/éGA — /éML- (11)

Furthermore, an approximation of the gradient (scaled by ) can be also directly computed as:
1 | N M
— - E _ E { 5(0)
NVOJGA(G) - N P VBE(Yn|9) Wy, V0E<Xm|0)7 (12)

. . . _( )
where we have defined the normalized importance weights, wy,’ = S where wy,” =
X w

See Appendix [A] for the derivation.

Remark 2. Jg(60) is a random function depending on the generated samples x,,’s. However,
given the known part ¢(-) of the model, the proposal ¢(:) and fixing the auxiliary samples x,,,
then Jg (@) becomes a deterministic, analytically known, and evaluable function of .

Remark 3. In Geyer’s approach, the same set of auxiliary samples x = {x3,...,xy} ~ ¢(x) is
used for every 6. As a consequence, Z (0) may provide an accurate estimate for some values of 8,
while performing poorly for others. Namely, the quality of the estimator (i.e., its variance, since
it is unbiased) varies with @ [24]. There are two main strategies to reduce the variance of Jg(0):
(a) increasing the sample size M; or (b) for a fixed M, selecting a proposal ¢(x) that performs
well for a broad range of 8 values.



2.5 Contrastive learning (CL)

From a statistical perspective, contrastive learning (CL) is an alternative framework where the
inference is driven by comparing samples from the observed data distribution against samples
from a reference/noise distribution. More specifically, the idea in CL is to learn @ by designing a
suitable binary classification problem. Let us define a generic input vector u € R? and a binary
label a € {0, 1}, more specifically, y, ~ p(ula = 1) and x,, ~ p(u|a = 0). Note that the framework
considered so far can be rewritten as

¢<u7 Otr)
~ Lig) = ————= =1,..,.N
Yn 1/1(11’9»@7 tr) Ztr(gtr)’ n 9 ) I
and

X ~ q(u), m=1,...M,

ie., p(ula = 1) = ¢¥(u|by, Z;ry) and again p(ula = 0) = ¢(u) is a density chosen by the user.
Thus, we have M + N labelled inputs w, i.e., {u;, a;}22 1, set as

U =yi1,...,Uy = YN, UNs1 = X1, ..., UNt = Xor, - (13)
s 7\ NV -
a=1 a=0

Namely, the first N inputs are labelled with a = 1, and the rest M inputs are labelled with a = 0.

In the CL context, the x,,’s samples are usually called reference data and ¢ is often referred as
reference density. The vectors x1, ..., Xy, are called reference/noise data.

Thus, we can consider a binary classification problem with the entire dataset {u;, ai}f\iJ{N , formed
by the union of the two sets of vectors of y’s and x’s. Then, we can apply a binary classifier in
order to estimate the unknown vector 6, and the scalar value Z;,(0s,), comparing the two sets of

data. The marginal (prior) probabilities of the labels can be approximated as p(a = 1) ~ MLM,
pla=0) ~ MLM Setting v = ;% ~ % and & = [07,Z]", the posterior probabilities are
p(uja =1)p(a =1)
pla=1Ju) =n(u,§) =n(u,0,2) =
(= 1w =0 &) =0 8. 2) = e = Tpta = 1) + plula = 0)pla = 0)
¥(ul6, Z) 4 vq(u)
0

~ 0w, 0) +vZ(0)q(u)’

Clearly, we also have p(a = 0ju) =1 —n(u; 0, Z). Note that n depends on the analytic form of ¢
and ¢ and on the unknown values of @ and Z(0), i.e., the parameter vector £ = [0, Z]T.

Remark 4. Note that we are considering a generic vector 8 and a generic value of Z(8), evaluated
at 0.

The goal is to learn a classification rule c(u) that, for a generic input u, yields a label
prediction/estimation @ = c(u) € {0,1}. It is possible to show that the optimal rule c¢*(u)
that achieves the largest classification accuracy is the Bayes classification rule,

1t m(u) > 0.5,
a=c(u)= {o it p(u) <05, (16)



The classification literature provides a wealth of methods to learn (directly or indirectly) an
approximation of ¢*(u). Considering the parametric family n(u,£&), A common approach for
obtaining a good approximation 7j(u) consists of minimizing an empirical risk:

Jeu(€) =Y V(nlyn: &)+ Y V(1= n(xm; ), (17)

where V(n) : [0,1] — [0,1] is a given non-increasing function in [0,1] (called loss function) ][]
Therefore, for each possible input u, the CL procedure is given by the following formula:

€=argmin Jou (€), and set 7j(u) = 5w, ), Vu (18)
CL cost function. Perhaps, the most common loss function is log-loss,

V(n) = —log(n). (19)

With this loss, the risk V'(n) above coincides with the negative log-likelihood function assuming a
Bernoulli model, and with the so-called cross-entropy. Namely, the empirical risk becomes

M
Ja(€) = Jo(0, 2) Zlog (¥n,0,2)) = Y log (1 —n(x,0,2)), with
m=1 (20)

B vq(u)
b=nlw 8.2 = 5018, 2) + valw)

(u|9, Z)
¥(ul6, Z) + vq(u)’

Recall that v = % Hence, the final cost function to minimize is

n(uaaa Z) =

N

B (vn|0,2) vq(Xm)

1e(0.2) = = Y on g ] - Zl"g[ e e ARG
R Oy, 6) . (0)q(xx)
B ;lgb(ymewuz } Zlg{ P >+vZ<0>q<xm>}‘ 22)

We can minimize Jo (0, Z) with respect to € and 7, i.e.,
[Bct, Zer] = arg min Jo (6, 2), (23)
where §CL — 0, and
Zor — Zex(0er), (24)

is a scalar value, that is the approximation of Z., in one specific point, 8.,. The method above is
also called noise contrastive estimation (NCE).

Remark 5. A CL scheme is completely defined by the choice of: (a) the loss function V', (b) the
number M of reference points and (c) the choice of reference density ¢q. Regarding the optimal
choice of the reference density in CL, see [3] [4].

Remark 6. Let us consider Eq. . The cost function Jg is a random function, but fixing ¢
and the reference samples x,,,, Jor becomes a deterministic function of 8 and Z, like in the Geyer’s
approach.

4The idea above is to penalize when 7)(y,, &) = p(a = 1|u = y,,) is small (i.e., close to zero), since y,, has label
a =1 and n(y,, &) should be close to 1. Whereas, we should penalize the small values of 1 — 1(X,, €) since x,,, has
label a = 0 and 7)(x,,, €) should be close to 0 (so that 1 — n(x,,, &) should be close to 1).

8



3 On the relationship between GA and CL

In this section, we emphasize similarities, connections but also differences between GA and CL.
More precisely, the main aspects comparing GA and CL are summarized below:

1. In both techniques, we use two datasets, (a) the observed data and (b) the auxiliary /reference
data generated by a proposal/reference density g.

2. In both cases, we obtain two cost functions Jg, and Jep that, fixing the M auxiliary /reference
samples X,,,, become deterministic functions.

3. In both cases, the choice of the proposal/reference density ¢ strongly affects the overall
performance. However, the optimal density ¢ generally differs across the two schemes.
Regarding the optimal proposal ¢ in IS, see [24]; whereas, regarding the optimal reference
density, see [3] 4].

4. The cost function Jg takes values in a higher-dimensional space, i.e., Jo : R#®T! — R,
whereas Jg, : R% — R. In other words, J depends on one additional input, so its support
domain has one higher dimension than that of J;,. This difference arises because, in the
GA scheme, Z(0) is pre-approximated using importance sampling : this can be interpreted
as a preliminary step that may affect the performance of the subsequent minimization.
Furthermore, in standard CL, the scalar quantity Z.,(6..) is treated as an additional
parameter to be estimated, leading to the simultaneous estimation of 0y, and Z.,(6y.).

5. Using GA, we obtain an approximation of the full partition function Z.,(0), whereas with
CL we only obtain a point-wise approximation of the specific value Z;, (0, ): this represents
just a value, the function form remains unknown.

Moreover, recalling that v = 2 we can rewrite Eq. as

N7
[ Ni(yn|0,Z) Maq(xm)
Jaul6,2) Zl"g No(yal6, Z) + Maly,) Z 8 | N8, 2) + Ma(xm)
B N [ mw(anO,Z) M MLMQ(Xm)
= — Zlog i 7 — Z log I 7 ,
= | vt nl6,2) + N+MQ(Yn —1 ¥ (Xm0, Z2) + 5 57a(xm)
N _
a1¢(yn|0 Z :| I: OQQ(Xm) ]
= — 1 1 )
nzl % a1t (ynl0. Z) + azq(yn) mzl %8 |01t (xml0. Z) + a2 (xm)

where we have multiplied numerators and denominators of the fractions (inside the log) by ﬁ,

and we have also defined oy = MLJFN and oy = MLHV (note that oy + ay = 1). Furthermore, using

the property log(ab) = log(a) + log(b), we obtain

N
U(ynl0,Z) ] [ q(Xm) }
Je (6, Z) lo — N1 — M1 ,
el Z [aﬂb ¥nl0,Z) + azq(yn) mz:l % 019 (xm16, 2) + 020 (x) e e
N
Y(ynl0,2) ] [ q(Xm) }
10 + C )
Zl |:a11/) Yn|0 Z) + aioq Yn mzl & 041%0 me Z) +a2Q(Xm) 0



where we have set Cy = —N log oy — M log ap, that is a constant value independent from 6 and
Z. Denoting the mixture in the denominators as

MIX(ul@,7) = ay9(ul8, Z) + asq(u),

and, using again the properties of the logarithm, then we have

Jeu(6, 2) = —Zlog (yxl6, 2)] +Zlog MIX(y,|6, Z)] +

- Z log [q(xm)] + Z log MIX(x,,|0, Z)] + Co,

m=1 m=1

N M
= Juw(6]Z,y) + ) log MIX(y,|0, Z)] + > log MIX(x,,|6, Z)] + C1,

n=1 m=1
N+M
= Juw(6]Z,y) + ) _ log MIX(w|6, Z)] +C1, (25)
S—————— i=1
term 1 ~~ 4

term 2
M
where we have set Cy = Cy — Y., _, log [¢(x;,)] and used Eq. (13).
Remark 7. The first term in Eq. ([25), i.e., Ju(6|Z,y), coincides with ML approach when Z; ()

is known, and/or with the Geyer’s scheme when the estimator 7 (6) is employed. Therefore,
focusing on the inference of 0, the essential difference between Jg, and Jgp lies in the second term

of Eq. .

Note that, with the second term, » .|
mixture idea [32, [8, 2§].

MM og MIX(u;]6, Z)], we are applying the deterministic

Remark 8. Let us focus on the inference of 0., keeping the other argument, Z, of the function
Jer(0, Z) fixed for the purposes of this discussion. The first term, Jy.(6|Z,y), corresponds to
the negative log-likelihood in Eq. @, which must be minimized to estimate 6.,. The second
term, instead, is the (positive) log-likelihood associated with fitting the mixture MIX(ul@, Z) =
a1(ul8, Z) + asq(u) to the data uy,...,upyn; in this case, the mazimization provides an
estimator of @.,. Thus, assuming that Z.,(0) is known, both terms separately yield consistent
estimators of 6., the first through minimization, the second through maximization. Surprisingly,
however, their sum (despite combining a minimization and a maximization objective) still defines
a suitable cost function to minimize, also leading to a consistent estimator of .., as shown in
literature [14. [15].

4 Possible alternative techniques

Given the previous considerations, we may formulate and evaluate various alternative cost
functions. The performance of the novel functions can be compared with Jg and Jg. Table
presents six functional forms under consideration, four of which, up to our knowledge, are novel

10



in the context of EBMs. Note that standard CL is also denoted as CL-1 in Table 2l We denote
by CL-2 the method based on a cost function identical to the standard CL, except for the sign
reversal of the second term (associated with the mixture), so that both terms contribute to a
single cost function to be minimized for estimating 6.,. The cost function referred to as CL-3
almost coincides again with that of the standard CL, but considers only the true observed data,
{y}2_,, in the second (mixture) term. Finally, the two techniques denoted as Mixture-1 and
Mixture-2 rely solely on the mixture component. Mixture-1 uses all available data {u,}Y M,
whereas Mixture-2 considers only the observed samples {y, }2_,.

Furthermore, from the same functional form, different procedures can be derived depending on
whether Z is treated. Indeed, in a first scenario, (a) Z can be treated as a variable to optimize
(which the case of the standard CL approach) or (b) Z can be replaced by an approximation.
Considering this second scenario, for instance, we can include IS estimators of Z;,(@) and use the
cost functions only to find an estimator of 6., exactly as in the GA. Moreover, in this case, we
have two additional possible approaches:

1. Schemes based on a single proposal. Use the same samples x,, as artificial/auxiliary
and reference data, hence a unique ¢(+) playing both roles: proposal and reference densities.
Thus, the estimator of Z..(0) is

> 1 6(xn0)
Z(0) = +; > ) q(x). (26)

m=1

We refer to these techniques - based on a single proposal - as recycling schemes, since the
same samples x,,, are employed for two different purposes: as reference data and for building
the IS estimator of Z.,.

2. Schemes based on two proposals. Alternatively, we can use a proposal density ¢;(x)
for generating the reference samples, i.e., x1, ..., Xy ~ ¢1(x), and we may employ a different
density go(-) as proposal, and generate M, different samples s,,’s, which are used exclusively
to obtain an estimator of Z..(8), i.e.,

Zs(0) = =3 20 ), (21)

with k£ = ]., ceey Mg.

Computational cost. The computational cost, in terms of evaluations of the non-normalized
model ¢(-|@), is clearly different between the two families of methods. Indeed, in the first case,
only M auxiliary /reference samples are drawn, whereas in the second case M + M, samples are
generated: M serving as reference points (i.e., x,,), and M, as auxiliary data (i.e., s;) for obtaining
Zg. Note that the first case can be recovered as a special case of the second one, setting My = M
and s,, = X,,. In this sense, we can assert that, in the first scenario, we are recycling the samples
X, to obtain also an estimator of Zy,(6@). Then, since we must evaluate the function ¢(:|0) at
these samples, the schemes based on two proposals are clearly more costly. With respect to the
analytic form of the cost functions (and hence considering Z simply as a parameter /variable), CL-
1, CL-2, CL-3, Mixture-1, and Mixture-2 in Table [2] differ in the presence or absence of specific
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terms in their respective sums. In this sense, Mixture-2 has the smallest number of terms, namely
N, since it depends only on the observed data y and is independent of the samples x,, used for
constructing the cost function. It is therefore the least costly scheme in terms of the number of
terms involved in the cost function. CL-1 and CL-2 both contain 2N + M terms, whereas CL-3
contains 2N terms and is also independent of x,,,. Finally, Mixture-1 contains N + M terms in its
sum.

Combining the functional forms in Table [2| and the two alternative possibilities described above,
we obtain the Geyer’s approach, the standard CL, and several possible sub-methods, that are
summarized in Table 3] Note that all the cost functions (representing the different techniques) in
Table [3| can be easily and fairly compared since they must be minimized only with respect to 6.
The only technique that can work in the extended space (0, 7) is standard CL (denoted also as
CL-1).

Table 2: Functional forms of different possible cost functions. Several procedures can be derived from the
same functional form, depending on whether the variable Z is included in the optimization or replaced
by a preliminary estimate. We have removed constants, useless in term of optimization.

Z included
Method Variable Cost function in the opt. | New
GA
Max. Likelihood 0 (012, y) = — SN log [U(ynl0, 2)] — X
Standard CL
CL-1 0,2) | Jeu-1(0,2) = Jun(8]Z,y) + S+ M log [MIX(w;|0, Z)] 4 X
CL-2 0,2) | Jeu-2(0,2) = Jun(8]Z,y) — SN+ M log [MIX(u;|0, Z)] X v
CL-3 0,2) | Ja-s(0,2) = Jun(6]Z,y) + S0, log MIX(y,[6, 2)] X v
Mixture-1 (8, 7) Jux-1(8, Z) = = SN M 1og [M1X (4]0, Z)] X v
Mixture-2 (8, 7) Jurx-2(8, Z) = = S°N_ log [MIX(y,|6, Z)] X v

Remark 9. Ideally, if we set Z(0) = Z.,(0), the cost functions of GA, CL-3, and Mixture-2 do not
depend on the reference samples x1, ..., Xps (e.g., GA becomes the maximum likelihood approach).
However, the cost functions of CL-3 and Mixture-2, even in the ideal case Z(0) = Z.(0), still
depend on the functional of the proposal/reference density ¢(x), evaluated at the observed data

Yi,--,¥N.

Remark 10. When an estimation Z (0), obtained using a set of reference samples x1,...,xyy, is
employed for replacing Z.,(6), GA, CL-3 and Mixture-2 depend on these reference samples, as
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Table 3: Techniques using IS estimators of Ztr(O): single proposal-based schemes, recycling the same

Xm ~ ¢(x) and creating the IS estimators A (0) = 41 Z%[ 1 ¢éxm’ ); or, two proposals-based schemes,

where the samples x,, ~ ¢1(x) are used for building the cost function and other auxiliary samples
Sm ~ @2(x) are drawn for building an independent estimator Zg(0) = MLQZ%; ¢;(2s(27,5). With the
exception of Standard CL (CL-1), all the methods provide a an estimation of the full function Zi,(0).

Standard CL returns only the approximation in one point, Zy(6+r).

’ Method \ Variable \ Cost function \ Notes \ Estim. of Z.,
Geyer’s approach (GA) 0 Jon(0) = JNLL(0|2,X) all funct. Z..(0)
Standard CL (CL-1) (0,2) Jer-1(0, 2) only Zyy(6+r)
IS-Rec-CL-j Je-5(0, 2) recycling x,, ~ g(x)
IS-within-CL-j 0 all funct. Z,(0)
i=1,2,3 IS-CL-j Jo-5(0, Zs) using s ~ ¢a2(x)
IS-Rec-Mix-j Jurx-5(0, 2) recycling x,, ~ q(x)
IS-within-Mixture-j 0 all funct. Z..(0)
j=1,2 IS-Mix-j Jurx-3(0, Zs) using s ~ ¢a2(x)

well. Consequently, the resulting objective functions are not determined solely by the observed
data y, but also by the particular reference samples used to construct Z (0).

In Table , the IS-within-CL schemes employ an IS estimator Z (8). They can be divided in two
sub-sets of methods: IS-Rec-CL that use a single proposal ¢, and IS-CL that use two proposals ¢;
and go. More precisely, considering all the CL-j schemes, with j = 1,2, 3, we have:

e Standard CL, simply denoted as CL-1, where we obtain an estimation of 8 and of the single
value Ziyp(0r).

o [S-Rec-CL-1, IS-Rec-CL-2 and IS-Rec-CL-3, using the estimator Z( ) = 3F Zm 1

built recycling the reference points x,, ~ ¢(x).

q

e IS-CL-1, IS-CL-2 and IS-CL-3, but using the estimator Zg(0) = A LS i(;’“'e , where
Sk ~ @2(x), k = 1,...,My.  Here, the reference samples x,, ~ ¢1(x) are used only for
building the corresponding cost function.

As an example, note that CL-1, [S-Rec-CL-1 and IS-CL-1 are using the same functional cost
Jer-1(0, Z), as shown in Table . Note also that the IS-Rec-CL schemes can be viewed as
lying between GA and CL, as the artificial samples drawn from the proposal ¢ are used for both
purposes: constructing the cost function and approximating Z,(0).
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5 Optimal independent proposal density

5.1 Related theory

For a given fixed value of 8, we know that g.p.(x|0) = 1(x|0) for estimating Z.,(0) [24]. However,

in our search for Oy, e.g., using a gradient descent, we consider several densities »(x)0,7(0))
associated to different @-values. Thus, our goal is to select an independent proposal density gopt (%)
that performs adequately for different parameter values (e.g., 61,05, ...,0¢), and, if possible, for
the entire parameter space ®. For this reason, a possible idea is to consider the following quantity,

7= /@ Z00(6)d0 — / ( / ¢<xye)dx) 40, (assuming 7 < oo), (28)

and try to minimize the variance of its estimation. Note that we are assuming that 7 is a finite
value. Let us consider a finite set Ogy C O with |Ogy| < 00, such that OML € O.y. Hence, we
can draw uniformly in gy, i.e.,

01' ~ u(gsub)a

where ¢ = 1, ..., (). Then, we can write

ngiiéwwmﬂzgéawm (29)

where Z..(0 fD ¢(x]0;)dx is a scalar value. It is possible to show that for minimizing the
variance of the finite sum 2?:1 Z(0;) (estimating each Z.,(60;) by IS), we have to use

Tope (X) X Gope (X) = /S(x161)2 + 6(x]82)2 + ... + 6(x]6)2 (30)

as proposal density. For a proof see [24]. The optimal density above is relevant from a theoretical
point of view, since generally we cannot evaluate it point-wise and we cannot draw from it.
However, these considerations above can drive the construction of an adaptive proposal density
(e.g., using variational inference). Namely, this result is useful for designing adaptive schemes.

Remark 11. The proposal density gop(x) in Eq. is the optimal independent proposal pdf
(or pmf) for estimating the partition function Z.,(0). Hence, this result is optimal for GA, and
also optimal for the IS-CL schemes with respect to the second proposal gz opt(x) that draws the
auxiliary samples s,,. More generally, we have:

e in the IS-CL schemes, we should additionally identify an optimal proposal ¢ op(x) for
generating the reference samples x,, used to construct the cost function;

e in the IS-Rec-CL schemes, we should instead identify a single optimal proposal gopt(x) that
accounts for both the estimation of the partition function and the fact that the generated
samples x,, are also used to construct the corresponding cost function. However, it is worth
noting that the proposal g (x) in Eq. is also able to provide very good performance
within the IS-Rec-CL schemes, as demonstrated by the numerical experiments; see, for
instance, Figures [4] [p], and [0}

These considerations may provide interesting directions for future research, particularly in light
of the previous works in [3] 4].
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5.2 Practical use

Generally, a widely-used optimization approach is based on a gradient-descent method. We can
consider a set of possible initial nodes 61, ..., 0g ~ U(Bgy). This set can be also used for selecting
a good starting points for the gradient descent trying to ensure the convergence to the global
minimum. Then, to obtain a suitable set of artificial data, we can apply a IS plus resampling
scheme:

1. Draw My >> M samples from an initial proposal density,

X1, ey Xty ~ o(X). (31)
2. Assign the weights
_ Gopt(X3)
oqxi) (32)
_ VIo(xi[6:)] + [¢(X{;|‘(9312 +..+ [¢(Xi|9Q)]2’ (33)

where gqp is given in Eq. .

3. Resample M times within {Xi,...,Xy;} according to the probability mass p; =

i =1,..., My, obtaining a new set {xy, ..., Xps}, where x;, € {Xy,...,Xp,} forall k =1, . M

4. Compute
1 &
Copt = — o
"
5. Return {xi,...,xps} or directly

P(xn|6)
Z \/ (Xm|01)] + [9(%1]02)] + ... + [¢(Xm|0Q)]2.

opt

(34)

The algorithm above returns Z(8) that will be used within Je(8), for instance, or any other
IS-within-CL scheme Jei-5(@). We can also update the estimation A (0) incorporating 6-points
selected by the gradient-descent. For instance, let us consider a finite sequence of estimates
{0¢+1, ..., 001}, obtained starting from the last point 8y drawn from gy above, according to the
gradient-descent rule

at = at—l - at—IVBJGA(at—l)a (35)
=01 — 1 Vour(0:1]2,y), (36)

witht = Q+1,...,Q+T and with suitable choices of the step value ;. Hence, we have the first )
starting points, i.e., 81, ..., 09 and the new T points, i.e., Og1, ..., 0g+r. Then, we can recompute
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the weights p; and improve Z (0) before continuing with the gradient descent:

1. Given the samples drawn as in Eq. , i.e., Xq,...,Xp, ~ qo(x), assign the weights

VEZT o(xi16,)?

pi = . 37
QO(Xz) ( )

2. Resample M times within {Xy,...,X5,} according to the probability mass p; = Z—N}O;,
21 ok

i=1,..., My, obtaining a new set {xy, ..., Xps }, where x5 € {Xy,...,Xp,} forall k =1,..., M.
3. Compute Copy = M Zk | Pk-
4. Return {xy,...,xys} or directly
> C'o - m 0
2(6) = > el
o S 6(x,016,)2

. (38)

The gradient descent and the procedure above can be iterated several times until convergence,

HBt Bt 1]] < € with € > 0 (clearly, we expect Ht ~ OML if € ~ 0 and the convergence is on a
global mode). All the considerations above are valid for any methodology using an IS estimator
of Z.,(6) with an independent proposal density ¢(x).

5.3 Allowing an efficient classical Bayesian analysis

The importance of estimating the complete partition function Z,(0) instead only one point, i.e.,
only Z,(0:;), is clarified by this section. First of all, we need to highlight another relevant
consideration regarding Z.,(0) given below.

Remark 12. The partition function Z;.(0) does not depend on the observed data y =
{y1,...,yn}. Hence, for a given unnormalized model ¢(-|@) defined over a parameter space
of dimension dy, we can approximate Z..(6@) once and subsequently reuse this approximation
for different inference problems involving different observed datasets, say y, y’, y”, etc. This
property can provide a substantial computational advantage when multiple datasets are analyzed
under the same underlying probabilistic model (i.e., fixing ¢ and dy), allowing also a standard
Bayesian inference.

Hence, we can obtain an estimate Ztr(O) once, and subsequently reuse this resulting approximation
across several inference problems involving different datasets, such as y, y’, y”, etc (or we can
refine the approximation if a higher level of accuracy is desired). This is particularly useful for
allowing Bayesian inference (BI) where, assuming a prior distribution p(8), a posterior density is
analyzed:

p(Oly) = —=L(y|6, Ze:)p(0) x L(y|6, Z::)p(6). (39)

L
p(y)
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Recall that the complete likelihood is given by

L0, Zer) = py1,y2,. ., yn16) = ﬁ I ¢(r.16). (40)

n=1

Hence, for allowing BI, we can replace the estimation of the partition function, i.e.,
log L(y|6, Zez) = 3=, 10g $(ya|6) — N log Zsz(6) and

p(Bly) < L(y|6, Z.)p(6). (41)

Furthermore, we can use the estimator /O\tr (and the rest of information obtained with the methods
above) to design a suitable proposal density ¢(8), that is now defined in the 8-space, for efficiently
exploring the (approximated) posterior p(@|y) by Monte Carlo methods. This proposal density
q(8) can be further adapted as information about p(8|y) becomes available. Moreover, we can
also use this proposal to draw the nodes 61,805, ... ,OQ_N q(0) used in Section for building
Qopt(x). Hence, we can refine the choice of gopt(x) and, consequently, improve the accuracy of
the approximation Zr(e). It is important to remark that another Bayesian approach for EBMs
including Z, as an additional parameter to estimate as CL, has been recently proposed in [35].

6 Numerical experiments

To illustrate and assess the proposed techniques, we consider three complementary models. (a)
First, we consider a Gaussian model, for which the complete partition function is analytically
available in closed form. (b) Second, we consider an Ising model, which is a genuine discrete
EBM whose partition function is, in general, computationally very costly to evaluate because the
number of possible configurations grows exponentially with the dimensionality of the model. (c)
Finally, we consider a nonlinear, non-Gaussian, continuous EBM characterized by a quartic energy
function, for which the normalizing constant generally does not admit a closed-form expression.
Our primary goals are to facilitate the understanding of the proposed methodologies, provide
reliable ground-truth results for comparison, and ensure that the numerical experiments are
straightforward to reproduce. Additionally, to further support reproducibility, related code is
also made availablefl

6.1 First experiment

This first numerical study focuses on comparing the different schemes, previously described. We
consider a simple one-dimensional Gaussian setting with an instructive purpose. First of all, the
Gaussian configuration ensures analytical tractability: both the partition function Z;, is known in
closed form, allowing theory and simulation to be matched precisely. Moreover, the presentation
is clearer and more pedagogically effective. Hence, clearly the goal of the example is not to
demonstrate performance on a complex model, but rather to illustrate the performance under
controlled conditions and to help the reproducibility.

SRelated Matlab, Python and R code is given at http://www.lucamartino.altervista.org/PUBLIC_CODE_
ISCL.zip
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6.1.1 Settings

More specifically, we consider a target distribution of type

5. 2) = oo (). (42
o(y|0) = exp (—Qy—;) , Zer(0) = V21602, (43)
Byl = L (44

We also assume that the observed data yq,...,yy are generated from the model above with
Qtr - ].5, le,

2

1 Yy
~ /A — -2 Z = /2762 4
Yn w(y‘etra tr) Ztr<0tr) €xXp ( 29%r) ) tr(etr) 0%, ( 5)

with n =1,..., N. We also consider a Gaussian proposal/reference density,

t ~ 4(a) = % xp (—%) | (46)

drawing clearly M artificial data {xy,...,xp} from g(z). For simplicity, we keep fixed p, = 0.
We test the different techniques considering different cases varying N, M, and o,. The goal is to
estimate the ground-truth value 6., = 1.5, hence we focus on the parameter estimation problem
(i.e., estimating ). Moreover, we design different scenarios where:

e Scenario 1: since the ground-truth is known in the described experiment, we replace Z(0)
in the different functionals with the true function Z..(0).

e Scenario 2: We replace Z(§) with Z(6) = 27 Ly M d’qéﬁ”’ employing the same M points
{1, ..., xpr} used also as reference /noise data. Hence, this scenario is devoted to the methods
based on a single proposal (i.e., the recycling schemes).

e Scenario 3: We replace Z(0) with Zg(6) = M SMe q;’" 7 employing other M points
{s1,...,sp} generated from another proposal s,, ~ ¢ (z), with m = 1,...,My. We set

¢2(x) = N(z]0,25). Note that we could also choose ¢2(z) = q(z).

Note that Scenario 1 is a extreme special case of Scenario 3 with My — oo. Then, both
Scenario 1 and Scenario 3 are related to the methods based on two proposals. There would be a
“scenario 4” that consists on the joint estimating of [0, Z(0)] where Z(6) approximates a single
value Zyy(6i). However, the only procedure able to do that is the standard CL (also denoted
as CL-1). For comparing all the techniques, we compute the mean square error (MSE) in the
estimation of #;, = 1.5. Hence, we do not consider the error in estimation of Z(6). We compute
the MSE in estimation of f;, and, in all scenarios, we keep fixed p, = 0 and vary o,,.
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6.1.2 Results for Scenario 1 — Scenario 3 with M, — oo

In all the techniques, inside the cost functions, we are using the true function Z., (). This setting
can be considered as an extreme case of using Zg(#) with

My — 0.

For this reason, GA coincides perfectly with the maximum likelihood approach and the solution
does not depend on o, (since GA does not depend on the samples z,...,25,). Namely, since we are
using the ground-truth Z,(6) directly in the cost function, this “ideal” GA does not depend on
the proposal ¢. We set N = 10 and M = 10 for the reference points z, ..., z); (used for building
the corresponding cost functions). Since, for a finite and reasonably large value of M,, we obtain
results very similar to those observed in Scenario 1, we do not provide specific figures for Scenario
3. However, Scenario 3 is included in the available code.

The results are shown in Figure [l We also test and compare standard CL working in the extended
bidimensional space (0, Z). We split the figure into two plots due to the large number of curves.
Looking at Figure [1], we can observe the following relevant points:

e The maximum likelihood approach (i.e., the “ideal” GA) is the best method for all the o,
values, except at 0, = 1.5, where IS-CL-3 provides the best results. Very close results have
been obtained by IS-CL-2, that is the second best technique close to the “ideal” GA.

e [S-CL-1 and standard CL-1 (considering only the error in #) provide results far to the best
ones.

e [S-CL-3 always outperforms IS-CL-1. IS-CL-2 also outperforms IS-CL-1 and standard CL1.

o [S5-CL-3, IS-CL-1 and standard CL-1 perform particularly bad for small values of o,.
Moreover, IS-CL-3 and IS-CL-1 seems to suffer high values of o).

e The two methods based on fitting the mixture, IS-Mix-1 and IS-Mix-2, do not provide
particularly good results. They seems to work better for small values of o, but also for great
values of 0,. They suffer in the range of intermediate values of o,,.

e [5-CL-3 and IS-CL-1 present a best value of o, where they seem to reach a minimum MSE.

e Both IS-Mix-j schemes perform well for values of o, below ;, = 1.5 (the standard deviation
of the true model). However, their performance deteriorates for intermediate values of o,

6.1.3 Results for Scenario 2

In this framework, we test the methods based on a single proposal (i.e., the recycling schemes): we
employ the M samples {:L’l, iy @ M} drawn from q(xm) for both (a) as “reference noise data”, and

(b) yielding the estimator Z(#) = i LS ‘ég””;” - Namely, the reference points {1, ...,z } are

recycled to build Z (0). The results are given in Figure . We depict only the curves corresponding
to IS-Rec-CL-1, IS-Rec-CL-2, GA, and the standard CL. The curve for IS-Rec-CL-3 is not shown
because it is completely overlapped by those of IS-Rec-CL-1, IS-Rec-CL-2 and GA, while the
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Figure 1: Results related to the first experiment in Section . MSE (estimating €ypye) versus
the standard deviation o, of the proposal density ¢ in Scenarios 1 and 3, with N = 10, M = 10
but My — 00, hence using the true partition function Z,.(6). Hence, the samples x,, drawn from
q are used only for building the cost functions. We split the figure into two plots due to the
large number of curves. The considered setting is particularly challenging for mixture-based cost
functions since the two pdfs (target and proposal) have the same locations, p, = 0.

mixture schemes yield substantially higher MSE values. Hence, IS-Rec-CL-1, IS-Rec-CL-2, IS-
Rec-CL-3 and GA provide very similar (good) results, generally outperforming the standard CL
except for the value o, = 3. Therefore, this experiment suggests that (at least asymptotically
as M grows; in Fig. , we use M = 5000) there is no advantage in optimizing over the higher-
dimensional space (6, 7), that is, in using the standard CL. However, these results have been
obtained with high value of M = 5000 that allows a good estimation of Z(#). It is possible to

show that, with small values of M, the estimation of Z(#) provided by Z(f) is poor and the
standard CL provides better results.

6.1.4 Summary of the results

Focusing mainly on the inference of @, we can summarize the main conclusions as follows:

e Without computational restrictions on the evaluation of the numerator ¢(x,8), the
estimation Z (@) with an IS estimator seems to be a better strategy (using My — oo samples),
and then apply the GA or IS-within-CL-2 scheme.

e Considering the cost of evaluating ¢(x, 8), we should compare with the IS-recycling schemes
(IS-Rec-CL-j). From the results:

— the standard CL is preferable for small values of M,
— while the IS-Rec-CL-j methods, with j = 1,2, 3, are preferable for greater values of M.
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Figure 2: Results related to the first experiment in Section [6.1 MSE versus the standard deviation
o, in Scenario 2, obtained with some recycling schemes and the standard CL with N = 10 and
M = 5000. We report only the curves corresponding to IS-Rec-CL-1, IS-Rec-CL-2, GA, and the
standard CL. The curve for IS-Rec-CL-3 is not shown because it is completely overlapped by
those of [S-Rec-CL-1 and IS-Rec-CL-2, while the mixture schemes yield substantially higher MSE
values.

Moreover, focusing only on 6, with finite N, and with My — oo (or M — oo in the
recycling schemes), the IS-within-CL-1, IS-within-CL-2 and IS-within-CL-3 schemes seem
to work better than standard CL (in Figure , the curve corresponding to IS-Rec-CL-3 is not
shown just for visual clarity, as it substantially overlaps with the other curves). In Figure
, for some specific values of the proposal parameters (and recalling N = 10, finite), the
IS-within-CL-3 schemes could outperform even the “ideal” GA (i.e., the classical maximum
likelihood approach). More generally, the [S-RC-CL-j techniques seem to be more robust
than Stand-CL when the scale parameter of the proposal is smaller of target density (i.e.,
0p < Otrue)-

Regarding Z(0), we can remark that:

e With GA and the IS-RC-CL-j schemes, we obtain the complete approximation Z(0), i.e.,

~

Z(0). With the standard CL, we only obtain an approximation of Z.,(0y.).

Once the entire partition function Z(0) has been approximated by Z (0), Bayesian inference can be
carried out straightforwardly. Consequently, the GA and [S-within-CL schemes can be employed
for a pre-Bayesian analysis. Moreover, the pointwise estimator @ can also be useful for designing
an efficient Bayesian analysis (as discussed in the Section . Finally recall that the use of
the optimal independent proposal density gops(x) can improve the performance of the IS-RC-CL
schemes.
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6.2 Second experiment: application to Ising model
6.2.1 General formulation of the Ising model: application and issues

Now we consider an Ising model, a.k.a. Boltzmann machine [16, 18, 21]. The Ising model is one of
the fundamental models of statistical physics. It describes a system of interacting binary variables,
or “spins”, typically taking values in {—1,+41}. The probability of a configuration is determined
by an energy function involving external fields (represented by coefficients denoted as h;) and
pairwise interactions between spins (represented by coefficients denoted as J; ;). The model has
a simple formulation but is capable of describing complex and collective phenomena. For these
reasons, it has subsequently found applications beyond physics, including image processing, spatial
statistics, and network modeling. The connections with images and networks is clear since an Ising
model can be naturally represented by an undirected graph, where each node corresponds to a
binary spin y; € {—1,+1}, and each edge (i, ) represents a pairwise interaction .J; ; between the
corresponding variables. More specifically, let us consider that our data are vectors of d binary
variables,

y =y, 92 vl €D, yie{~1,+1}. (47)
where D = {—1, +1}9 represents the set containing of all possible 2¢ configurations (i.e., the space

of all possible data vectors). Since the data are discrete, the model is a probability mass function
(pmf), Prob(y) = Prob(y1, ..., ya), defined as

d
1
Prob(y) = ¢(y10, Zi,) = Zun(0) &P {Z hiyi +) Ji,jyiyj} : (48)
tr i=1 i<j
where hq, ho, ...., hg, are the so-called external-field parameters, and J;; (with ¢ < j for i =

1,...,d—1and j = 2,...,d) are the pairwise interaction parameters. Thus, the complete parameter
vector

0 = [h1,....ha, Ji2, s Jijy dacra) | € R, (49)
has in general a dimension of

dld—1) d(d+1)
dg =d = )
Pt 2
Note that all the components of @ are real numbers and they can be positive or negative. If
all h; = 0, the model is also known as zero-field Ising model and the dimension of the problem
is only @. The partition function is the normalizing constant that sums the unnormalized
probabilities over all possible configurations, and can be computed exactly as

Za0)= Y 6(yl0), (50)

Vye{—1,+1}d
d
= > e {Z hiyi+ ) Ji,jyiyj} : (51)
vy€{717+1}d =1 1<j

The main computational issue is that evaluating the partition function generally requires summing
over all 2¢ possible configurations, making its exact computation exponentially expensive in the
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number of variables. For instance, with d = 16, there are 2! = 65536 possible configurations,
while with d = 20 this number increases to 22° = 1048576. Hence, the exact computation of
Zr(0) becomes rapidly impractical as the dimensionality d of the problem increases.

6.2.2 Details of the experiment

To clarify all the elements of the Ising model while keeping the exposition simple and facilitating
reproducibility, we consider an example with d = 3, where

Oy = [h1 =02, hy=-03, hy=0.1,
Ji2=05 Ji3=02 | Jy3=-04], (52)

so that the model, which represents the probability of the vector y = [y1, 42, y3]", can then be
written explicitly as

¢(y|0tr)

Prob(y) = Oir, Zir) = =, 93
ro (y) ¢<Y| t t ) Ztr(etr) ( )
_exp {0.2y1 — 0.3y + 0.1ys + 0.5y192 + 0.2y1y5 — 0.4y5y3 }
Ztr(otr> ’
where the energy E(y|0..) = —log ¢(y|6:,) is then
E(y[0s) = —0.2y1 + 0.3y> — 0.1ys — 0.5y1y2 — 0.2y1y3 + 0.4y2y3. (54)

Since y; € {—1,+1} with i = 1,2, 3, there are only 2% = 8 possible configurations shown in Table
[ Hence, the partition function evaluated at 8., can be computed exactly as:

8

Zex(0u:) = Y o(y™[0::) Zexp {0.2y" — 0.3y8" + 0.15"

k=1
+ 059587 4+ 0.2y g — 0.4y, (55)
= 10.148.
Thus, we can define a vector of 8 true probabilities associated to 0, and the 23 = 8
configurations,
ptrue = ptrue(etr) [pitrue)’pétrue)’ ’pétrue)],
=[0.13,0.24,0.06, 0.02,0.05,0.19,0.16, 0.13]. (56)

Note that the vector pire above represents completely the model, i.e., it contains the 8 values
taking by the Ising model, p{™® = (y® |0, Z;;). Clearly, it is the true pmf only at 6.,.
Indeed, as @ changes, the true pmf is represented by

Prue(6) = [p{™(0), ..., ps™" (0)], (57)

where p{¥® (0) = ¢(y®|0, Z,,) for k =1,...,8.
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Table 4: All the possible 23 = 8 configurations y® = [y 4 y®|T with k = 1, ..., 8, of the Ising
model with d = 3, i.e., all the possible observed data. The table shows the corresponding value
of the unnormalized model ¢(y*|0.,), the true value of Z.(0y;) = 10.148 and the probabilities
Prob(y®) = ¢(y ™0y, Zir) = ¢(y*0cr)/Zer(0+r) corresponding to each configuration.

ko w8 o(y®6) | pf™ = Proby®) = ¥(y™)|Ber, Zes) |
1] -1 -1 -1 1.3499 p{tue) — (.1330
20 -1 -1 1 2.4596 Pt = (.2424
3 -1 1 -1 0.6065 psF) = 0.0598
40 -1 1 1 0.2231 P = 0.0220
50 1 -1 -1 0.4966 Pt = (0.0489
6| 1 -1 1 2.0138 P& = 0.1984
711 A 1.6487 P = 0.1625
g 1 1 1 1.3499 P = 0.1330
| Summing: | Zie(6s:) = 10.148 | 1 |

First test. We keep fixed hy = 0.2, hy = —0.3, h3 = 0.1, Ji3 = 0.2, Jo3 = —0.4 and consider as
unknown variable only 6 = J; » (recall that the true value J; o = 0.5). Hence, in this experiment,
we have 0 = J; » and we can write

P(y]0) = exp{0.2y1 — 0.3y; + 0.1ys + Oy1y2 + 0.2y1y5 — 0.4y2y3}. (58)

and Ze(0) = S r_, ¢(y™®[0), both function of the scalar value .

We generate N observations y,...y xy where each vector y, = [Yn.1, Yn2, Yns]' with y,; € {—1,+1}
generated by the Ising model above with parameters defined in Eq. (hence also considering
Jiz = 0.5). We draw M samples, Xi,...Xys, where X,, = [Tyn.1, T2, Tma) | with z,,; € {—1,+1},
considering different independent proposal pmfs defined by the following vector q = [q1, ..., gs], 1.
e.,

Prob(xV) = Prob([-1, -1, —1]) = ¢;, Prob(x®) = Prob([-1, —1,1]) = ¢,
Prob(x®®) = Prob([—1,1,—1]) = g3, Prob(x¥)) = Prob([-1,1,1]) = ¢
Prob(x(®)) = Prob([1, -1, —1]) = g5, Prob(x'®) = Prob([1, —1,1]) = g,
Prob(x(”) = Prob([1,1, —1]) = ¢;, Prob(x®) = Prob([1,1,1]) = gs.

Note that, for each generated artificial data, we have x,,, € {x1), ..., x®}.

We compare several independent proposals within an IS scheme for obtaining 7 (0), an estimation
of the partition function Z.,(0) at different values of 6, denoted as 6y,....,0y and selected as a grid
between -2 and 2 with step 0.1. Then, we compute the mean square error (MSE):

1 \%

MSE = = >~ (Zex(6.) — Z(6.))". (59)

v=1
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Moreover, by plugging the estimated normalizing constant Z (0) into the likelihood function, we
apply the GA and compute the MSE of the resulting maximum likelihood estimate @\tr with
respect to the true parameter value 0y, = J; 2 = 0.5. More specifically, we test the use of following
proposal pmfs:

e the uniform pmf, denoted as quu; = [1/8, ..., 1/8];

e the optimal pmf, denoted as qqopr = [q%Opt), . qg’Pt)}, described in Eq. ,

A7) = o (xP) o [ B(xP]0)2 4 G(x9[2)2 + ... + H(xV|fy )2
In this case, we have
dopt = [0.085, 0.155, 0.104, 0.038, 0.085, 0.344, 0.104, 0.085],

that is different from pyiree given in Eq. . Note that, for instance, the 6-th configuration
y©® =[1,-1,1]T in Tablehas the greatest probability, i.e., qéc’Pt) = 0.344. Moreover, since
here the optimal density is discrete (defined in a finite domain) we can easily drawn from it;

e we also use q = Piye (denoted also as Qerue) given in Eq. , i.e., the true pmf at

‘gtr = JLQ = 05,
e and finally we test a random independent proposal rana generating at each run uy, ~ U([0, 1])
for k=1,...,8, and then set g, = ZS“’“ - as components of qrang-
k=1U

One run, with M = 100 and N = 10, of the IS estimations of the partition function Z.,(0) is given
in Figure 3 drawing M = 100 samples from the first three different proposals above. Recall that,
as discussed in Section 2.4.1] the best choice (considering only the error in estimation) would
be to have a different proposal for each 6, (i.e., a proposal dependent on ) equal t0 Pyrue(6)

in Eq. , and generate different M samples for each 6, i.e., X(G”),...xg\ej) (hence, much more
artificial data and model evaluations: MYV instead of only M). However, we are comparing
proposals, independent of 6, generating only M artificial data (and, hence, only M evaluations
of the model). Note that the variance of the estimate depends on € in all cases: the region with
the smallest variance for q = pire is around 6., as expected by construction, and is more around
0 = 0 for qope.

Discussion of the results. The results are provided in Figures , and @ Figure reports
the MSEs computed as in Eq. (59), for estimating the partition function Z,,(6) as function of
M, with N = 10. We can see the the optimal proposal described in Section |5 provides always
the smallest MSE, as expected by the theory. Figure provides the MSE for estimating 6,
after replacing the estimation of Z;.(#) in likelihood function, i.e., using GA. For estimating the
partition function, pirwe seems the second better possibility, as shown in Fig. , whereas it is
the third possibility in terms of MSE for estimating the true parameter value 0y, = J; 2 = 0.5,
outperformed also by the uniform proposal, as shown in Fig. This apparent discrepancy
can be explained by the fact that a higher variance of the estimated partition function at some
specific values of 6 (see the example in Fig. may introduce larger errors in the likelihood
surface, potentially affecting the location of its maximum (or minimum, if we consider Jy;) and,

25



consequently, the accuracy of the resulting parameter estimate. However, this effect progressively
vanishes as M increases.

Recall that qqpe is derived to be optimal only for estimating the partition function Z..(6) (hence,
optimal within GA). The optimality within the proposed schemes, where the generated samples
also contribute to the construction of the cost functions, requires further investigation; see Remark
. However, it is worth noting that the proposal g..(x) in Eq. also performs very well
within the IS-Rec-CL schemes, as illustrated in Figures[6]and [f] Figure [6] depicts the MSE for the
estimation of 0, and shows that q.p. also provides the best performance across all the IS-Rec-CL
schemes for the tested values of M. Within IS-Rec-Mix-1, q¢rue also provides good results, whereas
Qopt yields the smallest MSE only for very small values of M.

Finally, Figure |5| shows that IS-Rec-CL-3 generally provides the best performance, regardless of
the choice of the proposal, except when qirue is used, in which case IS-Rec-Mix-1 outperforms
all the other techniques. However, IS-Rec-CL-3 still achieves the second-best performance in this
case. When using quni, qepe, and qrand, IS-Rec-CL-2 generally outperforms GA. Similarly, IS-
Rec-CL-1 outperforms GA when using qepy and gqrand, but performs worse than GA when using
Qiree- Finally, with quni, IS-Rec-CL-1, IS-Rec-CL-2, and GA provide similar performance.

| | 17,205
-2 -1 0 1 2 -2 -1 0 1 2
0 0
(a) Quni (b) Qopt (C) q = Ptrue

Figure 3: Figures related to the experiment in Section One run (M = 100, N = 10) of
estimation of the partition function Z,.(6) (shown with solid black line) using different proposal
pmfs within an IS scheme: (a) quni, (b) dopt, and (¢) d = dirue = Ptrue-
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-©-Optimal

~ with GA

-©-Optimal

-B-Uniform -B-Uniform
1024 True-Model || True-Model |]
a =7 Random -7 Random

0 200 400 600 800 1000 0 50 100 150 200
M M

(a) Estimating Z,(0). (b) Estimating 6y,.

Figure 4: Results related to the experiment in Section MSE versus M (averaged over 10
runs), with N = 10. (a) MSE, computed as in Eq. , for estimating the partition function
Zr(0). Note that the computation of this MSE involves several values of the function Z..(0), as
shown in Eq. . (b) MSE obtained by GA estimating the true parameter value 6y, = J; o = 0.5.
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Figure 5:  Results related to the experiment in Section [6.2] MSE versus M for estimating
Or = J1o = 0.5, with N = 10 (averaged over 10* runs) testing different proposal pmfs and several

recycling schemes (i.e., using a single proposal and the samples x,, are also used for obtaining 7 ):
more precisely: (a) IS-Rec-CL-1, (b) IS-Rec-CL-2, (c¢) IS-Rec-CL-3, and (d) IS-Rec-Mix-1.
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Figure 6:  Results related to the experiment in Section [6.2] MSE versus M for estimating

Orr = J12 = 0.5, with N = 10 (averaged over 10* runs), with the different recycling schemes, i.e.,
using a single proposal and the samples x,, are also used for obtaining Z; (&) qopt, (b) Quni, ()
Jtrue = Ptrue; and (d) Qrand-

6.3 Third experiment

In this section, we consider a nonlinear, non-Gaussian and continuous EBM, in which the observed
variable y € R is described through an energy function parameterized by a scalar parameter
0 € R. We retain this simple one-dimensional setting to facilitate the availability of ground-truth
results, while keeping the underlying concepts easy to understand and the numerical experiments
straightforward to reproduce. Specifically, we define a nonlinear quartic energy function,

E(yl0) = y" — 6y* + 16, (60)
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so that the corresponding unnormalized density is ¢(y|6) = exp [—E(y|#)]. The partition function
is given by the integral Z.(0) = [ exp [~E(x|0)] dy, that is in general analytically intractable.
This nonlinear, non-Gaussian continuous EBM can appear simple but its quartic energy term
prevents the density from belonging to the Gaussian family. Moreover, depending on the value of
0, the energy landscape can exhibit either a single minimum or two symmetric minima, resulting
in a unimodal or bimodal probability density, respectively. The quartic term also guarantees that
the integral defining Z.,(0) is finite for any finite value of 6, while, in general, Z;.(#) does not
admit a simple closed-form expression.

We generate N data points, y1,...,yn according to the true model assuming 6., = 2 (using
Monte Carlo sampling methods for drawing these samples). Once again, we consider a Gaussian

proposal /reference density, =, ~ q(z) = \/21_2 exp (— (ac;(;; £ )2>, with g, = 0. We test the different
ﬂ'O'p p

techniques considering several cases varying NV, M, and o0,. Note that here ¢ belongs to a different
family with respect to the analyzed model, unlike in the first experiment.

The results averaged over 10* runs are provided in Figure . The results in Figures and
correspond to the Scenarios 1 and 3 of the first experiment, i.e., schemes using two proposals
with My — oo. Recall, when M; — oo, the estimator 29(6’) — Z\tI(Q). Figures and
provide the results of the recycling schemes, i.e., when a single proposal is employed and the M
reference data are also used for estimating the partition function Z., (). The figures depict the
MSE estimating 6., = 2, versus o, of the proposal density ¢ and versus the number of true data
N.

Discussion of the results. The IS-within-CL-3 schemes, both with two proposals (i.e., IS-CL-3)
and with a single proposal (i.e., IS-Rec-CL-3), seem to provide the best performance in almost
all cases. This result further confirms the good performance given by IS-within-CL-3 in the other
numerical experiments, including the second example involving the Ising model. However, the
performance of IS-within-CL-3 seems to be better in this example than in the first experiment
in Section [6.1] Moreover, in this experiment, the IS-within-CL-2 schemes achieve results very
close to those obtained by GA, although the IS-within-CL-2 schemes consistently perform slightly
worse than GA. The CL-1 scheme with two proposals, i.e., IS-CL-1, and M; — oo yields the
worst performance in almost all cases. In contrast, its single-proposal counterpart, IS-Rec-CL-1,
appears to be the second-best performing method (this is also in line with the results given the
first example). Finally, the two IS-within-Mixture schemes do not perform particularly well in
this numerical example, similarly to the results observed in the first experiment in Section [6.1]
However, it can depend on the type of proposal density employed, as shown by the results obtained
in the second experiment in Section (6.2
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Figure 7: Results of the third experiment in Section[6.3] MSE for estimating 6, = 2, with M = 10
(averaged over 10* runs): (a)-(c) versus o,; (b)- (d) versus N. Figures (a)-(b) correspond to
the two proposal schemes with My — oo. Figures (c¢)-(d) correspond to the methods based on a
single proposal (i.e., recycling schemes).

7 Conclusions and future research directions

In this work, we have provided a comprehensive analysis of Geyer’s approach and contrastive
learning (CL) for inference in non-normalized models, clarifying their theoretical connections
and practical differences. By adopting a complementary perspective to existing asymptotic
comparisons [34], we have shown that meaningful comparisons between GA and CL can be carried
out without increasing the dimensionality of Geyer’s method. Instead, by simplifying the CL
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framework through the use of importance sampling estimators of the partition function, we have
reduced the optimization problem to the original parameter space, leading to the proposed IS-
within-CL schemes.

The main contributions of this work have been presented in Sections [3 [ and [5] The theoretical
comparison (given in Section [3)) between the resulting cost functions not only sheds light on the
relationship between GA and CL but also, in light of the considerations in Remark [§| naturally
motivates the design of novel variants aimed at improving the performance of these two benchmark
methodologies. The novel techniques have been introduced in Sectiondl These schemes retain the
interpretability and computational advantages of lower-dimensional optimization while benefiting
from the flexibility of contrastive formulations. In Section [5] we have introduced an optimal
independent proposal density for estimating the partition function in GA and IS-within-CL
schemes, also providing an algorithm for its practical implementation. The experimental studies
demonstrate that the proposed approaches are competitive and, in several scenarios (for instance,
with an high value of the artificial data M and small number of true data N), advantageous
compared to the standard CL methods. Furthermore, the IS-within-CL-2 schemes seem to achieve
performance similar to GA. This behavior may be explained by the structure of their cost function,
which is given by the sum of two non-negative log-likelihood terms acting “in the same direction”,
unlike in CL-1, where one term is subtracted from the other: one corresponding to the EBM
likelihood, exactly as in GA, and the other corresponding to the likelihood of a fitted mixture
model. Consequently, the first term provides the same likelihood contribution as in GA, while
the additional mixture-likelihood term may have a comparatively limited effect on the resulting
parameter estimates, working always as a likelihood function. The IS-within-CL-3 schemes often
provide the best performance, consistently outperforming IS-within-CL-1, although the reasons
for this behavior require further investigation.

Last but not least, an important outcome of IS-within-CL-j or GA schemes is that these
methodologies yield an explicit approximation of the entire partition function Z.,(€). This can
be used as a pre-Bayesian analysis that offers 7 (0) and the information about high-probability
regions of the parameter space, facilitating the construction of efficient standard Bayesian inference
procedures, as shown in Section Since the partition function Z;.(@) does not depend on the
observed data y, but only on the unnormalized model ¢(:|@) and the dimensionality dy of the
space, it can be approximated once and subsequently reused across different Bayesian inference
problems involving different observed datasets. Moreover, if desired, the approximation can be
progressively refined.

Finally, several interesting directions for future research can be identified. A first possible direction
concerns extending the analysis developed in this work to mixtures of EBMs. Regarding the
estimation of normalizing constants, the relationships between standard CL, reverse logistic
regression, and extended bridge sampling have already been investigated in the literature; see,
in particular, [27]. More generally, the CL approach has recently been extended to mixtures of
EBMs in [30, B5] and applied in [6]. Extending the analysis developed in the present work to this
mixture setting would require several additional considerations, including the generalization of the
IS methodology to the simultaneous estimation of multiple normalizing constants. Moreover, a
second relevant direction for future research concerns extending the optimality analysis developed
in this work. For instance, one could additionally identify an optimal proposal ¢ cp:(x) for
generating the reference samples x,, used exclusively to construct the cost function. Alternatively,
one could seek a single optimal proposal gop:(x) that jointly accounts for the estimation of the
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partition function and the fact that the generated samples x,, are also used to construct the
corresponding cost function. These research directions are particularly timely, as also highlighted
by recent studies on the optimal design of proposal and noise distributions [3], 4 24].
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Direct approximation of the gradient

Let us consider the gradient of the cost function Jg,(0) scaled by a factor 1/N, i.e.,

N
1 1 ~
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Recalling that Vg log Z(8) = =--VZ(0), the equation above becomes:

Z(0)
1 1 &
NVQJ(;/;(G) N Z VgE(ynle) + A—VQZ(G)

1 m— Q(Xm)
= M Zj Lg(x; -
Moreover, since ¢(y|6) = e F¥19) we have
Voo(y|0) = —VoE(y|0)e *0%) = —V,E(y(0)4(y|0).
Replacing above, we obtain
N M
1 1 1 VoE(x,,|0)0(x.,|0)
NV"JGA(O) - N ZVGE(yn\B) TNM 6(x400) Z q(Xm)
i=1 j=1 Tq(x;) m=1
XN M
i=1 m=1
where we have defined the normalized IS weights as:
¢(z(m\l)9) Q)
—(0) _ q(xm _ m 9
W M 6(x,10) M 0) (62)
2ot aey) 2=t W
and 0l = 269 a1 the unnormalized IS weights. If we are able to draw samples from the

q(xm)
model, i.e., x{9 ~ Y (y|@), the normalized IS weights become o) = L for each m, and Eq.
can be rewritten as

N M

1 1 1

S Voda(0) = =D VoE(yal0) = 12> VeE(x10).  xiV ~p([6). (63)
i=1 m=1

However, recall that we need to generate of artificial data x'9 for every @-value, hence the total
number of evaluation of the energy function grows.
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