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Abstract

This paper investigates two specific modular exponentiation identities involving fixed
integers. First, we determine the set of non-negative integersm satisfying aN ≡ am (mod N)
for a fixed N > 1 and all integers a, deriving the minimum such m. Second, we analyze
the minimum positive integer n such that amn ≡ an (mod x) holds for a fixed x > 1 and
all integers a,m. We provide explicit formulas for these minimal exponents in terms of the
prime factorization exponents and the Carmichael function λ(·).

1 Introduction

Modular exponentiation is a cornerstone of elementary number theory and cryptography. While
Fermat’s Little Theorem and Euler’s Theorem provide conditions for aϕ(n) ≡ 1 (mod n) when
gcd(a, n) = 1, general identities valid for all integers a (including those not coprime to the
modulus) require more careful analysis of prime power divisors.

In this paper, we utilize the Carmichael function λ(n) and p-adic valuations to solve two
minimization problems.

1.1 Preliminaries and Notation

Let the prime factorization of a positive integer K be given by:

K =

r∏
i=1

peii

We define the following parameters relative to K:

• E(K) = max1≤i≤r{ei} is the maximum exponent in the prime factorization.

• λ(K) denotes the Carmichael function, defined as lcm(λ(pe11 ), . . . , λ(perr )), where:

Definition 1 (Carmichael Function for Prime Powers). The Carmichael function λ(n) is
defined for prime powers as follows:

λ(pr) =


pr−1(p− 1) if p ≥ 3 is an odd prime, r ≥ 1

1 if p = 2, r = 1

2 if p = 2, r = 2

2r−2 if p = 2, r ≥ 3

(1)

• vp(x) denotes the p-adic valuation of x, defined as the largest integer k such that pk | x.

• ⌈x⌉ denotes the ceiling function (least integer greater than or equal to x).
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2 Part I: The First Identity

2.1 Problem Statement

For a fixed integer N > 1, we seek to classify all non-negative integers m such that:

aN ≡ am (mod N) for all a ∈ Z (2)

and to determine the minimum such value mmin.

2.2 Main Result

Theorem 1. Let N =
∏r

i=1 p
ei
i . Let E = max(ei) and L = λ(N). The minimum non-negative

integer m satisfying aN ≡ am (mod N) for all a is given by:

mmin = N +

⌈
E −N

L

⌉
· L

Proof. The congruence aN ≡ am (mod N) is equivalent to aN − am ≡ 0 (mod peii ) for each
factor pi

ei of N . This implies:

am(aN−m − 1) ≡ 0 (mod peii )

Case 1: gcd(a, pi) = 1
If a is coprime to pi, then am is a unit modulo peii . The condition simplifies to:

aN−m ≡ 1 (mod peii )

By the definition of the Carmichael function, the exponent must be a multiple of λ(peii ). For
this to hold for all a, we must have:

λ(peii ) | (N −m)

Since L = lcmi(λ(p
ei
i )), this implies:

N ≡ m (mod L)

Case 2: pi | a
Let a = pki · u where gcd(u, pi) = 1 and k ≥ 1. The p-adic valuation of the expression is:

vpi(a
N − am) = vpi(a

m(aN−m − 1))

Since pi | a, aN−m − 1 is not divisible by pi (assuming N ̸= m, otherwise trivial). Thus, the
valuation is determined entirely by am:

vpi(a
m) = m · vpi(a) = m · k

For the congruence to hold modulo peii , we require mk ≥ ei for all k ≥ 1. The strictest constraint
occurs at k = 1, yielding:

m ≥ ei

Since this must hold for all i, we derive:

m ≥ max(ei) = E

Therefore,
Combining both cases, the set of valid m is:

{m ∈ Z≥0 | m ≥ E and m ≡ N (mod L)}

This forms an arithmetic progression m = N + kL. We seek the smallest integer k such that:

N + kL ≥ E =⇒ kL ≥ E −N =⇒ k ≥ E −N

L

Since k must be an integer, kmin = ⌈(E−N)/L⌉. Substituting this back yields the theorem.
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3 Part II: The Second Identity

3.1 Problem Statement

For a fixed integer x > 1, we seek the minimum positive integer n such that:

amn ≡ an (mod x) for all a,m ∈ Z (3)

3.2 Main Result

Theorem 2. Let x =
∏r

i=1 p
ei
i , with E = max(ei). The minimum positive integer n satisfying

the condition is:

n0 = λ(x) ·
⌈

E

λ(x)

⌉
Proof. The condition is equivalent to amn−an ≡ 0 (mod peii ) for all i. Factoring the expression:

an(a(m−1)n − 1) ≡ 0 (mod peii )

Case 1: gcd(a, pi) = 1
If a is coprime to pi, a

n is invertible. We require:

a(m−1)n ≡ 1 (mod peii )

For this to hold for any integer m, the exponent (m−1)n must be a multiple of λ(peii ) regardless
of the value of (m− 1). This implies that n itself must be divisible by λ(peii ):

λ(peii ) | n

Consequently, λ(x) | n.
Case 2: pi | a

Let a = pi. Then pi ∤ (a(m−1)n − 1). The valuation is:

vpi(a
mn − an) = vpi(a

n) = n

To satisfy the congruence modulo peii , we must have n ≥ ei. This must hold for all i, so:

n ≥ E

Therefore,
We require n to be a multiple of λ(x) such that n ≥ E. Let n = k · λ(x).

k · λ(x) ≥ E =⇒ k ≥ E

λ(x)

The minimum integer k is ⌈E/λ(x)⌉. Therefore, n0 = λ(x) · ⌈E/λ(x)⌉.
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4 Numerical Examples

In this section, we verify the main theorems using specific values of N and x.

4.1 Examples for Part I: Minimal Exponent m

We examine the identity aN ≡ am (mod N) and the formula mmin = N + ⌈(E −N)/L⌉ · L.

Example 1 (N = 12). Let N = 12 = 22 · 31.

• Parameters: E = max(2, 1) = 2.

• Carmichael Function: λ(22) = 2, λ(3) = 2 =⇒ L = lcm(2, 2) = 2.

• Theorem Calculation:

mmin = 12 +

⌈
2− 12

2

⌉
· 2 = 12 + (−5)(2) = 2

The theorem predicts m ≥ 2 and m ≡ 12 ≡ 0 (mod 2). Thus, any even m ≥ 2 works.

• Verification: Let a = 5.

512 ≡ 1 (mod 12), 52 = 25 ≡ 1 (mod 12)

Since 1 ≡ 1, the condition holds.

Example 2 (N = 18). Let N = 18 = 21 · 32.

• Parameters: E = max(1, 2) = 2.

• Carmichael Function: λ(2) = 1, λ(32) = 6 =⇒ L = lcm(1, 6) = 6.

• Theorem Calculation:

mmin = 18 +

⌈
2− 18

6

⌉
· 6 = 18 + ⌈−2.66 . . . ⌉ · 6 = 18 + (−2)(6) = 6

The admissible values are m ∈ {6, 12, 18, . . . }.

• Verification: Let a = 8.

818 ≡ 10 (mod 18) and 86 = 262144 ≡ 10 (mod 18)

The identity holds as predicted.

4.2 Examples for Part II: Minimal Exponent n

We examine the identity amn ≡ an (mod x) and the formula n0 = λ(x) · ⌈E/λ(x)⌉.

Example 3 (x = 15). Let x = 15 = 31 · 51.

• Parameters: E = max(1, 1) = 1.

• Carmichael Function: λ(3) = 2, λ(5) = 4 =⇒ λ(15) = 4.

• Theorem Calculation:

n0 = 4 ·
⌈
1

4

⌉
= 4 · 1 = 4
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• Verification: Let a = 7,m = 3.

712 ≡ 1 (mod 15) and 74 ≡ 1 (mod 15)

The congruence holds.

Example 4 (x = 72). Let x = 72 = 23 · 32.

• Parameters: E = max(3, 2) = 3.

• Carmichael Function: λ(23) = 2, λ(32) = 6 =⇒ λ(72) = 6.

• Theorem Calculation:

n0 = 6 ·
⌈
3

6

⌉
= 6 · 1 = 6

• Verification: Let a = 11,m = 3. We check if 1118 ≡ 116 (mod 72). Calculation
confirms:

1118 ≡ 1 (mod 72) and 116 ≡ 1 (mod 72)

5 Conclusion

We have explicitly classified the exponents for two general modular identities. The interplay
between the maximality of prime exponents (E) and the period of units (L) completely deter-
mines the minimal solutions. These results generalize standard cases where a is restricted to
units.
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