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Introduction: This work analyses the spheres resting in the vertex (corner) of regular & uniform polyhedra such
as platonic solids [1] & uniform polyhedra with right kite faces [2], by using generalised expressions of a right
pyramid with a regular n-gonal base [3]. Here, the regular & the uniform polyhedra are assumed to be hollow
shell & large enough to accommodate the given sphere with a certain radius. The sphere, with a radius R, is
assumed to be inside & resting in a vertex (corner) at which n no. of edges meet together such that angle
between any two consecutive edges is a & resting sphere touches all n no. of faces meeting at that vertex but
does not touch any of n no. of edges meeting at that vertex of a given polyhedron. A sphere is best fitted in a
vertex first by truncating that vertex [4-9] and then by filleting all n no. of faces meeting at that vertex. We are
also to analyse the packing of the spheres in right pyramids. First of all, let’s derive the general expressions of a
right pyramid having regular n-gonal base with edge length a.

1. Derivation of normal height H and angles § & y of the lateral edge & the lateral face with the
geometrical axis of a right pyramid with base as a regular polygon

Let there be a right pyramid with base as a regular polygon A; 4,45 .... A, having n no. of sides each of length
a, angle between any two consecutive lateral edges a, normal height H, an acute angle ZOPA; = B of the
geometrical axis PO with any of the lateral edges & an acute angle ZOPM = y of the geometrical axis PO with
any of the lateral faces (as shown in the figure 1).

Now, join all the vertices A, A5, A5, . .... A, of the base to the centre ‘O’ thus we
obtain ‘n’ no. of congruent isosceles triangles
AA;0A,,AA,0A,, ... ........,AA,0A,.
In right AOM A, (Fig. 1)
a
= tan £4,0M = M4, or tanE = @
2 oM n_ OM
oM = 2ot ( ince, 24,04 2”) 1)
= = —cot— , =—
> n since, £A,04, "
Similarly, we have
a
= sinzA4,0M = M4, or sinE = @
2 T 04, n  0A, Figure 1: A right pyramid having base as a regular

04 a T
= 2, = —cosec—
2 n

In right APM A, (Fig. 1)

a
= tanz24,PM = M4, or 1:ang = @
2 PM 2 PM
PM a ta 3
= = —cotl—
5 ot 3)
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n-gon with each side a, angle between any two
consecutive lateral edges = a, angle of the
geometrical axis PO with each of the lateral
edges = B & angle of the geometrical axis PO
with each of the lateral faces = y.
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Similarly, we have

a
= sin2A4,PM = M4, or SinE = @
z PA, 2 PA,
PA 2 a 4
= =— =
2 Zcosec2 (€))
In right APOA, (Fig. 1)
a ) .«
04, (7 cosec ﬁ) sin
= sin£0PA, = A Or sinf =22 o =—7 (fromEq(2)&(4))
2 (7COS€C7) Slnﬁ
.o
sinz
= p=sin"! T V=3 e (5)
sinﬁ

Above is the generalised formula for calculating the angle 8 between each lateral edge & the geometrical axis
of any right pyramid having base as a regular polygon with n no. of sides each of length a & an angle @ between
any two consecutive lateral edges.

In right APOM (Fig. 1)

oM (%Cot%) tan%
= sin20PM = o siny = = = (fromEq (1) &(3))

a a\
(7C0t7) tanﬁ
tany
= y=sin! | Y23 o (6)
tanﬁ

Above is the generalised formula for calculating the angle y between each lateral face & the geometrical axis of
any right pyramid having base as a regular polygon with n no. of sides each of length a & an angle a between
any two consecutive lateral edges.

Similarly, in right APOM, we have

a M2
= PM? = 0P?+0M? or PM = |H?+(5cot-)
2 n

1 T
= PM = 2 4H? + a?cot? o RN ¢

Now, equating the values of PM from equations (3) & (7), we have

> o t“—1/4H2+ 20012
ZCOZ_Z a“=co n

On squaring both the sides, we get

a s a s
a?cot? 5= 4H? + a’cot? — = 4H? = g? (cot2 — — cot? —)
n n
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a a T
H=— /cotz——cotz— vn=>3
2 2 n

..(8)

6 June 2015

Above Eq(8) is generalised formula for calculating the normal height H of any right pyramid having a base as a

regular polygon with n no. of sides each of length a & an angle a between any two consecutive lateral edges.

2. Locating a sphere with a radius R resting in the vertex (corner) at which n no. of edges meet
together at an angle a between any two consecutive of them (Eg. vertex of a regular polyhedron
(platonic solid), any of two identical & diagonally opposite vertices of a uniform polyhedron
(trapezohedron) with congruent right kite faces and vertex of a right pyramid with regular n-gonal

base): Let there be a sphere, having its centre C & a radius R, resting in a vertex (corner) P at which n no. of

edges meet together at angle a between any two consecutive of them then this case the vertex can be treated

as the vertex of a right pyramid with regular n-gonal base (as shown in the figure (2) below).

Now, draw a perpendicular say CQ from the centre C to the any of faces
meeting at the vertex P & join the centre C with the vertex P (as shown in
the figure (3) below). Let the distance of the centre C from the vertex P be
CP = d & all n no. of faces, meeting at the vertex P, are equally inclined at
an angle £CPQ = y with the geometrical axis PC.

Now, in right APQC (figure 3 below)

R
siny

= d

c
sin2CPQ = —Q

R
CP d

=>siny =

Now, setting the value of siny from Eq(6) as follows

R tomE
_ n

a
tan 7

R
=
(tan 7)
tanZ
n

Hence, the distance (CP = d) of the centre of the resting sphere from the vertex of

d =

polyhedron is given as follows

T
R tanﬁ

d ..(9)

2n
<Va<— & n23)
n

a

tanf

Hence, the minimum distance (d,,;,) of the resting sphere from the vertex of polyhedron is

equal to the distance of the point S on the sphere which is closest to the vertex P (as shown
in the figure 3). Hence is given as follows

R tanz R (tan— —tan %)
PS=PC-CS=d-R= “—R = =
tanj tan7
R (tan% — tan%) 2T
din = T (V a<— &n23> e e - (10)
tani n

In right APNC (figure 2 above)
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P

Figure 2: A sphere resting in a vertex (corner) P of a
polyhedron touches all n no. of faces but does not
touch any of n no. of edges meeting at the vertex P.

Figure 3: A sphere resting in a vertex
(corner) P of a polyhedron is
touching the face (shown by the line
PQ) normal to the plane of paper.
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i CPN—CN ing = CN =dsi
sinz =P = smﬁ—7 = =dsinf

Now, setting the value of d & the value of sin 8 from Eq(5) in above value of CN as follows

T . a a
R tan— [ sin R cos+
CN = n 2] _ 2
a 5 i3
tans \sin= cos —
2 n n

Hence, normal distance (d,) of the centre of resting sphere from each edge of polyhedron is given as follows

Rcos% 21T
d= — 2 (Va<—&n23> e (1D)
n

COSn
n

Hence, the minimum distance ((d,)in) of the resting sphere from each edge of polyhedron is equal to the
distance of a point on the sphere which is closest to the edge (see figure 2 above). Hence it is given as follows

Reos§ (oo eorl)
d)min=CN—-—R=d,—R=——F—R = —
cos cos
R(cos%— cos%) o
(Ae)min = T (V a<— &nx 3) e e (12)
cos n

3. Truncation of the vertex (corner) of the polyhedron to best fit the sphere in that vertex: In order
to fillet all n no. of faces meeting at the vertex of a polyhedron to best fit a sphere in it. First of all, the vertex is
truncated [4,5,6,7,8,9] with a cutting plane through an appropriate normal height (depth) h & then each of n
no. of truncated faces, initially meeting at the vertex P, is provided an
appropriate fillet radius Ry (as shown in the figure 4).

3.1. Truncation of the vertex through a normal height (depth): Let the
vertex P be truncated with a plane (as shown by the dotted line normal
to the plane of paper) through a normal height (depth) h such that the
cutting plane just touches the resting sphere, having centre C & a radius
R, at the point S. Thus, we obtain a truncated off right pyramid withn- ~ ——eead---15 iy

gonal base A; 4,45 .... A, having n no. of sides, angle between any two
consecutive lateral edges @ & normal height h. Then normal height truncated
(depth) h to be cut is given as follows off Py"‘"‘""

h = PS = minimum distance of sphere from the vertex P = dmin Figure 4: Vertex (corner) P is truncated by a cutting plane

(normal to the plane of paper shown by the dotted line)
Hence, the normal height (depth) h, through which the vertex is to be just touching the sphere at the point S.

truncated, is given as

hed,, = R (tan% - tan%)

21
- (\foz<7 &nZS) e (13)
tani

The above formula shows that the vertex, at which n no. of edges meet together such that angle between any
two consecutive edges is @, should be truncated by a normal height (depth) h to best fit a sphere with a radius
R in that vertex (corner) (of a polyhedron).

©2015 H C Rajpoot 4



Mathematical analysis of spheres at polyhedral vertices, face filleting, and sphere packing in right pyramids and platonic solids 6 June 2015

3.2. Truncation of the vertex through an edge length: Alternatively, the vertex P can also be truncated by cutting
each of n no. of edges, meeting at that vertex, through an edge length say [ measured from the vertex P (see
figure 4 above). Thus, we obtain a truncated off right pyramid with n-gonal base A;A4,45 .... A, having n no. of
sides say each of length a, angle between any two consecutive lateral edges @ & normal height h. The normal
height (depth) h of the right pyramid is given from the generalised Eq(8) as follows

L a ,a o7
== /cot ——cot?—
2 2 n

But h = d,,,;,, thus equating both the results as follows

T a
a a T R (tanﬁ —tan 7)
h=dn, = = |[cot?—=—cot?—= T
2 2 n tan>

T a T a
2R (tanﬁ —tan 7) 2R (tanﬁ —tan 7)
> a= =
a 2& 2T @ 20 2T
tan > cot > cot 0 tan ) cot ) cot 0
2R (tanz —tan g) tanztang 2R tanz (tanz —tan ﬁ)
n 2 n 2 _ n n 2

a / 2T 2@ ( m_ E)( T ﬁ)
tanz tan n tan 2 \/ tann tanz tann+tan2

sin T cos a cos nsin a
- * “_ I “
T = 2R tan— n 2 n 2

T
sinncosa + cosﬂsin =2k tanE
n 2 n 2

The length (I) of each of n no. of lateral edges of the truncated off right pyramid is given from generalised Eq(4)
derived above as follows

l=PA PA ¢ z l
= = = — — = =
1 2 2COSGC 2

The above formula shows that all n no. of edges, meeting together at a vertex such that the angle between any
two consecutive edges is @, should be truncated by a length [ to best fit a sphere with a radius R in that vertex
(corner) (of a polyhedron).

©2015 H C Rajpoot 5
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4. Filleting of the faces meeting at the vertex & touching the sphere: In order to best fit a sphere in the
truncated vertex (corner) P (as discussed in above Sec. 3) each of n no. of truncated faces, having apex angle a
& meeting together at the vertex P, should be provided a fillet radius Ry with the centre O (as shown in the
figure 5). Draw the perpendiculars OT; & OT, from the points T; & T, to the truncated edges which upon
extending meet at the truncated vertex P at an angle «. Join the centre O, lying on the bisector of 24,PA, = «,
to the vertex P. Thus we have from Eq(14)

414,
2

Ay = A,y] =

Vs Vs a
¢T,0P 75— 40Py 5-5 m—a
2 2 2 4

2A,0] =

n—a) T+ a

A T A T
=>L] IO—E—L 10]—5—(

N X ’

In right AOJ A, (Fig. 5) \*_ \L'f’
P\

Figure 5: A face, truncated at the edge A,A4,, is filleted
T+ 0() _ R¢ though a radius Ry to best fit a sphere with a radius R
AiJ in the vertex (corner) (of a polyhedron).

mT+a

The above formula shows that all n no. of truncated faces with apex angle a, meeting together at a vertex,
should be filleted/rounded through a radius Ry to best fit a sphere with a radius R in that vertex (corner) (of a
polyhedron).

5. lllustrative examples on locating the sphere resting in the vertex

5.1. Regular Tetrahedron:. Consider a sphere with a radius R is resting in one of 4 identical vertices (corners) of
a regular tetrahedron. We know that three edges meet at each vertex of a regular tetrahedron at an angle 60°
between any two consecutive of them. Then in this case we have

T
n=3 &a=60°=§

Thus we can calculate all the important parameters for a sphere resting in the vertex (corner) of a regular
tetrahedron as follows

1. Distance (d) of the centre of the resting sphere from the vertex of tetrahedron is given as follows

©2015 H C Rajpoot 6
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R tanz R tanz
n_ 3

3
T R =

tans  tan’
an2 G.Tl6 <ﬁ>

2. Minimum distance (d,,;,) of the resting sphere from the vertex of tetrahedron is given as follows

d =

R (tan%— tan%) B R (tan%— tan%) ~ R(\/g_%) —R(3-1) = 2R

@ n 1
tan tang (ﬁ)

= [dmin = 2R]

3. Distance (d,) of the centre of the resting sphere from each edge meeting at the vertex of the
tetrahedron is given as follows

V3
R cos% R cos% R (T
de = = T — — R\/g

COS% COS§ (%)

Amin =

= |d = RV3 ~ 1.732050808 R|

4. Minimum distance ((d,)nin) of the resting sphere from each edge meeting at the vertex of the
tetrahedron is given as

v3_1
@) = R (cos% —ncos %) _ R (cos%—ncos %) _ R< 21 2) _ R(\/§ B 1)
cos cos3 (7)

= [d = R(V3 - 1) ~ 0.732050807 R|

5. Normal height (depth) (h) through which the vertex of the tetrahedron is truncated to best fit the
sphere is given as

= [h = 2R|

6. Edge length () through which the vertex of the tetrahedron is truncated to best fit the sphere is given
as

T a
l =R tan— cosec—
n 2

1

=2RV3 Q=R\/€

= |l = RV6 ~ 2.449489743 R|

©2015 H C Rajpoot 7
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7. Fillet radius (Rf) of each truncated face to best fit the sphere in the truncated vertex of the
tetrahedron is given as
T
T+ ?
4

T+ a
4

T T
Rf=Rtan—tan( = Rtan—tan
n

(D)

1 3R
sin (%) = R(ﬁ)(\/g)\/; = ﬁ

3R
> |Rf=—=~2.121320344 R
vz

The above value is very important to fillet all three faces meeting at a vertex (corner) for best fitting any sphere
with a radius R in that vertex of a regular tetrahedron.

5.2. Regular Hexahedron (cube): Consider a sphere with a radius R is resting in one of 8 identical vertices
(corners) of a cube. We know that three edges meet at each vertex of a cube at an angle 90° between any two
consecutive of them. Then in this case we have

T
n=3 &0(=900=E

Thus we can calculate all the important parameters for a sphere resting in the vertex (corner) of a regular
hexahedron (cube) as follows

1. Distance (d) of the centre of the resting sphere from the vertex of cube is given as follows

s s
Rtan—- Rtans R43
d= - 3 = RV3 = |d = RV3 ~ 1.732050808 R
tanj tanZ 1

2. Minimum distance (d,,;,) of the resting sphere from the vertex of cube is given as follows

=R(V3-1)

dmin - -

B R (tan%— tan%) B R (tan%— tang) R(\/§_ 1)
-1

a T
tan 7 tan Z

= |dmin = R(Y3 — 1) ~ 0.732050807 R|

3. Distance (d,) of the centre of the resting sphere from each edge meeting at the vertex of the cube is
given as follows

1
Rcoss Rcos—+ 51
2 _ 4 _ 2 = R+V?2

cos% - cos% (%)

de =

= |d = RVZ ~ 1.414213562 R|

4. Minimum distance ((d,)nin) Of the resting sphere from each edge meeting at the vertex of the cube
is given as

©2015 H C Rajpoot 8
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1 1
@ osT T_cosT) R(35-73)
R (cos cos R (cos cos > 2
(de)min = ( 2 T n) = ( 4 3> = 2 = R(VZ — 1)

coS n coS % (%)

= |d = R(VZ - 1) ~ 0.414213562 R|

5. Normal height (depth) (h) through which the vertex of the cube is truncated to best fit the sphere is
given as

h=dpn =R(H3-1)

= [h = R(V3 - 1) ~ 0.732050807 R|

6. Edge length (I) through which the vertex of the cube is truncated to best fit the sphere is given as

sin (5~ 3)

sm( + %)

=R\/6tan(%) =R\[6(2—\/§) =R|(3-V3)" =R(3-V3)

= [l =R(3 - V3) ~ 1.267949192 R|

T a T T
l =R tan— cosec — = R tan - cosec —
n 2 3 4

in—) — R(3)(V2) sin\1z)

7. Fillet radius (Ry) of each truncated face to best fit the sphere in the truncated vertex of the cube is

given as

T+ a

Rf =R tan— tan(

—R(\/_)(cot ) tan(lz) R(\/_)(1+\/_) 2-V3= R(\/_+\/_)I

_R(\/_+\/_)(\/_—1)_R\/_(3+3\/_—\/_—\/_)_R(6+3\/_—2\/_—\/_)
- V2 B 2 - 2

R(6 +3v2—2V3-6)
2

> [R; = ~ 2.164524665 R

The above value is very important to fillet all three faces meeting at a vertex (corner) for best fitting any sphere
with a radius R in that vertex of a cube.

Similarly, we can derive important expressions for other platonic solids, uniform polyhedrons & right pyramids.

©2015 H C Rajpoot 9
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6. Packing of the spheres in the right pyramid with a regular polygonal base: Let there be a right
pyramid with base as a regular polygon A;A4,A5 .... A, having n no. of sides each of equal length a, angle

between any two consecutive lateral edges a & normal height H (as shown in the figure 6).

Now, consider a largest sphere, having centre C; & a radius Ry (=
R), completely inscribed in right pyramid such that it touches the
polygonal base A1 4,45 .... A, at the centre O as well as all the lateral
faces. Further locate a sphere, having centre C, & a radius R,
completely inscribed in the pyramid such that it touches the largest
sphere at the point O; , the polygonal base A;A,A4; ....A, at the
centre O & all the lateral faces. Thus continue to pack the right
pyramid by locating smaller & smaller spheres in the same fashion
up to total N no. of spheres including the largest one. Thus total N
no. of spheres, having radii Ry, R,, R3, . ... ... .... Ry respectively, are
snugly fitted touching one another between the polygonal base &
the apex (vertex) point P of the right pyramid.

Now, the distance of the centre C; of the largest (resting) sphere,
with a radius R; = R, from the vertex P of the right pyramid is given
by the generalised formula as follows

R, tan% R tan%
1= o = o (LAIPAZ = a)
tan7 tanj

Hence, the normal height H of right pyramid is given as

R A,

)

Face

4 i)

Figure 6: N no. of the spheres are snugly fitted touching one
another between the regular polygonal base & the apex point
P of a right pyramid. Isosceles triangular faces PA; & PA, are
inclined to the plane of paper & the face A;PA, is in the plane
of paper (£A;PA; = a).

T[
Rtanﬁ
H=P0=PC1+C10=—a+R
tanj
R (tan% + tan %)
= H= T e (17)
tanf

But the normal height of the right pyramid is given by generalised formula from Eq(8) above as follows

a [ a 13
H = 7 cot? 77 cot? o (aislength of each side of polygonal base of pyramid)

Equating both the above values of H from Eq(17) and Eq(8), we get

a a T R (tamE + tan %) 2R (tamE + tan %) tanEtan%
- /cotz——cot2—= n 7 = q= n n
2 2 n tan = a 1 a
b 2t _ 2 &
2 tan [tan®o —tan‘;

T a
tanﬁ + tan >

T a
tan— —tans
n 2

b4
= a=2R tan—
n

©2015 H C Rajpoot
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n n 2 n 2
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sin—=cos= — cos =sin=
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—+

sin (

T, a
n_ 2
sin(5-3)

T
= a=2Rtan—
n

Now, the volume (V,) of the right pyramid is given as
1 1 1 T
V) = 3 X (area of regular polygonal base) X (normal height) = 3 X (Z na? cotg) X (H)

Now, setting the values of length a from Eq(18) & normal height H from Eq(17), in term of radius R of the largest
sphere inscribed in the pyramid, we get the volume of pyramid as follows

sin (n + a) sinZcos S + cos Tsin%
n T a T EeinZ
4 oo )T n't?2 n 2 n 2
= ;"R cot—| tan®— sin (E_ﬂ) tan cos  cos &
n 2 27 nrm2
. - sin (E + g) sin (E + g) 1 SinEsinZ (E + g)
=_—nR3tan— 1z — =3k ; is
3 n\ si (E_ﬁ) sinZcos 3 in% cos? i (E_Z)
sy~ 72 2 n S o™ S n "2

Hence, the volume (V) of the right pyramid is given as

LT .2 (T A
B 1 3 smﬁsm (H+7) 21
VA—§nR - E ZE ) (E_E) (Va<7 &n23) (19)
SanCOS nsm n 2

Now, the distance of the centre C, of larger (resting) sphere, with a radius R,, from the vertex P of the right
pyramid is given by the generalised formula as follows
R, tan

PC, = n

tan 7

Since the spheres with centres C; & C, are externally touching to each other at the point O, (as shown in the

figure 6 above) hence, we have

Distance between the centres = C;C, = R; + R,
But, we also have

T T
Ritan— R, tan—
n_ n

CICZZPcl_PCZZ

a a
tanj tanf
Now, equating both the above values of C;C, as follows
s s s s
Ry tanﬁ R, tanﬁ tanE tanE
R +R, = T = @ = R, x+t1|=R; T
tan Vi tan 7 tan > tan >

©2015 H C Rajpoot 11
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tan— — tan sin T cos a_ cos Esin a sin (E - ﬁ)
= R, =R n 2 _ R n 2 n 2 _ R n 2
2— t E +t g - 1 E g + E i g -1 P n a
an_ + tan sin_-cos > + cos sin sin (ﬁ + 7)
sin (% B 7) . ,
=> R, =R (Since, Ry = R = radius of the largest sphere)
T 9
sin (3 +3)

Similarly, we can obtain radius R; of the sphere with centre (5 externally touching the sphere with radius
R, & centre C, as follows

() () () (Y
’ : sm(—+%) sin(%+%) sm(%+%) sin(—+%>
T a)\?
sin (5 -3)
i Fe
_ (sm(E-9)\
) (()
sin(2-2 '
_ (n 2)
) (()
SmE_E s
(n 2)
) (()
sin(Z-Z v
— (n 2)
T s eg)

Hence, the radius (Ry) of N*" snugly fitted (packed) sphere in the vertex of the right pyramid is given as

sin(-3)\

sin (% + %)

2n
Ry =R VN21,a<7,n23 e (20)

Where, R (from Eq.(20)) is the radius of the largest sphere inscribed in the right pyramid with regular n-gonal
base & «a is the angle between any two consecutive lateral edges out of total n no. of edges meeting at the
vertex. It is equally applicable on regular bi-pyramids & all five platonic solids.

Note: N = 1 is taken for largest inscribed sphere.

But we know that

N—r

sin (

T a 2
P T
0< n_2)1q1 vonz3 & a<—
sin(E+g) n
n 2
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The above generalised formula shows that the radii of the snugly fitted (packed) spheres decrease successively
in a geometric progression (having a positive common ratio less than unity).

6.1. The total volume ((Vpacked)N) packed/occupied by all N no. of snugly fitted (packed) spheres in the right
pyramid: There are total N no. of the spheres snugly fitted (packed) in the right pyramid, hence total volume of

all the spheres with radii R;, R,, R3, . ... ... ....Ry_1, Ry is given as
Tc . 4m ., 4w . 4 3 4m_
(Vpacked)N = ?Rl + TRZ + ?R3 e T +TRN_1 + ?RN
o oa\V1 ., (T«
sin|—-—% sin|——+
From Eq(20), Ry =R % =KV-1R  Where, K = (2 fl) <1
(9 ()
Now, setting the values of all the radii in term of R as follows
4r 4r 4r 4 4r
(V,,ac,ml)lV = ?R3 + ?(KR)3 + ?(KZR)3 e .....+?(KN‘2R)3 + ?(KN‘lR)3
41
= ?R3(1 FEEHKO+ K+ i e e KD 4 30D

4
= —R3(sum of N terms of a geometric progression with a common ratio K?%)

3
4n 1(1 — (K®HN 4w 1—K3N
=?R3 (%)zgﬂﬁ <W> (since, 0 <K <1)

Hence, the total volume packed/occupied all N no. of snugly fitted (packed) spheres in the right pyramid is
given as follows

4 . (1-— K3V
(Vpacked)N = ?R 1-K° e (21)
. (T«
. sin (5~ 2) 2
Where packing constant, K = e (V a<— &nz=3 > 0<K< 1)
sin (3 +3) "

6.2. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in the right

pyramid (N - o): Taking the limit of the total volume packed/occupied by N no. of snugly fitted/packed
spheres at N — oo as follows

o Am (1—-K3\ 4m . (1—-K*\ 4m /1-0 ]
(Vpacked)w=hm —R¥|——)=—R3lim|———=)=—R ( ) (since, 0 <K <1)

N-oo 3 1-K3 3 N-w\ 1—K3 3 1-K3
4mR3
= (Vpacked)oO = m e e (22)

The above volume (Vpackea)_ is also called the maximum packed volume.

6.3. Packing ratio (rp )N (i.e. the ratio of the total volume packed/occupied by all N no. of snugly fitted

spheres to the volume of the right pyramid): The packing ratio ((rp)N) is given as follows
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total volume occupied by all n no.of snugly fitted spheres _ (Vpacked)N

(rp)N =

volume of right pyramid A
am 3 1_K3N> . a 2T . T «
_ 3 = R <1—K3 :4(2) <1_K3N> sin = cos Hsm(ﬁ_f)
EZEE n/\1—-K3 EzEE
1nR3 sin_ sin (n+2) sin—sin (n+2)
. a 2T . (M«
sin= cos?—sin (5—7)

(rp )N=4(E) (1—K3N> Sin%COS nSln(H—E) 23

1-K3 smﬁsmZ (Z-'_LZK)

6.4. Packing ratio (rp )00 (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted

spheres to the volume of the right pyramid): The packing ratio ((rp)m) is given as follows

_ total volume occupied by infinite no.of snugly fitted spheres (Vpacked)oo

(rp)oo =

volume of right pyramid Vy
4mR® L a LM (T a
_ 3(1 _ KS) _ 41T SlTL?COS ﬁSlTl (ﬁ 7)
- T, (T, " n(1-K?3) inZsinz(E+ &
1nR3 sin- sin (n + 2) sin-sin (n + 2)
sin cos? Lsin (E — g)
2 n n 2
4 sm cos? n(E E)
_ 1 n 2
(), = n(1— K3) i sin? (E N E) - (24)
S nsm nt2
. (T«
. sin (5~ 2) 2
Where packing constant, K = Ta) <Va<7 & n=3 = 0<K<1)
sin
n 2

The above ratio (1,)_ is also called the maximum packing ratio.

7. Packing of the spheres in the platonic solids: Let there be a platonic solid having n, no. of identical
vertices, n no. of edges meeting at each vertex such that angle between any two consecutive edges is a. If R; is
the radius of the largest sphere inscribed in the platonic solid having volume V. In case of a platonic solid, N no.
of spheres are snugly fitted (packed) in each of ny, no. of identical vertices excluding the largest inscribed sphere
with radius R; .Thus, the total (n,;N + 1) no. of spheres are snugly fitted in a platonic solid. All the generalised
formulae of right pyramid are slightly modified for platonic solids simply by substitutingN = N+ 1 & R=R; =
radius of the largest inscribed sphere in all the formula of sphere packing.

The radius (Ry) of the Nt* sphere snugly fitted (packed) in one of ny no. of identical vertex of a platonic solid
(excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to the largest
one) is given from the above Eq.(20) as follows

sin (5 -5\
sin (17: + 62{)

7.1. The total volume ((Vpacked)N) packed/occupied by all N no. of snugly fitted (packed) spheres in a platonic

RNzRi

solid: Since there are N no. of the spheres snugly fitted (packed) in each of n, no. of identical vertices of a
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platonic solid (excluding the largest inscribed sphere) hence total volume of all (n, N + 1) spheres, out of which
each N no. of snugly fitted sphere have radii R;,R,, R3, . ... .......Ry_1, Ry & the largest inscribed sphere has
radius R;, is given as

(Vpacked)N = (no.of identical vertices) x (total volume of N no.of snugly fitted spheres)

+ (volume of the largest inscribed sphere)

4nt 4int

3 3 4T _ 4 3 4m_ i
= (Vpacked)N =Ny <?R1 +?RZ +?R3 + o """"+?RN—1 +?RN >+?Rl
sin (E - E) " sin (E _ E)
F _ n_ 2 _ N _ n 2
rom Eq(20), Ry =R; T a =K"R; Where, K= — 57~ <1
(9 (9
Now, setting the values of all the radii in term of R; we get
4r 4 4 4
(Vpacked)N =ny <? (KR)? + ?(KZRL-)3 + ?(K3Ri)3 o e et e e e .....+?(KN‘1RL-)3
41 4
+ (KNRi)3) + ?Rﬁ
An 3p 3 3 6 9 3(N-2) 3(N-1) 4m 3
=?nVK R](1+K3+KO+K%+ oo e e e +K +K )+?Ri

4m 4m
= ?nVK3Ri3(sum of N terms of a geometric progression with a common ratio K3) + ?Rf

4 11— (KHY)\ 4
i ( 1- (K3 ))+_”Ri3 (since, 0 <K <1)

— 3p 3
=3 KR T e 3

4 a3 (1KY dm . 4w S (1K
BTG ey R R R EREL AN ey

Hence, the total volume packed/occupied all (n;N + 1) no. of snugly fitted (packed) spheres in a platonic
solid is given as

41T 3 3 1-— K3N
(Vpacked)N = ?Ri 1+nyK ﬁ NN )
. (M «Q
. sin (3~ 2) 2
Where packing constant, K = ———/< <V a<— &nz=3 > 0<K< 1)
sin (37 +3) "

7.2. The total volume ((Vpacked)w) packed/occupied by infinite no. of snugly fitted spheres in all n; no. of

identical vertices of a platonic solid (including the largest inscribed sphere) (N — o): Taking the limit of the
total volume packed/occupied by (nyN + 1) no. of snugly fitted/packed spheres at N — oo as follows

R L S(1—K3" 4 S (1—K3"
(Vpacked)w=1}’g§o?Ri 1+n,K W =?Ri 1\1]1_1)1’010 1+n,K W

4, 1-0 4, ny K3
=R 1+nVK3< >:—Ri 1+ (~0<K<1)

3 1-K3 3 1-K3
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4, nyK3
(Vpacked)00 = TR,' 1+ 1-K3 e e - (26)

7.3. Packing ratio (rp )N (i.e. the ratio of the total volume packed/occupied by all (n;N + 1) no. of snugly

fitted spheres to the volume of the platonic solid): The packing ratio ((rp)N) is given as follows

( ) __ total volume occupied by all (nyN + 1) no. of snugly fitted spheres _ (Vpacked)N
iy = volume of platonic solid a |74

4, L (1—K3N
_?Ri {1+nVK (71_1{3)}_47-[[\)3 Ltk 1 — K3N
- v, BETA w1 k3

41T 3 5 1_K3N
(rp )NZS—I/sRi 1+nyK 1-K3 e (27)

7.4. Packing ratio (r,, )oo (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted

spheres in all ny no. of identical vertices of a platonic solid (including the largest inscribed sphere): The packing
ratio ((rp)oo) is given as follows

( ) total volume occupied by infinite no.of snugly fitted spheres (Vpacked)oo
r — —
P/

volume of platonic solid Ve
A 3 ny K3
_?Rl <1+—1_K3>_4T[R3 1+nVK3
v, KA 1-K3
4m nyK3 )
r,) =—R} (1 + e e e (28)
( P )00 K]/ 1-K3
, (M«
. sin (3~ 3) 2
Where packing constant, K = e (Va<— & n=3 = 0<K<1)
sin (5 + ) "

8. Packing of the spheres in all five platonic solids

In order to determine the total packed volume & packing ratio (fraction) of all the platonic solids we will directly
take the data from ‘table of the important parameters of all five platonic solids’ prepared by the author such as
(inner) radius of the (largest) inscribed sphere & the volume of the corresponding platonic solid in the order [1].

8.1. Regular tetrahedron: Let there be a regular tetrahedron with edge length a. Then in this case we have

a
R; = radius of the (largest) inscribed sphere in a regular tetrahedron = WE
3
V¢ = volume of aregular tetrahedron = —

62

ny = no.of identical vertices in a regular tetrahedron = 4

n = no.of edges meeting at each vertex in a regular tetrahedron = 3
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a = angle between any two consecutive edges meeting at each vertex in a regular tetrahedron

= 60° ==
3

8.1.1. The packing constant K of a regular tetrahedron is calculated as follows

sin T_a sin L sin T
_ (n 2)_ (3 6)_ (6)_1 _1
R P R P R e R

8.1.2. The radius (Ry) of the N sphere snugly fitted (packed) in each of n, = 4 identical vertex of a regular
tetrahedron (excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to
the largest one) is given from Eq(20) as follows

sin(%—%) ! a M1\V

8.1.3. If there are N no. of spheres (excluding the largest inscribed sphere) snugly fitted/packed in each of n;, =
4 identical vertices of a regular tetrahedron then the total volume occupied by all nyN + 1 = 4N + 1 snugly
fitted spheres (including the largest inscribed sphere) is given from Eq(25) as follos

3N

sf1- (L
00 ()5 oo (2

3 1-K3)] 3 \2v6 1_(%)

a3 4(23V -1
(Vpacked)N = m 1 + ? W

8.1.4. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in all n, = 4

identical vertices of a regular tetrahedron (including the largest inscribed sphere) (N — o) is given from Eq(26)

as follows
1 3
4T, nyK3 4 a 3 4(7) na® 4\ 11lma®
(Vpackea) , = = R (1 +7— =—<—) 1+ = | = <1+—)=—
3 1-K 3 \2v6 1 (1) 36V6 7/ 252V6
2
. v ) _ 11ma®
o packed ) ,, — 252\/6

8.1.5. Packing ratio (rp )N (i.e. the ratio of the total volume packed/occupied by all (4N + 1) no. of snugly fitted

spheres to the volume of the regular tetrahedron): The packing ratio ((rp)N) is given from Eq(27) as follows

total volume occupied by all (4N + 1) no.of snugly fitted spheres (Vpacked)N

(Tp)N =

volume of regular tetrahedron Ve

ﬂ_a3 4 23N _q
> (rp)N = 36‘/6{1 +L\/3§ 22n )} = ﬁg{l ;(2312\]3; 1)}
6vV2

s (1)) ZL{1+3<23N7_1)}
N 63 7\ 23N
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It is to be noted that the value of the packing ratio (rp)N depends only on N no. of spheres snugly fitted/packed

in each of n, = 4 identical vertices of a regular tetrahedron.

8.1.6. Packing ratio (r ) (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted
spheres in all n, = 4 identical vertices of a regular tetrahedron (including the largest inscribed sphere): The

packing ratio ((rp)m) is given from Eq(28) as follows

( ) _ total volume occupied by infinite no.of snugly fitted spheres (Vpacked)w
)y = volume of regular tetrahedron B Ve

11ma®
252\/_ 11m

= (p) 42\/§
6x/7

—— ~0.47504269
s (), = 42\/—

It is to be noted that the value of the packing ratio (rp)oo is the maximum possible value which shows that

approximate 47.5 % of the volume of any regular tetrahedron can be packed by snugly fitting infinite no. of the
spheres in each of its four identical vertices including the (volume of) largest inscribed sphere touching all four

triangular faces.

8.2. Regular hexahedron (cube): Let there be a regular hexahedron (cube) with edge length a. In this case we

have
a
R; = radius of the (largest) inscribed sphere in a regular hexahedron = 3

V¢ = volume of a regular hexahedron = a3
ny = no.of identical vertices in a regular hexahedron = 8
n = no.of edges meeting at each vertex in a regular hexahedron = 3

a = angle between any two consecutive edges meeting at each vertex in a regular hexahedron

=900 =~
2

8.2.1. The packing constant K of a regular hexahedron (cube) is calculated as follows

sm(n ) sin(z—z) sm( )
n_2)_S™\37%)_ S"\1z tan(_)_z 3 o [k=2-13]

sin(+z) sin(3+) cos(z) P

8.2.2. The radius (Ry) of the Nt sphere snugly fitted (packed) in each of ny = 8 identical vertex of a regular
hexahedron (excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to

the largest one) is given from Eq(20) as follows

K =

> RN=g(2—\/§)N
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8.2.3. If there are N no. of spheres (excluding the largest inscribed sphere) snugly fitted/packed in each of n;, =
8 identical vertices of a regular hexahedron then the total volume occupied by all n,N + 1 = 8N + 1 snugly
fitted spheres (including the largest inscribed sphere) is given from Eq(25) as follows

= 590 s (25} 50 o ()

= ”Tag{1 +8(26 — 15V3) (1‘15(\2/_—23>] ”6 {1 +=(26 - 15V3) (%)}

a3 8 -2V .
_ T{l + g(26 - 15\/§)(3\/§ + 5) ((3\/§ —(5)(3\/§) + 5))]

LR R

“ (Vpacked), = {1+ (3v3-5)(1-(2-V3)’ )}

8.2.4. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in all n, = 8

identical vertices of a regular hexahedron (including the largest inscribed sphere) (N — o) is given from Eq(26)
as follows

Vpackedoo:4_Ri3 L i 1+_73 (g g BT NS
( ) =im ( nK) 4 (2)< 8(2 —3) > 3( 8(26 15\/5))

3 1-K3) 3 1-(2-v3)’ 6 15v3 - 25

_ma® [ 4(3V3-5)\ ma®(12y3-15\ (4/3-5
5 05 () ()

4/3 -5
O], = (2557

8.2.5. Packing ratio (rp )N (i.e. the ratio of the total volume packed/occupied by all (8N + 1) no. of snugly fitted

spheres to the volume of the regular hexahedron/cube): The packing ratio ((rp)N) is given from Eq(27) as follows

total volume occupied by all (8N + 1) no.of snugly fitted spheres _ (Vpacked)N

(Tp)N =

volume of regular hexahedron Ve

”T‘f{1 +2(3v3-5)(1-(2-v3)™)} )

a3

i (), = {1+ (3v3-5)(1-(2- v—)”)}

g{1 + %(3«@ -5)(1-(2- \/§)3N)}

= (rp)N =

It is to be noted that the value of the packing ratio (rp)N depends only on N no. of spheres snugly fitted/packed

in each of n, = 8 identical vertices of a regular hexahedron (cube).
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8.2.6. Packing ratio (rp )m (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted
spheres in all n, = 8 identical vertices of a regular hexahedron (including the largest inscribed sphere): The

packing ratio ((rp)w) is given from Eq(28) as follows

_ total volume occupied by infinite no.of snugly fitted spheres (Vpaclmz)c>o

(rp)m volume of regular hexahedron |74
ma’ H3-5
10 43 -5
= (rp)w = a3 =n 10

4/3-5
w (), = n(T> ~ 0.60576291

It is to be noted that the value of the packing ratio (rp)oo is the maximum possible value which shows that

approximate 60.58 % of the volume of any regular hexahedron (cube) can be packed by snugly fitting infinite
no. of the spheres in each of its eight identical vertices including the (volume of) largest inscribed sphere
touching all six square faces.

8.3. Regular octahedron: Let there be a regular octahedron with edge length a. In this case we have

a
R; = radius of the (largest) inscribed sphere in a regular octahedron = \/_E

a2

V, = volume of aregular octahedron =

ny = no.of identical vertices in a regular octahedron = 6
n = no.of edges meeting at each vertex in a regular octahedron = 4

a = angle between any two consecutive edges meeting at each vertex in a regular octahedron

= 60° ==
3

8.3.1. The packing constant K of a regular octahedron is calculated as follows

R ==

sin(Z+3)  sin(G+%)  cos(f3) 12

8.3.2. The radius (Ry) of the N sphere snugly fitted (packed) in each of n, = 6 identical vertex of a regular
octahedron (excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to
the largest one) is given from Eq(20) as follows

sin(F-9)\
sin (% + %)

8.3.3. If there are N no. of spheres (excluding the largest inscribed sphere) snugly fitted/packed in each of n,, =

a N
Ry =R; RNzﬁ(z—x/E)

6 identical vertices of a regular octahedron then the total volume occupied by all nyN + 1 = 6N + 1 snugly
fitted spheres (including the largest inscribed sphere) is given from Eq(25) as follows
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( . 3{ 3<1 —K3N)} 4ma 3{ o 2-v3)™"
1% =—R{1+nyK3|—xstr =—(—) 1+ (6)(2 - — =
packed i 14
N3 1-K% )]~ 3 \\6 1-(2-v3)’

:2”—\/%3{1+6(26—15\/§)<1_15(\2/§;_\/§f\]>} ﬂ;f\F{H (26—15\/_)<1_3(\2/§;_\/?3N>}

n;13 [1+ (26 —15V3)(3V3 +5) ((3\1/;—(1)_(3?/\/??)?5))]

-2 Bt s)(M)] e’ ﬁ{1+%(3x/§—5)(1—(2—\/§)31v)}

o (Vpacked), = ; f {1+ (3v3-5)(1-(2-V3)’ )}

8.3.4. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in all n, = 6

identical vertices of a regular octahedron (including the largest inscribed sphere) (N — ) is given from Eq(26)
as follows

_4 nyK3\ 4w a3 6(2—3)’ _2na3< 6(26—15\/§)>
(Vpackea), ks (1 1—K3)_ 3 <\/E) <1+1_(2_\/§)3>_ oo \' " 15V 25
_ma® |2 3(3V3-5)\ ma® [2(9V3—-10\ 93 - 10
=5 5(”75 )_T 5(75 ) ma’ 3( 45 )

9V3 —
(Vpacked) =na \[;( 45 )

8.3.5. Packing ratio (r ) (i.e. the ratio of the total volume packed/occupied by all (6N + 1) no. of snugly fitted

spheres to the volume of the regular octahedron): The packing ratio ((rp)N) is given from Eq(27) as follows

_ total volume occupied by all (6N + 1) no.of snugly fitted spheres _ (Vpacked)N

(TP)N volume of regular octahedron Vs
na® 21+§(3\/§—5) 1—(2—\/5)31\’ 3N
- (), =2 \/;{ 5 asﬁ( )}=%{1+§(3«/§—5)(1—(2—@) )}
3

e (), = {1 +=(3v3-5)(1-(2- \/§)3N)}

It is to be noted that the value of the packing ratio (rp)N depends only on N no. of spheres snugly fitted/packed

in each of n, = 6 identical vertices of a regular octahedron.
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8.3.6. Packing ratio (rp )m (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted
spheres in all n, = 6 identical vertices of a regular octahedron (including the largest inscribed sphere): The

packing ratio ((rp)w) is given from Eq(28) as follows

total volume occupied by infinite no.of snugly fitted spheres (Vpaclmz)c>o

(rp)m - volume of regular octahedron Vs
a3 \E 9v3 - 10
( ) 3 45 (9\/§ — 10)
E = =T
P/ a3\/§ 15\/§
3

9v3 -10
w(rp) = n<—) ~ 0.675756016
°° 15v3

It is to be noted that the value of the packing ratio (rp)oo is the maximum possible value which shows that

approximate 67.57 % of the volume of any regular octahedron can be packed by snugly fitting infinite no. of the
spheres in each of its six identical vertices including the (volume of) largest inscribed sphere touching all eight

triangular faces.

8.4. Regular dodecahedron: Let there be a regular dodecahedron with edge length a. In this case we have

. . . . a(3 ++5)
R; = radius of the (largest)inscribed sphere in a regular dodecahedron = ————
2v/10 — 2V5
_a [25+11V5
S 2 10

a®(15 + 7V5)

V¢, = volume of aregular dodecahedron = 2

ny = no.of identical vertices in a regular dodecahedron = 20
n = no.of edges meeting at each vertex in a regular dodecahedron = 3

a = angle between any two consecutive edges meeting at each vertex in a regular dodecahedron

3n
=108° = 5
8.4.1. The packing constant K of a regular dodecahedron is calculated as follows
, (T A . (m 3w ||
sin|—-—% sin|z — 37 _.
K = G 2): G 10):11+3‘/§ 150+66V5 11+ 3v5 —/150 + 66v5
. (M & . (m 3w 4 K =
sm(n+2) sin (§+E) 4

8.4.2. The radius (Ry) of the N sphere snugly fitted (packed) in each of n, = 20 identical vertex of a regular
dodecahedron (excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to

the largest one) is given from Eq(20) as follows

. (m a\\V N
Sln(ﬁ_j) a [25+11V5 11+ 3v5— /150 + 66V5
RN=Ri T a = RN:E 10 2

sin (3 +3)
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8.4.3. If there are N no. of spheres (excluding the largest inscribed sphere) snugly fitted/packed in each of n;, =
20 identical vertices of a regular dodecahedron then the total volume occupied by all ny,N +1 = 20N + 1
snugly fitted spheres (including the largest inscribed sphere) is given from Eq(25) as follows

3
4, 4 (1-K*\] 4m(a [25+11V5 L(1—K3
Wrackea)y = 3 R\ T )i =3 (2 "0 ) M H @K T

a3 (61000 + 272805 1—K3N a3y 6100 + 2728v5 1— K3V
1+ 20K3 = 1+ 20K3|——o

~ 60 10 1-K3 60 1-K3

ma®y'6100 + 27285 ,(1- K3
# (Viackea)y = 60 s e

Where, packing constant, K = ~ 0.114420648

11 + 3vV5 — /150 + 665
4

8.4.4. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in all n, = 20

identical vertices of a regular dodecahedron (including the largest inscribed sphere) (N — o) is given from
Eq(26) as follows

3

4T, nyK®\ 4m(a |25+ 11V5 20K3
Wpactea)., =5 Rt 0@ ) =5 (2710 ) i

ma®y 6100 + 2728V5 (1 -K3+ 20K3) a3y 6100 + 2728\/§<1 + 19K3>

60 1-K3 - 60 1-K3

wa3y/6100 + 27285 /1 + 19K3
(Vpacked)oo = 60 1-_K3

8.4.5. Packing ratio (rp) i.e. the ratio of the total volume packed/occupied by all (20N + 1) no. of snugly

(
N
fitted spheres to the volume of the regular dodecahedron): The packing ratio ((rp)N) is given from Eq(27) as

follows
( ) _ total volume occupied by all (20N + 1) no.of snugly fitted spheres _ (Vpacked)N
L' volume of regular dodecahedron h Ve
na®y 6100 + 2728V5 1- K3
60 {1 + 20K° (71 —K3 )} 7v/6100 + 2728V5 (1K
= (), = = 1+ 20K (T

a3(15 + 7v5) ~ 15(15 + 7v/5)
7}

_m [65+29V5 1+ 20k3 (LK
15 10 1-K3

T |65+ 29V5 s (1- KN
)y /_10 e 2o (07 )}
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It is to be noted that the value of the packing ratio (rp)N depends only on N no. of spheres snugly fitted/packed

in each of n,, = 20 identical vertices of a regular dodecahedron.

8.4.6. Packing ratio (rp )w (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted
spheres in all n, = 20 identical vertices of a regular dodecahedron (including the largest inscribed sphere): The

packing ratio ((rp)m) is given from Eq(28) as follows

( ) _ total volume occupied by infinite no.of snugly fitted spheres (Vpacked)w
)y = volume of regular dodecahedron B Ve

a3y 6100 + 27285 (1 + 19K3
B /6100 + 2728V5

I —: =x) (L)
Pleo a3(15 + 7v/5) 15(15+7v5) \ 1-K°
- 4

m |65+ 29v5 /1 + 19K3
(M), =15 770 ) ~ 0.777342128

11 + 3vV5 — V150 + 665
4

~ 0.114420648

Where, packing constant, K =

It is to be noted that the value of the packing ratio (rp)oo is the maximum possible value which shows that

approximate 77.73 % of the volume of any regular dodecahedron can be packed by snugly fitting infinite no. of
the spheres in each of its 20 identical vertices including the (volume of) largest inscribed sphere touching all 12

pentagonal faces.

8.5. Regular icosahedron: Let there be a regular icosahedron with edge length a. In this case we have

. N . , a(3 ++5)

R; = radius of the (largest)inscribed sphere in a regular icosahedron = W
_ 5a%(3 +/5)
V¢ = volume of aregular icosahedron = — 10

ny = no.of identical vertices in a regular icosahedron = 12
n = no.of edges meeting at each vertex in a regular icosahedron = 5

a = angle between any two consecutive edges meeting at each vertex in a regular icosahedron

=60° = r
B 3
8.5.1. The packing constant K of a regular icosahedron is calculated as follows
sin(z-%) sin(5-%) 11+3v5—/150 + 66v5 -
K= n_2 26 _ = 11 + 35 — V150 + 665
sin(i+3)  sin(5+5) * = 7

8.5.2. The radius (Ry) of the Nt sphere snugly fitted (packed) in each of ny = 12 identical vertex of a regular
icosahedron (excluding the largest inscribed sphere i.e. counting/sequence starts from the sphere just next to

the largest one) is given from Eq(20) as follows
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RNzRi

sin (37— 7) ' _F :a(3+\/§)<11+3\/§—\/150+66\/§>N
4

sin (% + %) v 43

8.5.3. If there are N no. of spheres (excluding the largest inscribed sphere) snugly fitted/packed in each of n;, =
12 identical vertices of a regular icosahedron then the total volume occupied by alln,N + 1 = 12N + 1 snugly
fitted spheres (including the largest inscribed sphere) is given from Eq(25) as follows

4 1-K3™\)  4r/a(3 +V5)\ 1—K3N
(Vpacked)N _ ?”Riz {1 + K3 (ﬁ)} _ ;(a( 4;"@ )) {1 + (12)K3 ( — )}

na®(72 + 32v/5) S (1—K3" na®(9 + 4v/5) S (1—K3N
(ML, (LK) (10120 (1250

14443 - K3 18V3 -k
na3(9 + 4V5) ,(1- K3
(Vpacked)N = T 1 + 12K W

11 + 3V5 — V150 + 665
4

Where, packing constant, K = ~ 0.114420648

8.5.4. The total volume ((Vpacked)oo) packed/occupied by infinite no. of snugly fitted spheres in all n, = 12

identical vertices of a regular icosahedron (including the largest inscribed sphere) (N — ) is given from Eq(26)
as follows

(Vpacked)w = 4—nRi3 <1 + nVK3 ) — E(M) <1 + 12K3 )

3 1-K3 3 43 1— K3
_ ma®(72 + 32V/5) (1 - K3+ 121(3) _ ma®(9 +4V5) (1 + 11K3)
14443 1-kK3 ~ 18V3 1-K3
s Voed). = na*(9 +4V5) (1 + 11K3
oo packed 0 - 18\/§ 1 _ K3

8.5.5. Packing ratio (rp ) i.e. the ratio of the total volume packed/occupied by all (12N + 1) no. of snugly

(
N
fitted spheres to the volume of the regular icosahedron): The packing ratio ((rp)N) is given from Eq(27) as follows

total volume occupied by all (12N + 1) no.of snugly fitted spheres _ (Vpacked)N

(Tp)N =

volume of regular icosahedron Ve

wa3(9 + 45 5 1 — K3N
= (%) —%{1+12K <1_K3>} _ 2m(9 + 45) {1+12K3(1_K3N>}
iy = 5a3(3 + \/ﬁ) - 15\/§(3 +\/§) 1—K3
12
_n(7+3\/§) L(1- K3
== {1 +12K <—1_K3 )}
7+3\/§ 1_K3N
)y = n(7+ 3V5) 3073 ){1 +12K° (—1 — )}

It is to be noted that the value of the packing ratio (rp)N depends only on N no. of spheres snugly fitted/packed

in each of n, = 12 identical vertices of a regular icosahedron.
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8.5.6. Packing ratio (rp )m (i.e. the ratio of the total volume packed/occupied by infinite no. of snugly fitted
spheres in all n, = 12 identical vertices of a regular icosahedron (including the largest inscribed sphere): The

packing ratio ((rp)w) is given from Eq(28) as follows

_ total volume occupied by infinite no.of snugly fitted spheres (Vpaclmz)c>o

(rp)m

volume of regular icosahedron |74

ma®(9 + 4V5) (1 +11K3

() = 183 1-K3 )_ 2m(9 + 4V5) <1+11K3> _n(7+3\/§)<1+111(3>
e = 5a3(3 +V5) C15v3(3+V5)\ 1-K* ) 30y3  \ 1-K3
- 1z
_m(7+3V5) (1+11K%
(rp),, = 3073 ( e )~ 0.843718586

~ 0.114420648

11 + 3V5 — V150 + 665
4

Where, packing constant, K =

It is to be noted that the value of the packing ratio (rp)m is the maximum possible value which shows that

approximate 84.37 % of the volume of any regular icosahedron can be packed by snugly fitting infinite no. of
the spheres in each of its 12 identical vertices including the (volume of) largest inscribed sphere touching all 20
triangular faces.

Conclusions: The above generalised formulas are applicable to locate any sphere with a radius R resting in a
vertex (corner) at which n no. of edges meet together at angle a between any two consecutive of them such as
the vertex of platonic solids, any of two identical & diagonally opposite vertices of uniform polyhedrons with
congruent right kite faces & the vertex of right pyramid with regular n-gonal base. Hence, for given values of n
no. of edges meeting at a vertex, an angle a between any two consecutive edges meeting at the vertex & radius
R of the sphere resting in the vertex, all the important parameters are calculated as tabulated below

Distance of the centre of the sphere from the vertex of polyhedron Rtan™
n
a
tanf
Minimum distance of the sphere from the vertex of polyhedron R (tanE — tan %)
a
tanf
Distance of the centre of the sphere from each of edges meeting at Rcos&
the vertex of polyhedron _nZ
cos —
n
Minimum distance of the sphere from each of edges meeting at the R (cos X _ cos E)
vertex of polyhedron 2 T n
cos
Normal height (depth) through which the vertex is truncated to R (tanE —tan E)
best fit the sphere n i 2
tanf
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Edge length through which the vertex is truncated to best fit the
sphere

Radius through which each face is filleted to best fit the sphere

2n
Va<— &n=3
n

These generalised formulae are applicable to locate any sphere with a radius R resting in a vertex (corner) at

which n no. of edges meet together at angle @ between any two consecutive of edges. The resting sphere

touches all n no. of faces meeting at that vertex but the sphere does not touch any of n no. of edges meeting at

that vertex. Thus there is an equal minimum gap between sphere & each of the edges.

Let a be the edge length & N be the no. of spheres snugly fitted/packed in each of the identical vertices of the

corresponding platonic solid then the important parameters are determined as tabulated below

Corresponding | Radius of N | Total volume packed by all the spheres snugly | Packing ratio (ratio of the volume | % of
platonic solid sphere in each | fitted/packed in all the vertices of the | packed by all snugly fitted sphere to the | max.
vertex (excluding | corresponding platonic solid including the | volume of corresponding platonic solid) | packed
the largest one) volume of the largest inscribed sphere volume
Regular
tetrahedron a <1>N ma® {1 N 4 (23"’ - 1)} /3 {1 N 4 (23"’ - 1)} 47.5%
2/6 \2 3616 7\ 23N 6V3 7\ 23N
Regular
hexahedron a N na’ 4 3N ”{ 4 3N } 60.58 %
Z(2-3 4 B (0 —41+-(3vV3-5)(1-(2-+3
(cube) 2 ( ) r {1+5(3‘/§ 5)(1-(2-V3) )} sl 5l )(1-( )")
Regular wad |2 3
octahedron a N - _{1 +-(3v3-5)(1 s 3(3V3-5) 3N 67.57 %
—(2-+3 i /(1 —-(2 —
E2-V3) L ( A RN
3N
—(2-v3) )}
Regular
dodecahedron 3, — K3V 77.73 %
PR Y — 60 1-K 15 10 1-K3
Regular
icosahedron ak"(3 ++/5 ma*(9 + 45 1-— K3V (7 + 3V5 1— K3V 84.37 %
(3+V5) ( ){1 + 12K (_ )} m(7 +375) ){1 112K (_ )}
43 183 1-K 303 1-K

Where, packing constant, K =
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11 + 3vV5 — V150 + 665
4

~ 0.114420648
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Note: Above articles had been derived & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering)
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