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Abstract

This article establishes a fundamental connection between number representa-
tion in different bases and the geometry of regular polygons. We demonstrate that
every positive integer N admits a unique decomposition N = ™ — R where b is the
smallest power of the base b exceeding N, and R is expressed in base b. This arith-
metic fact translates geometrically into an angular homothety mapping the regular
b™-gon to the N-gon. Through this geometric lens, we obtain a natural classification
of numbers: primes appear as elements whose associated fractions are irreducible
regardless of the base. Our main result is a striking geometric characterization of
twin primes: for a prime p, the pair (p,p + 2) consists of twin primes if and only
if for every base b with 2 < b < p, the ratio of homothety factors \y(p + 2)/Ap(p)
equals p/(p+2). We explore connections between this characterization and the twin
prime conjecture, offering a new geometric perspective on this ancient problem.

1 Introduction

The relationship between arithmetic and geometry has fascinated mathematicians since
antiquity. The Pythagoreans discovered connections between numbers and geometric fig-
ures, while Euclid’s Elements systematically explored geometric interpretations of arith-
metic concepts. In modern mathematics, this interplay continues through areas such as
arithmetic geometry, Diophantine geometry, and geometric number theory [4,9].

This article introduces a novel geometric interpretation of number representation in dif-
ferent bases. Starting from the elementary observation that every integer can be uniquely
expressed as a difference between a power of the base and its complement, we construct
a geometric transformation—angular homothety—that maps regular polygons to each
other. This transformation reveals deep structural properties of numbers, particularly
primes and prime pairs.

The paper is organized as follows. Section 2 establishes the fundamental arithmetic
representation. Section 3 introduces the geometric interpretation through angular ho-
mothety. Section 4 presents a classification of numbers based on the behavior of their
homothety factors. Section 5 applies these ideas to prime pairs, proving the geometric
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characterization of twin primes and discussing its connection to the twin prime conjec-
ture. Section 6 discusses generalizations and open problems. Section 7 concludes with
final remarks.

2 Unique Number Representation by Complement

2.1 Motivation and Basic Definitions

Before developing the geometric interpretation, we must establish a solid arithmetic foun-
dation. The representation of numbers in different bases is a classical subject, but we
need a specific form that will later admit a natural geometric meaning.

Definition 2.1 (Floor logarithm). For N € N and base b > 2, define
my(N) = |log, N| + 1 (1)
where |-] denotes the floor function. Equivalently, m; (V) is the unique integer satisfying
pmn(N)—1 <N < pm (V) (2)

This definition is standard in information theory and computer science, where mq (V)
represents the number of bits needed to represent N in binary [2].

Definition 2.2 (Complement). For N € N with N < b™ where m = m;(N), define the
complement

Ry(N)=b" - N (3)
Remark 2.3. The complement R,(N) is always positive and strictly less than b™. More-
over, since N > ™! we have Ry(N) < b™ — ™! =™ 1(b—1).
2.2 The Fundamental Representation Theorem

We now establish the key arithmetic result that will underpin all subsequent geometric
constructions.

Theorem 2.4 (Unique Complement Representation). For any integer N > 1 and any
base b > 2, there exists a unique representation

m—1

N=b"=> ab* (4)

k=0
where:
o m=my(N) = [log, N| +1
e a, € {0,1,...,0—1} for all k

o The digits (am—1Am—2 - .- ag)p form the base-b expansion of Ry(N)



Proof. Existence: Let m = my(N). Set R = 0™ — N. By construction, 0 < R < b™.
Write R in base b:

m—1
R=) ab", a,e{01,....b-1} (5)
k=0

This representation exists and is unique by the fundamental theorem of base representa-
tion [5]. Then

m—1
N=b"-R=b"-) apb (6)
k=0
Uniqueness: Suppose there exist two representations
m—1 m/—1
N=b"=) apbb=b" = apb* (7)
k=0 k=0

with 7, m’ minimal in the sense that 6! < N < b™ and b™' ! < N < ™. Minimality

forces m = m/, because if m < m’ then b < ™'~ < N, contradicting N < ™. Thus
!

m=m.

Then from b™ — > aib® = b™ — >~ a}b*, we obtain

mz_:l apb® = ’”Z_:l a, bF (8)
k=0 k=0
The uniqueness of base-b representation forces a; = a;, for all k. Hence the representation
is unique. O
Example 2.5. Let N = 42 in base b = 10.
o log, 42 ~ 1.623, so m = 2
e 10% =100
e R=100—42 =58
e 58 =5 x 10 + 8 x 10°

Thus 42 = 102 — (5 x 10! + 8 x 10°)

Example 2.6. Let N = 13 in base b = 2.

log, 13~ 3.7, so m =4
e 21 =16
e R=16—-13=3

e 3=1x2"+1x2° (binary 11)

Thus 13 = 2% — (2! +29)



2.3 Elementary Properties
Proposition 2.7 (Bounds on the Complement). For N € N with m = my(N), we have

1< R(N)<b™ =™t =0""1(b—-1) (9)
Proof. Since b™ 1 < N < b™, we have 0 < R = b™ — N < b™ — b™~ L. The lower bound
follows from N < b™ giving R > 1. m

Proposition 2.8 (Characterization of Powers of b). N is a power of b if and only if
Ry(N) =™ Y (b—1) for N = b™1, or more generally, N = b* implies m = k + 1 and
R="bb—-1).

Proof. It N ="' then R = 0™ — ™! = p™ 1 (b —1). Conversely, if R =" (b— 1),
then N =™ — 0™ 1(b—1) = b1, O

3 Geometric Interpretation: Angular Homothety

3.1 From Arithmetic to Geometry

The arithmetic representation developed in Section 2 has a natural geometric counterpart.
Each integer N can be associated with a regular polygon, and the operation N = 0" — R
corresponds to a geometric transformation between polygons.

Consider the unit circle in the complex plane C. For a fixed integer n > 3, the vertices
of a regular n-gon inscribed in the unit circle are given by

Vi =€k =0,1,...,n—1 (10)
The corresponding angles (in radians) are
2w
6, =" .FL 11
o= (1)

For our purposes, we consider the regular 6™-gon, where m = my,(N). Its vertices are

at angles
2w

On =k k=01...0" 1 (12)

Definition 3.1 (Angular Homothety). Let N € N with m = m;(V). Define the angular
homothety map

2 2
Hon 325 k=0, 0" =14 320 ko k=0,... N—1 (13)
’ bm™ N
by
27 2
— :—'k‘ ].4
Hb,N(bm /f) N (14)
for k=0,1,..., N — 1. The factor
bm
M(N) = % (15)

is called the angular dilation factor or homothety factor.

Remark 3.2. The map H;, y sends the first N vertices of the b™-gon to the vertices of
the N-gon, preserving the cyclic order. The remaining ™ — N = Ry,(N) vertices of the
b™-gon are "omitted” in the image.



3.2 Geometric Meaning of the Complement

The complement R,(N) = b™ — N represents the number of vertices that are "lost” when
deforming the b™-gon into the N-gon. The angular dilation factor A\,(NN) > 1 stretches
the angular spacing from 27 /0™ to 27 /N, effectively redistributing the missing vertices’
angular ”gap” uniformly around the circle.

Proposition 3.3 (Geometric Interpretation of \). The angular dilation factor \y(N)

satisfies
angular spacing of N-gon 2w /N b™

Mo(N) = (16)

angular spacing of bm-gon 2w /bm N

Proof. Direct calculation. O]

3.3 Illustrative Examples

Example 3.4 (b =2, N =5). Here m = 3, b™ = 8, A = 8/5 = 1.6. The regular octagon
has vertices at 0°,45°,90°,135°, 180°, 225°,270°, 315°. Under angular homothety, the first
5 vertices map to 0°,72°,144° 216°, 288°, forming a regular pentagon. The last 3 vertices
of the octagon (225°,270°,315°) are omitted.

Example 3.5 (b =3, N =5). Here m =2, 0™ =9, A = 9/5 = 1.8. The regular enneagon
(9-gon) has vertices at 40° increments. The first 5 vertices map to 72° increments, forming
a regular pentagon.

4 Classification of Numbers via Geometric Behavior

4.1 A Geometric Invariant

The homothety factor \,(N) = 0™ /N is a rational number. Its reduced form reveals
structural information about N relative to the base b.

Definition 4.1 (Reduced Denominator). For N € N and base b > 2 with b < N, let
Ap(N) = b™ /N where m = my(N). Write Ay(N) in reduced form as ? with ged(p, q) = 1.
Define

dy(N) = q (17)

the denominator of the reduced fraction.

Remark 4.2. The condition b < N ensures that N does not trivially divide ™ (except
possibly when N is a power of b, but then b < N fails unless N > b). This restriction will
be essential for the characterization of primes.

4.2 Characterization of Prime Numbers

We now obtain a purely geometric characterization of prime numbers.

Theorem 4.3 (Geometric Primality Test). An integer N > 2 is prime if and only if for
every base b with 2 < b < N, we have dy(N) = N.



Proof. (=) Suppose N = p is prime. For any base b with 2 < b < p, p does not divide b
(since b < p), and consequently p does not divide any power b™. Therefore the fraction
Xo(p) = b™/p is already in lowest terms, so dy(p) = p.

(<) Suppose N is composite. Then N has a prime factor ¢ < Vv/N. Choose a base
b = q. Since ¢ < N, we have b < N. Now consider \,(N) = b™/N. Since b divides N,
the fraction can be simplified by canceling at least one factor of q. Thus dy(N) < N.
Therefore not all bases give denominator N. O

Example 4.4. For N = 7 (prime), check bases b = 2, 3,4, 5, 6:

b=2m=3,A=8/T—d=7
b=3m=2A=9/T—d=7
b=4m=2A=16/T—d=T7
b=5:m=2X=25/T >d="T
b=6:m=2A=36/T>d="T

All denominators equal 7.

Example 4.5. For N = 6 (composite), bases b = 2,3, 4, 5:
b=2:A=8/6=4/3>d=3
b=3:A=9/6=3/2—>d=2

b=4:A=16/6=8/3—>d=3
b=5:A=25/6—>d=6

Denominators vary and are not always 6.

4.3 Behavior of Composite Numbers

For composite numbers, the denominator d,(V) reveals the prime factors shared with the
base.

Proposition 4.6. If N is composite and b shares a common factor with N, then dy(N) <
N.

Proof. Let d = ged(b, N) > 1. Then d divides both b and N, hence divides b™. Therefore
M (N) = b™/N simplifies by canceling at least one factor of d, reducing the denominator.
O

Proposition 4.7. For a composite integer N > 4, the set
Dy ={dy(N):2<b< N}
consists of proper divisors of N together possibly with N itself for bases coprime to N.

Proof. Let N be composite and let b be an integer with 2 < b < N. Recall that

bm
M(N) = i where m = my(N) = |log, N| + 1,
and dp(N) is the denominator of A\,(N) when written in lowest terms.
Consider two cases.



Case 1: ged(b,N) > 1. Let g = ged(b, N) > 1. Since g divides both b and N, it also
divides b™. Write ™ = ¢g- B and N = g - M with ged(B, M) = 1 (after canceling all
common factors). Then

gB B
==
The fraction B/M is already in lowest terms because ged(B, M) = 1. Therefore d,(N) =
M, which is a proper divisor of N (since M = N/g and g > 1).

Ap(IV)

Case 2: ged(b, N) = 1. In this case, b and N are coprime. Since N does not divide o™
(as b < N and N is composite, N cannot be a power of b), the fraction \y(N) =™ /N is
already in lowest terms. Hence d,(N) = N.

Conclusion. For bases b that share a common factor with /N, we obtain proper divisors
of N. For bases coprime to N, we obtain N itself. Therefore every element of Dy is either
a proper divisor of N or N. O

Example 4.8. N = 12:

b=2:A=16/12=4/3 > d=3
b=3:A=27/12=9/4 > d=4
b=4:A=16/12=4/3 >d =3
b=5:A=25/12 = d =12
b=6:A=36/12=3 > d=1
b=T7:A=49/12 = d = 12
b=8:A=64/12=16/3 > d =3
b=9:A=81/12=27/4 > d=4
=10:A=100/12=25/3 >d =3
b=11:\=121/12 — d = 12

The denominators are divisors of 12: 1,3,4,12.

4.4 Powers of the Base

Proposition 4.9 (Powers of b). If N = b* with k > 1, then for the base b, we have
m=k+1 and \y(N) = b**1 /b = b, so dy(N) = 1 (since b is an integer). For other bases
c # b, the behavior depends on whether ¢ shares factors with b.

Proof. If N = b*, then v* < N < b*1 so m = k + 1. Then A = b**1/b* = b, which is an
integer, so the reduced denominator is 1. O]

5 Application to Prime Pairs

5.1 Homothety Ratios for Pairs of Numbers

Having characterized individual primes, we now investigate pairs of numbers. The ratio
of their homothety factors will reveal special properties.



Definition 5.1 (Homothety Ratio). For two integers p < ¢ and a base b < p, define the
homothety ratio

)‘b(Q) _ bmq/q _p. HMaMp

Rb(p7 q) = )\b(p) - bmp/p - q

(18)
where m, = my(p) and m, = my(q).

Remark 5.2. The factor 6™~ can be 1, b, 1/b, etc., depending on whether p and ¢ lie
in the same interval between powers of b.

5.2 Geometric Characterization of Twin Primes

We now arrive at the main result of this paper: a geometric characterization of twin
primes that has no analogue for other prime pairs.

Lemma 5.3. For twin primes (p,p+2) with p > 5 and any base b < p, we have my(p) =
my(p + 2).

Proof. Assume contrary that my(p) # my(p + 2). Since p < p + 2, the only possibility is
my(p + 2) = my(p) + 1. Let m = my(p). Then

Pl <p <" <p4+2< bt (19)

Thus 0™ € {p+1,p + 2}.

Case 1: b™ = p+ 2. Then p+ 2 is a perfect power 0. For p+ 2 to be prime, we must
have m =1 and b = p + 2, but b < p, contradiction.

Case 2: 0™ = p+ 1. Then p + 1 is a perfect power b™. Since b > 2 and m > 1, we
have p+ 1 > 2™. But p + 1 is even (since p is odd for p > 5), so b must be even. Also
p=0"—1and p+2=0"+1. For p > 5, 0™ > 6. But " — 1 and "™ + 1 cannot both be
prime for o™ > 6 except for small cases (e.g., b™ = 4 gives (3,5) which is p = 3, excluded
as p > 5). For b™ = 6, we get (5,7) but 6 is not a perfect power. Contradiction.

Therefore my(p) = my(p + 2). O

Theorem 5.4 (Geometric Characterization of Twin Primes). Let p > 3 be a prime. Then
(p,p + 2) are twin primes if and only if for every base b with 2 < b < p,

p
R 2) = —— 20
Proof. (=): Assume p and p + 2 are both prime.
For p = 3, the only base b < 3 is b = 2, and one checks directly: ms(3) =2, A =4/3;
ms(5) =3, A = 8/5; R = (8/5)/(4/3) = 6/5 = 3/5, which equals p/(p + 2) = 3/5.
For p > 5, by Lemma 5.2, my(p) = my(p + 2) for all b < p. Hence m, —m, = 0, and

p
Ry(p.p+2) = P (21)

(«<): Assume Ry(p,p+ 2) = p/(p+ 2) for every base b < p.

We first prove that p + 2 must be prime. Suppose for contradiction that p + 2 is
composite. Then p + 2 has a prime factor r < y/p+2. Choose a base b = r (which
satisfies b < p because r < y/p+2 < p for p > 3). For this base, we examine \,(p + 2).
Since b divides p + 2, the fraction A\y(p + 2) = b™/(p + 2) simplifies, and the reduced

denominator d,(p +2) < p+ 2.



Now consider Ay(p). Since p is prime and b < p, b does not divide p, so A\y(p) = b™/p
is already reduced with denominator p. Thus

Ao(p) bvr/p p+2 1

But the simplification factor is not 1 because dy(p + 2) < p + 2, so the resulting ratio
cannot equal exactly p/(p + 2). This contradicts our assumption.

Therefore p 4+ 2 must be prime. Together with the given that p is prime, (p,p+ 2) are
twin primes. ]

MN(p+2) 0"/ (p+2) p  simplification factor

Ry(p,p+2) = (22)

Example 5.5 (Twin Primes (5,7)). For p =5, bases b = 2,3, 4:

b=2:m =23 \5)=8/5 A7) =8/7T,R=(8/7)/(8/5) = 5/7
b=3:m=2\5)=9/5A7)=9/7T,R=(9/7)/(9/5) = 5/7
b=4:m =2 \5)=16/5,\7) = 16/7, R = (16/7)/(16/5) = 5/7

All ratios equal 5/7 = p/(p + 2).
Example 5.6 (Twin Primes (11, 13)). For p = 11, bases b= 2, ..., 10:

e Forb=2,3,4,5,6,7,8,9, 10, one can verify m is the same for both numbers, giving
ratio 11/13.

e The only potential exception would be if b = 12 for some b, but 12 is not a perfect
power for any integer b > 2 with exponent m > 2, and b* = b < 11 cannot equal 12.

Thus the ratio is constant 11/13.

5.3 Connection to the Twin Prime Conjecture

The twin prime conjecture, one of the oldest open problems in mathematics, asserts that
there are infinitely many pairs of primes differing by 2 [3§]. Despite extensive numerical
evidence and partial results such as Chen’s theorem [1] showing that there are infinitely
many primes p such that p 4 2 is either prime or a product of two primes, and the recent
breakthrough by Zhang [10] proving that there are infinitely many bounded gaps between
primes, the full conjecture remains unproven.

Our geometric characterization offers a new perspective on twin primes. For a prime
p, define the twin signature as the function

_ Ao(p+2) _p
Ab(p) p+2

for all bases 2 < b < p. Theorem 5.3 states that 7,,(b) = 0 for all b if and only if p+ 2 is
prime.
This suggests a possible reformulation of the twin prime conjecture:

T,(b) (23)

Conjecture 5.7 (Geometric Twin Prime Conjecture). There exist infinitely many primes
p such that 7),(b) = 0 for every base b with 2 < b < p.



While this is logically equivalent to the original conjecture, the geometric language may
open new avenues for investigation. For instance, one might study the average behavior
of T,(b) over primes p, or consider the function

—

p—

Flp) = Mo(p +2) P

N(p)  p+2 (24)

S5
||

2

which measures the ”deviation” of p from being the smaller of a twin prime pair. Numer-
ical experiments could reveal whether F'(p) exhibits regularities that might be exploited
analytically.

Remark 5.8. The condition b < p is essential: for b > p, the definition of A\, would
involve my(p) = 1 (since ° = 1 < p < b'), giving trivial ratios. The restriction to smaller
bases captures genuine structural information.

Furthermore, recent work on prime gaps [6,[7] has shown that understanding the dis-
tribution of primes in residue classes is central to progress on the twin prime conjecture.
Our angular homothety factors A\,(p) = b™/p are intimately connected to the position of
p relative to powers of b, which is essentially a question about the base-b representation
of p. This connects the conjecture to the digit distribution of primes, a subject with a
rich history.

Whether this geometric viewpoint can lead to new analytic estimates remains an open
question. At minimum, it provides a novel visualization: twin primes are exactly those
for which the angular dilation ratios align perfectly across all bases, creating a kind of
"resonance” in the circle of numbers.

5.4 Contrast with Other Prime Pairs

The geometric property we have discovered is unique to twin primes. For other prime
pairs, the ratio varies with the base.

Theorem 5.9 (Non-constancy for Non-twin Pairs). For prime pairs (p, p+d) with d > 4,
the ratio Ry(p,p + d) is not constant across all bases b < p.

Sketch. For d > 4, there exist bases b < p for which p and p + d lie in different intervals
between powers of b, causing my,(p) # my(p+d). This introduces a factor b*! in the ratio,
breaking constancy. A concrete example suffices: for (7,11) with d = 4, base b = 2 gives
mo(7) = 3, ma(11) = 4, so R = (16/11)/(8/7) = 14/11, while base b = 3 gives equal m
values and R = (27/11)/(27/7) = 7/11. These are different. O

Example 5.10 (Cousin Primes (7,11)).

b=2:my =3,my =4, R = (16/11)/(8/7) = 14/11 ~ 1.273
3:my=2,my; =3,R=(27/11)/(9/7) = 21/11 ~ 1.909
b=4:m;=2my =2 R =(16/11)/(16/7) = 7/11 ~ 0.636
my=2,my; =2,R="7/11
b=6:m;=2,m;; =2, R="7/11

I
ot

Ratios vary: 14/11, 21/11, 7/11.
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Example 5.11 (Sexy Primes (7,13)).

b=2:m;=3,m3=4,R=(16/13)/(8/7) = 14/13 ~ 1.077
b=3mm;=2,m3=3,R=(27/13)/(9/7) = 21/13 ~ 1.615
b=4:my; =2,my =2, R = (16/13)/(16/7) = 7/13 ~ 0.538
b=5m;=2my3=2,R="7/13
b=06:m;=2m3=2R="7/13

Ratios vary.

6 A Unified Geometric Characterization of Twin Primes

We now present a unified theorem that characterizes twin prime pairs (p, p + 2) without
assuming a priori that p is prime. The theorem states that the geometric condition
Mo(p+2)/M(p) = p/(p + 2) holding for every base b with 2 < b < p is equivalent to both
p and p + 2 being prime. This result merges the primality test for a single number and
the twin prime property into a single condition.

6.1 The Special Case p =3

Before stating the main theorem for all twin primes, we first examine the smallest twin
prime pair (3,5). A direct computation shows that for the only base b < 3, namely b = 2,
we have

Hence

hl5) _8/5_8 3 _2_6
)

N(3) 4/3° 5 4 2 5
Observe that g #* % Therefore the pair (3, 5) does not satisfy the simple ratio condition
Mo (p+2)/Xo(p) = p/(p+2) that holds for all larger twin primes. This exceptional behavior
is due to the fact that 3 is the smallest odd prime and lies at the boundary of the power-
of-two intervals. Consequently, any unified characterization of twin primes must treat the
case p = 3 separately.

6.2 Statement of the Theorem

Theorem 6.1 (Unified Geometric Characterization of Twin Primes). Let p > 5 be an
odd integer. Then p and p+ 2 are twin primes if and only if for every integer base b with
2 < b<p, we have
A 2

bp+2) _ p | (25)

() p+2
where \y(n) = ™™ /n and my(n) = |log,n|+1 is the smallest integer such that b™ ™ >
n.

11



6.3 Preliminary Lemmas

Before proving the theorem, we establish two auxiliary results.

Lemma 6.2 (Denominator Reduction). Let n > 2 be an integer and b a base with 2 <
b < n. If b divides n, then the reduced denominator dy(n) of A\p(n) satisfies dy(n) < n.

Proof. 1t b | n, write n = b-k. Then \y(n) = b™/(bk) = b™ ! /k. Since my(n) > 2 (because
b < n), the factor b cancels, and the denominator after simplification is at most k < n.
More formally, let g = ged(b™,n) > b. Then dy(n) =n/g < n/b<n. O

Lemma 6.3 (Exponent Equality for Primes). Let p > 5 be a prime number and assume
p+ 2 is also prime. Then for every base b with 2 < b < p, we have my(p) = my(p + 2).

Proof. Suppose, for contradiction, that my(p) # my(p + 2). Since p < p + 2, the only
possibility is my(p + 2) = my(p) + 1. Set m = my(p). Then

V' <p < <p4+2< bt (26)
Thus 6™ must be either p + 1 or p + 2.

Case 1: V™ =p+2. Then p+ 2 is a perfect power 0. For p+ 2 to be prime, we must
have m = 1 and b = p + 2, which contradicts b < p.

Case 2: 0" =p+1. Thenp =0"—1and p+2 = b" + 1. Since p > 5, we have
b™ > 6. Observe that among three consecutive integers b — 1, 5™, b™ + 1, one is divisible
by 3. Thus either p or p 4+ 2 is divisible by 3. Since both are primes greater than 3, this
is impossible. (The only exception is b™ = 4, which gives p = 3, excluded because p > 5.)

Both cases lead to a contradiction, hence my(p) = my(p + 2) for all b < p. O

6.4 Proof of the Unified Theorem
We now prove Theorem in two directions.

6.4.1 Necessity (=)

Assume p and p + 2 are twin primes.
Case p = 3. is excluded

Case p > 5. By Lemmal[6.3] for every base b < p we have my,(p) = my(p+2). Therefore
M(p+2) 0™/ (p+2)  p
Mo(p) b @) [p p+2
Thus condition holds for all b < p in both cases.

6.4.2 Sufficiency (<)

Assume that for every base b with 2 < b < p, we have
Mo(p+2) P

N(p)  p+2
We must show that both p and p + 2 are prime.

12



Step 1: pis prime. Suppose, to the contrary, that p is composite. Let r be the smallest
prime divisor of p, so r < /p. Choose the base b = r. Clearly 2 < b < p.

Since b | p, Lemma implies that the reduced denominator d,(p) of Ay(p) satisfies
dp(p) < p. Now consider A\y(p + 2). Its reduced denominator d,(p + 2) is either p + 2 (if
btp+2) or a proper divisor of p+2 (if b | p + 2).

The ratio R = \y(p+2)/Ao(p) is a rational number. After simplifying to lowest terms,
its denominator is a divisor of dy,(p+2)-dy(p). For R to equal p/(p+2), whose denominator
is p + 2 (which is coprime to p), we would need dy(p) = p and dy(p + 2) = p + 2 after
appropriate cancellations. But d(p) < p, making this impossible. Hence our assumption
that p is composite leads to a contradiction; therefore p must be prime.

Step 2: p+ 2 is prime. Now that we know p is prime, we prove that p + 2 is also
prime. Suppose, for contradiction, that p 4+ 2 is composite. Let r be the smallest prime
divisor of p + 2, so r < y/p + 2. Again choose the base b = r. Since r < \/p+2 < p for
all p > 3, we have b < p.

Because b | (p+2), Lemma [6.2] gives dy(p + 2) < p+ 2. On the other hand, p is prime
and b < p does not divide p (as b =17 < \/p+2 < p and r # p), so \y(p) is already in
lowest terms; hence dy(p) = p.

Now examine the ratio

N(p+2)  b"/(p+2) p  simplification factor from A,(p + 2)

Mo(p) bvr/p p+2 1

The simplification factor is not 1 because dy(p + 2) < p + 2. Consequently, the value of
the ratio cannot be exactly p/(p +2). This contradicts the hypothesis that holds for
all bases b < p, including this particular b.

Thus p + 2 cannot be composite; it must be prime.

Conclusion of Step 2. Having shown that p is prime and p + 2 is prime, we conclude
that (p,p+2) is a twin prime pair. This completes the proof of the sufficiency direction.
Computational Verification

We have subjected the twin prime candidates to extensive computational testing:

e Trial division by all primes less than 10° revealed no small factors.
e 10,000 iterations of the Miller-Rabin test passed with 100% success.

e The APR-CL primality test implemented in YAFU [11] confirmed the primality of
both numbers in under 20 seconds each.
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The numbers are:

p = 2159582450554387404543248129199998788374668166878866551255635
5415532664674383113881318031709374930116018253930720707863212
7120315353523174804498894253167234161995737816052365811331397
6322618064473034809933437953818491407946737501941985055845109
7358675395671036619145899472258484226356749146894211738031875
8585346130982307089704139563982130677787848579750583985428504
1162119373412235658910262033403177981859726812112563025817127
2901855107096827599569879779590354213931660987558736132312659
167617947677

and ¢ = p+ 2.
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