Simple Proof of Fermat’s Last Theorem for odd powers

Minho Baek

It was already proved right that x*n+y”“n=z"n, (n>2) has no solutions in positive integers which we
called Fermat's Last Theorem (FLT) by Andrew Wiles. But his proof would be impossible in the 17th
century. I took the idea from Euler proof and proved in case of n=o0dd by simple method.
1. Introduction
Pierre de Fermat claimed he had proof that no three positive integer %, y and z satisfy the equation
x™ +y™ =2z" for n greater than 2 which we called Fermat’s Last Theorem(FLT). For about 3 century,
many people have tried to prove FLT. Finally, FLT was proved right by Andrew Wiles in 1995. However, the
proof of Wiles is a modern math that is difficult to understand and complex. So, some people, who think
Fermat prove FLT by himself, still believe elementary method exist. We know that FLT can be proved by
proving n=odd primes because case of n=even proved by Fermat himself. I got an idea to solve for n=odd
from Euler's proof. In this paper, I proved the case of n=o0dd by simple method.
2. Proof for n=3

x3+y3 =23 (x<y<7z)

Where x,y and z = positive integer, relatively prime

Assume that x3 + y3 = z3, (x <y < z) has a solution

This equation can be classified into three categories as follows.
Case 1. (x,y, z) = (even, odd, odd)
Case 2. (x,y,z) = (odd, even, odd)

Case 3. (%, ¥, z) = (odd, odd, even)

Case 1. (x,y, z) = (even, odd, odd)

Step 1

Let y=(u—v),z=(u+v).

Assume that u and v are not relatively prime.

Let u = fU,v = fV.
y=fU-V)
z=fU+V)

y and z have common factor of f.



But this is a contradiction because y and z are relatively prime.

So, u and v are relatively prime.

Also u and v are opposite parity because y and z are odd.

X=U+v)}—(u-v)3

x3 = 2v(v? + 3u?)

Assume that u = even,v = odd.

vZ + 3u? is odd.

Assume that u = odd, v = even.

v? + 3u? is odd.

So, v2 + 3u? is always odd.

Thus the greatest common factor of 2vand v? + 3u? is odd.

Assume that the common factor of 2vand v2 + 3u? is odd except 1 and 3.
Let v=1{V and v? + 3u? = fN.
3u? = f(N — fV?)
u and v have common factor of f.
But this is a contradiction because u and v are relatively prime.

So, the greatest common factor of 2v and vZ + 3u? is either 1 or 3.

Assume that the greatest common factor of 2vand v? + 3u? is 1.

It would be that 2v = p3 and v? + 3u? = @5.

Assume that the greatest common factor of 2vand v? + 3u? is 3.

Let v = 3r.

u and r are also relatively prime because u and v are relatively prime.
x3 = 6r(9r? + 3u?)
x3 = 18r(u? + 3r?)

The greatest common factor of 18r and u?® + 3r? would be 1.

It is possible that 18r = p’® and u? + 3r? = q'.



Step 2
Assume that z =y +1i.
From y = (u—v),z= (u+v),

z—y=U+v)—(u—v)=2v

2v =i
Assume that y = k +i.
Since y is odd and i is even, k is odd.
Assume that y and i are not relatively prime.
Let y = fY,i = fl.
Z=y+Ii
z=f(Y+1])

y and z have common factor of f.
But this is a contradiction because y and z are relatively prime.

So, y and i are relatively prime.

Assume that k and y are not relatively primes.

Let k =K,y = fY.

y and i have common factor of f.
But this is a contradiction because y and i are relatively prime.

So, k and y are relatively prime.

Let k= —v), y= " +v).
Where u' <u
Assume that u’ and v are not relatively prime.
Let u' = fU',v = fV.
k=fU" -V)

y = f(U' + V)
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k and y have common factor of f.

But this is a contradiction because k and y are relatively prime.

So, u’ and v are relatively prime.

Also u’ and v are opposite parity because k and y are odd.
y-kK=W+v): - —-v)3

y3 — k3 = 2v(v? + 3u'?)

Assume that u’ = even, v = odd.

v? + 3u’? is odd.

Assume that u’ = odd, v = even.

vZ + 3u’? is odd.

So, v2 + 3u'? is always odd.

Thus the greatest common factor of 2vand v? + 3u’? is odd.

Assume that the common factor of 2v and v? + 3u’?

is odd number except 1 and 3.
Let v=fV and v? + 3u’? = fN".

3u’? = f(N' — fV?)
u’ and v have common factor of f.

But this is a contradiction because u’ and v are relatively prime.

So, the greatest common factor of 2vand v? + 3u’? is either 1 or 3.

Assume that the greatest common factor of 2vand vZ + 3u'? is 1.
Itis possible that 2v = p® and v? + 3u’? = a.

y3 —K3 = ap3
Assume that o = s,3.
3

y* =k =5,%

Where s; and p are relatively prime

Let y3 = ¢;3,k3 =b,%,s,3p3 =a,3

3
313 +b1 = C13

But this equation is a contradiction by the method of infinite descent.
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Assume that o # s;3.

Where a and p are relatively prime

Assume that the greatest common factor of 2vand vZ + 3u’? is 3.
Let v = 3r.
u’ and r are relatively prime because u’ and v are relatively prime.
y3 — k3 = 6r(9r? + 3u'?)
y3 —k3 =18r(u'? + 3r?)
The greatest common factor of 18r and u'? + 3r? would be 1.
Itis possible that 18r = p'® and u'? + 3r? = «'.
y3 — K3 = a'p'3
Assume that o' =s;"3.
y3 —k3 =s,3p’"

Where s;’ and p’ are relatively prime

3 3 3

Let y3 =c'°, k3 =b'",s,°p"® =a;
3 3 3
a’l + b’l = C’l

But this equation is a contradiction by the method of infinite descent.

Assume that o # s,5.

y3 —Kk3 = a'p'3
Where o' and p’ are relatively prime
Step 3
Assume that k=t +1i.
Since kis odd and i is even, t is odd.
Assume that k and i are not relatively prime.
Let k =fK,i = fl.
y=k+i
y=fK+1)



k and y have common factor of f.
But this is a contradiction because k and y are relatively prime.

So, k and i are relatively prime.

Assume that t and k are not relatively prime.

Let t=fT, k = fK.
i=k—t

i=f(K-T)
k and i have common factor of f.
But this is a contradiction because k and i are relatively prime.

So, t and k are relatively prime.

Let t=(u" —v),k= (" +v).
Where u” < u'
Assume that u"" and v are not relatively prime.
Let u”’ = fu"”,v =fV.
t=fU"-V)
k=fU"+V)
tand k have common factor of f.
But this is a contradiction because t and k are relatively prime.
So, u"" and v are relatively prime.
Also u”’ andv are opposite parity because t and k are odd.
KB-t2=W"+v) =W -v)?
k3 —t3 =2v(v? + 3u'"?)
Assume that u”’ = even, v = odd.
v? +3u''? is odd.
Assume that u” = odd, v = even.
vZ +3u’? isodd.
So, v2 + 3u’’? is always odd.

Thus the greatest common factor of 2vand vZ + 3u’? is odd.
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"2 js odd number except 1 and 3.

Assume that the common factor of 2vand v? + 3u
Let v=1fV and v? + 3u’? = fN"".
3u’”? = f(N" — fV?)
u” and v have common factor of f.
But this is a contradiction because u'’ and v are relatively prime.

"2

So, the greatest common factor of 2v and vZ + 3u’’? is either 1 or 3.

Assume that the greatest common factor of 2vand vZ + 3u’? is1,
Itis possible that 2v = p® and v% + 3u’’? = B.

K3 — 3 = Bp3
Assume that B = s,3.

K3 —1t3 = Sz3p3

Where s, and p are relatively prime

Let k3 = c,3,t3 =D,>,s5,%p% = a,3
a3 +b,% =¢,3
But this equation is a contradiction by the method of infinite descent.
Assume that B # s,3.
K3 —1t3 = Bp3
Where 3 and p are relatively prime, § < «
a>B> -

This equation also leads to a contradiction by the method of infinite descent.

Assume that the greatest common factor of 2vand v? + 3u’’? is 3.

Let v =3r.

u'’ and r are relatively prime because u'’ and v are relatively prime.
k3 —t3 = 6r(9r? + 3u’’?)
k3 —t3 = 18r(u’? + 3r?)

The greatest common factor of 18r and u’’? + 3r? would be 1.

It is possible that 18r = p’® and u"2 + 3r'? = B".



k3 _ t3 — BlpIS
Assume that B’ = s,’3.
K3 — 3 = 5,"3p’

Where s,’ and p’ are relatively prime

Let k3 =c,°,t3 =b',°,s,3p" = a',°
a’23 + b’23 = C’23
But this equation is a contradiction by the method of infinite descent.
Assume that B’ # s,
k3 _ t3 — Blpl3
Where B’ and p’ are relatively prime, B’ < a’
a >p >
This equation also leads to a contradiction by the method of infinite descent.

Thus case 1 has no solution by the method of infinite descent.

Case 2. (x, ¥, z) = (odd, even, odd)

Case 2 has no solution because it can be proved by the same method as Case 1.
Case 3. (x,y, z) = (odd, odd, even)

Step 1
Let x=(u—-v),y=(u+v).
Assume that u and v are not relatively prime.
Let u = fU,v = fV.
x=fU-=-V)
y=fU+V)
But this is a contradiction because x and y are relatively prime.
So, u and v are relatively prime.
Also u and v are opposite parity because x and y are odd.

z2=Uu+v)3+@u-v)?



z% = 2u(u® + 3v?)
Assume that u = even,v = odd.
u? + 3v? is odd.
Assume that u = odd, v = even.
u? + 3v? is odd.
So, u? + 3v? is always odd.

Thus the greatest common factor of 2u and u? + 3v? is odd.

Assume that the common factor of 2u and u? + 3v?is odd except 1 and 3.
Let u = fU and u? + 3v? = fN.
3v? = f(N — fU?)
u and v have common factor of f.
But this is a contradiction because u and v are relatively prime.

So, the greatest common factor of 2u and u? + 3v? iseither 1 or 3.

Assume that the greatest common factor of 2u and u? + 3v? is 1.
Itis possible that 2u = p® and u? + 3v? = ¢

Where p and q are relatively prime

3 _ 13,43

z-=pq

Assume that the greatest common factor of 2uand u? + 3v? is 3.

Let u = 3r.

v and r are relatively prime because v and u are relatively prime.
z3 = 6r(9r? + 3v?)
z3 = 18r(v? + 3r?)

The greatest common factor of 18r and v + 3r? would be 1.

It is possible that 18r = p’® and v2 + 3r? = q'3.

13 13

pq

z% =

Step 2

Assume that v = iv’.



Where 1iis an positive integer greater than 1

Let k= (u—v"),l = (u+v).

Where k, I=positive integer

u and v’ are relatively prime because u and v are relatively prime.
Assume that k and u are not relatively prime.

Let k = fK,u = fU.
k=u-v

v' =f(U—-K)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

So, k and u are relatively prime.

Assume that 1 and u are not relatively prime.

Let 1 =fL,u = fU.
l=u+v

v =f(L—U)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

So,1and u are relatively prime.

Assume that k and | are not relatively prime.

Let k =K1 = fL.
2u=k+1

2u =f(K+1L)
k and u have common factor of f.
But this is a contradiction because k and u are relatively prime.
So, k and | are relatively prime.
K+B=@Ww—-v)>+u+v)3
k3 + 13 = 2u(u? + 3v'?)

Where u and v’ are opposite parity
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Assume that u = even, v’ = odd.
u? + 3v'? is odd.

Assume that u = odd, v’ = even.
u? + 3v'? is odd.

So, u? + 3v'? is always odd.

Thus the greatest common factor of 2u and u? + 3v'? is odd.

Assume that the common factor of 2u and u? + 3v’?

is odd number except 1 and 3.
Let u=fU and u? + 3v'? = fN'.
3v'?2 = f(N' — fU?)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

12

So, the greatest common factor of 2u and u? + 3v'? iseither 1 or 3.

Assume that the greatest common factor of 2u and u? + 3v'? is1.
Itis possible that 2u = p3 and v? + 3u? = a.
k3 + 13 = ap®
Assume that o = s;3.
k3 + 13 =s,3p?
Where s; and p are relatively prime
Let k3 =a,3,13 =b,>,5,%p =¢,3
a®+b°=¢?
But this equation is a contradiction by the method of infinite descent.
Assume that o # s;3.
k3 + 13 = ap®

Where a and p are relatively prime

Assume that the greatest common factor of 2uand u? + 3v'? is 3.
Let u=3r.

v’ and r are relatively prime because v’ and u are relatively prime.
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k3 + 13 = 6r(9r? + 3v'?)
k3 +13 = 18r(v'? + 3r?)
The greatest common factor of 18r and v'% + 3r? would be 1.
Itis possible that 18r = p’® and v'2 + 3r? = o".
k3+13=a'p?
Assume that o =s;'3.
k3 +13=s,"p"
Where s;’ and p’ are relatively prime
Let k3 =a,%, 3 =13 s,3p% =¢,°
a,+b,°=c,’
But this equation is a contradiction by the method of infinite descent.
Assume that o' # ;'3
k3+13=ap?

Where o and p’ are relatively prime

Step 3

Assume that v' = iv".

Where iis an positive integer greater than 1

Let m=(u—v"),t=(u+v").

Where m, t=positive integer

u and v" are relatively prime because u and v’ are relatively prime.
Assume that m and u are not relatively prime.

Let m = fM,u = fU.
m=u-v"’

v'=f(U—-M)
u and v'’have common factor of f.
But this is a contradiction because u and v'’ are relatively prime.

So, m and u are relatively prime.

Assume that t and u are not relatively prime.
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Let t = fT,u = {U.
t=u+v’

v'=f(T-U)
u and v” have common factor of f.
But this is a contradiction because u and v'’ are relatively prime.

So, t and u are relatively prime.

Assume that m and t are not relatively prime.

Let m = fM, t = fT.
2u=m-++t

2u=f(M+T)
m and u have common factor of f.
But this is a contradiction because m and u are relatively prime.
So, m and t are relatively prime.
m+t2=@u-v")>+@u+v")?
m3 + t3 = 2u(u? + 3v"'?)

Where u and v'' are opposite parity

Assume that u = even,v" = odd.
u? + 3v""? is odd.

Assume that u = odd, v’ = even.
u? + 3v""? is odd.

So, u? + 3v'"? is always odd.

Thus the greatest common factor of 2u and u? + 3v"'? is odd.

Assume that the common factor of 2u and u? + 3v'’?

is odd number except 1 and 3.
Let u=fU and u? + 3v"% = fN".
3v"'2 = f(N" — fU?)
u and v” have common factor of f.
But this is a contradiction because u and v"' are relatively prime.

"2

So, the greatest common factor of 2u and u? + 3v'’? is either 1 or 3.
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Assume thatthe greatest common factor of 2u and u? + 3v'’2

is1,
Itis possible that 2u = p® and u? + 3v"? = .

m3 + t3 = pp3
Assume thatp = s,3.

m3 +t3 =s,%p3
Where s, and p are relatively prime
Let m® = a,3,t> =b,>,s,%p% = ¢,3

a3 +b,% =¢,3

But this equation is a contradiction by the method of infinite descent.
Assume that B # s,3.

m3 + t3 = pp?
Where 3 and p are relatively prime, § < «

a>B>...

This equation also leads to a contradiction by the method of infinite descent.

Assume thatthe greatest common factor of 2uand u? + 3v''% is 3.
Let u = 3r.
v'" and r are relatively prime because v'' and u are relatively prime.
m3 +t3 = 6r(9r? + 3v''?)
m3 +t3 = 18r(v"'? + 3r?)
The greatest common factor of 18r and v''? + 3r? would be 1.
Itis possible that 18r = p'® and v'? + 3r? = .
m3 +t3 = p'p’3
Assume that B’ =s,"3.
m3 +t3 =5,"3p"3
Where s,’ and p’ are relatively prime
Let m® =a’,>, 3 =b',>,s,3p"% = ¢',°

3 3 3
alz + b’z = C’z
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But this equation is a contradiction by the method of infinite descent.
Assume that B’ # s,
m? +t3 = p'p"
Where B’ and p’ are relatively prime, B’ < '
a>p >
This equation also leads to a contradiction by the method of infinite descent.
Thus case 3 has no solution by the method of infinite descent.

In conclusion, there are no positive integers in case of n=3 since all of Case 1, 2 and 3 are contradictions.

3. Proof for n=o0dd primes
XM+y"=2z2",(x<y<7z)
Where x,y and z = positive integer, relatively prime.

Assume that x™ +y" = z", (x <y < z) has a solution

This equation can be classified into three categories as follows.
Case 1. (x,y, z) = (even, odd, odd)
Case 2. (%,y,z) = (odd, even, odd)

Case 3. (%, ¥, z) = (odd, odd, even)

Case 1. (x,y, z) = (even, odd, odd)

Step 1

Let y=(u—v),z= (u+v).

Assume that u and v are not relatively prime.

Let u = fU,v = fV.
y=fU-V)
z=fU+V)

y and z have common factor of f.

But this is a contradiction because y and z are relatively prime.

So, u and v are relatively prime.

Also u and v are opposite parity because y and z are odd.
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X"=U+v) "= (u-v)"

x® = (U + Cu™ vl + Cu2vZ + - + Cp_ulv?T2 + Cp_qulviTl +vD)

—(u® = Cu vl + Cou2v2 + o — Cp_puv2 + CqulviTl — D)
_ _M n(n-1) n(n—-1)---4-3 n(n-1)---2-1
Where C = {C;, Gz, Cn, Co1} {1 12 7 7 12+(m-3)(n-2)’ 1-2~-~(n—2)(n—1)}

x" = 2v(v® 4+ n(u"t + C'5u3vE 4+ -+ Cp_pu?viTd))

-y, (-)-43 (o121
12 " 12-(n-3)(n-2)’ 1-2-+(n-2)(n-1)

Where C, = {Cll; C’Z; Yy C,n—Z' C,n—l} = {%’ (

X" = 2v(v® 1 + n(u™ ! +v))
Where y = C'3u™3v2 + C'gu v + - + €' _putv?™® + €' _,u?v?3
Assume that u = even,v = odd.
vl 4+ n(u"?! + y)is odd.
Assume that u = odd, v = even.
v+ n(u?! + y)is odd.
So, v™ 1 + n(u™! + y)is always odd.

Thus the greatest common factor of 2vand v" ! + n(u®! + y)is odd.

Assume that the common factor of 2vand v"! + n(u®?! + y)is odd except 1 and n.
Let v=1{V, y=1{T and v* ! +n(u"?!+y)=1N.
frtyn=l 4 (w1 4+ fT) = fN
Where fT = f(C'3u"3f1V2 + C'cu™ >f3V* + ... + C'_,u*fP0VI~5 + ¢/ _,u2fn—tyn-3)
nu"! = f(N — f2=2yn=1 — I
u and v have common factor of f.
But this is a contradiction because u and v are relatively prime.

So, the greatest common factor of 2vand v®~! + n(u™ ! +y) is either 1 orn.

Assume that the greatest common factor of 2vand v ! + n(u™?! +vy) is 1.
Itis possible that 2v = p® and v ! + n(u®?! +vy) = q".

Where p and q are relatively prime

Assume that the greatest common factor of 2vand v* ! + n(u™ ! +vy) isn.
16



Let v =nr.
u and r are relatively prime because u and v are relatively prime.
x" = 2nr(n1Ir?"t + n(u™ ! +y))
x" = 2n%r(n"2r""1 + (U1 + )
The greatest common factor of 2n?r and n" ?r"! + (u"~! +y) would be 1.

Itis possible that 2n?r = p™ and n"72r®* + (u" ' +y) = q™

Step 2
Assume that z =y +1i.
From y = (u—v),z= (u+v),

z—y=@QU+v)—(u—v)=2v

2v=i
Assume that y = k + .
Since y is odd and i is even, k is odd.
Assume thaty and i are not relatively prime.
Let y = fY,i = fl.
Z=y+1i
z=f(Y+])

y and z have common factor of f.
But this is a contradiction because y and z are relatively prime.

So, y and i are relatively prime.

Assume that k and y are not relatively prime.

Let k = fK,y = fY.

y and i have common factor of f.

But this is a contradiction because y and i are relatively prime.
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So, k and y are relatively prime.

Let k= —v), y= U +v).
Where u' <u
Assume that u’ and v are not relatively prime.
Let u' = fU’,v = fV.
k=fU -V)
y = f(U' +V)
k and y have common factor of f.
But this is a contradiction because k and y are relatively prime.
So, u’ and v are relatively prime.
Also u’ and v are opposite parity because k and y are odd.
yr—Kkt=W'+v)" =W —-v)"
y» — k" = 2v(v?! + n(u™ "+ YY)

Where y' = C'3u™3v2 + C'su™5v* + - + C'p_,u'*v75 + €' _,u'?v" 3

Assume that u’ = even, v = odd.

_ -1
vi~t 4+ n@u"

+7v") isodd.
Assume that u’ = odd, v = even.

m-1

vl 4+ n@™ " +vy") isodd.

n—1

So, v®~ 1+ n(u'"" " +v') is always odd.

m-1

Thus the greatest common factor of 2vand v"~! + n(u +v") is odd.

/n—1

Assume that the common factor of 2vand v"~! + n(u +v") is odd number except 1 and n.

Let v=1V, Y =" and v* ' 4+ n@u™ " +vy") = N".
frtyn=t 4 n(u™ ! + ') = N’

Where fT" = f(C'3u"™ 3f1V2 4 C'qu™ > f3V4 4 oo 4 €', u/4fP-6Vn=5 4 ¢/ u'2fr-tyn—3)
nu™t = f(N' — fn-2yn-1 _ 1)

u’ and v have common factor of f.

But this is a contradiction because u’ and v are relatively prime.
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-1

So, the greatest common factor of 2vand v"! + n(u +v") iseither 1 orn.

Assume that the greatest common factor of 2vand v*1 + n(u’“_1 +v) isl.
It is possible that 2v = p" and v* ™! + n(u’n_1 +v)=a
yn — kM = O(pn

Assume that a = s;".
yn — k" = Slnpn

Where s; and p are relatively prime

Let y" = ¢;%k® =b,", s, p" = a,"

a;"+b" ="
But this equation is a contradiction by the method of infinite descent.
Assume that a # s;°.

yo — k" = ap"

Where a and p are relatively prime

-1 .
™t +m') isn.

Assume that the greatest common factor of 2vand v ! + n(u
Let v =nr.
u'and r are relatively prime because u’ and v are relatively prime.

y" — k" = 2nr(n® 1" + n(u" Tt +Y))

yn — k" = 2n2r(nn—2rn—1 + (u/n—l + Y/))

The greatest common factor of 2n?r and n™2r™! 4+ (u™ " 4+y") would be 1.

Itis possible that 2n%r = p™ and n™2r" 1 + (W™ ' +y) = «’.
yn — k" = 0(Ipln
Assume that o' = s;"™.
y" — k" =5, "p"

Where s;’ and p’ are relatively prime

n n n n
Let y*=c'; ,k* =D, ,s;, p?=a’;
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a’ln + b’ln = Clln
But this equation is a contradiction by the method of infinite descent.

Assume that o # s;".

y" — k" = o/p'™
Where o and p’ are relatively prime
Step 3
Assume that k=t +1i.
Since kis odd and i is even, t is odd.
Assume that k and i are not relatively prime.
Let k =fK,i = fl.
y=k+i
y=fK+1)

k and y have common factor of f.
But this is a contradiction because k and y are relatively prime.

So, k and i are relatively prime.

Assume that t and k are not relatively prime.

Let t=fT,k = fK.
i=k-—t

i=f(K-T)
k and i have common factor of f.
But this is a contradiction because k and i are relatively prime.

So, t and k are relatively prime.

Let t=(u"—v), k=" +v).
Where u” <u'
Assume that u"" and v are not relatively prime.
Let u”’ = fU"”,v =fV.
t=fU"-V)

k= f(U" +V)
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t and k have common factor of f.
But this is a contradiction because t and k are relatively prime.
So, u” and v are relatively prime.
Also u”’ and v are opposite parity because t and k are odd.
KP—t" =" +v)" = @ —v)"
kM —t" = ZV(Vn_l +n@™ " + y”))
Where y" = C'3u"™73v2 + C'gu/™5v* + - + €' _gu"*v" 5 + ¢/, _,u""?v" 3
Assume that u’’ = even, v = odd.
vi~l 4+ n(u""t + m") is odd.
Assume that u” = odd, v = even.
vl 4+ n(u"™ ! + m") is odd.
So, v®™ 1+ n(u"™ 1 + m") is always odd.
Thus the greatest common factor of 2vand v"! + n(u"™"* +y") is odd.
Assume that the common factor is odd number except 1 and n.
Let v=1{V, y' =" and v®* !+ n@u""1+y")=1N.
frtveTt (™t +T) = fN
Where T = f(C'3u"" " >f1V2 4 C'su/™ 53V 4 oo 4 €/, u/4fP76YD=5 4 ¢/ u/"2fn-4yn-3)
nu''""1 = f(N — f2=2ya-1 — ')
u” and v have common factor of f.
But this is a contradiction because u” and v are relatively prime.

So, the greatest common factor of 2vand v"! + n(u"™! +y") is either 1 or n.

Assume that the greatest common factor of 2vand v*! + n(u""1 +y") is 1.

m-1

Itis possible that 2v = p® and v ! + n(u +v'") =B
K" — " = Bp"
Assume that B =s,".
K" — " = 5,"p"
Where s," and p are relatively prime

Let k" = ¢, t" = b,", s, p™ = a,"
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azn + bzn = Czn

But this equation is a contradiction by the method of infinite descent.

Assume that B # s,".
K" — 0 = Bp"
Where B and p are relatively prime, <
a>p> -

This equation also leads to a contradiction by the method of infinite descent.

Assume that the greatest common factor of 2vand v ! + n(u’"1 +y") isn.
Let v =nr.
u" and r are relatively prime because u’’ and v are relatively prime.
k" —t" = 2nr(v™ T + 0"t +y")
K" — " = 2n?r(n" 72"+ (T +y7))
The greatest common factor of 2n?r and n™ 2™ 4+ (u""* 4+ y") would be 1.
Itis possible that 2n?r = p™ and n™2r"1 + (""" +y") = B.

KM — ¢ = Blpln

Assume that B’ =s,"™.

KD — th = s,/p'™
Where s, and p’ are relatively prime
Let k* = ¢’,",t* =b',",s,"p™ = a’,"

a,"+b," ="
But this equation is a contradiction by the method of infinite descent.
Assume that B’ # s,™.

k" —t" = g'p'™
Where B’ and p’ are relatively prime, B’ < a’
a > B’ > ...

This equation also leads to a contradiction by the method of infinite descent.
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Thus case 1 has no solution by the method of infinite descent.

Case 2. (x, ¥, z) = (odd, even, odd)

Case 2 has no solution because it can be proved by the same method as Case 1.
Case 3. (x, ¥, z) = (odd, odd, even)

Step 1

Let x=(u—-v),y=(u+v).

Assume that u and v are not relatively prime.

Let u = fU,v = fV.
x=fU-V)
y=fU+V)

But this is a contradiction because x and y are relatively prime.

So, u and v are relatively prime.

Also u and v are opposite parity because x and y are odd.

Z"=U-v)"+u+v)"

z" = (u" = Cu" vl + Cu" v + o — CppudvtT2 + Cp_qulviT — v
+(u" + Cou" vl + Cuu 22 4 e 4 CppuviT2 + Cp_qulvtT 4 v
n(n-1) n(n—-1)---4-3 n(n-1)---2-1

n
Where C = {Cy, Gz, +++, Cnz, Cna} = &= 12--(n-3)(n-2)’ 1-2--(n—-2)(n—1)

}

z" = 2u(u ! + n(v" ! + €' v T3u? + - 4+ Cv2ut )

-y, (n-1)-43 (o121,
12 ' ’12-(-3)(n-2)" 1-2--(n-2)(n—1)

Where C, = {Cll; C’Z; Yy C,n—Z' C,n—l} = {%’ (

z" = 2u(u™ ! + n(v" 1! +v))
Wherey = C',_3v"3u? + C'_gv"Su? + -+ + C'yv*tu"5 + C',v2un 3
Assume that u = even,v = odd.
u™ 1+ n(v" 1 +vy) is odd.
Assume that uu = odd, v = even.
u" 1 + n(v® ! +y) is odd.
So, u™ ! + n(v® 1 +v) is always odd.

Thus the greatest common factor of 2uand u®™* + n(v®! +y) is odd.
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Assume that the common factor is odd except 1 and n.

Let u=fU and u"™ ! +n(v® ! +y)=1fN.
fo7u™ ™ 4 n(ut + T) = fN

Where fT = f(C',_gv?3f U2 + C',_gvP™2F3U* + -+ + C/,vH70U"5 4 C/,v2fn4yn—3)
nu"! = f(N — f2-2y"~1 — nl)

u and v have common factor of f.

But this is a contradiction because u and v are relatively prime.

So, the greatest common factor of 2uand u™™* + n(v"™*! +y) is either 1 or n.

Assume that the greatest common factor of 2uand u® 1+ n(v* 1 +vy) is 1.
Itis possible that 2u = p" and u" ! + n(v® ! +y) = q"
Where p and q are relatively prime

2" = pign
Assume thatthe greatest common factor of 2uand u™ ! + n(v*! +vy) isn.
Let u=nr.
v and r are relatively prime because v and u are relatively prime.

z" = 2nr(u" ! + n(v" 1 +v))
z" = 2n%r(n" 2"t 4+ (v 4+ )

The greatest common factor of 2n?r and n" 2r"1 + (v~ +y) would be 1.
Itis possible that 2n?r = p'™ and n"2r" 1 + (v? 1 +y) = g™

nn

z" =p'q

Step 2

Assume that v = iv’.

Where iis an positive integer greater than 1

Letk=(u—v"), I=(u+v’").

Where k, I=positive integer

u and v’ are relatively prime because u and v are relatively prime.

Assume that k and u are not relatively prime.

24



Let k = fK,u = fU.
k=u-v

v =f(U—-K)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

So, k and u are relatively prime.

Assume thatl and u are not relatively prime.

Let 1 =fL,u = fU.
l=u+v

v =f(L-U)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

So,1and u are relatively prime.

Assume that k and | are not relatively prime.

Let k = fK,1 = fL.
2u=k+1

2u = f(K+ L)
u and k have common factor of f.
But this is a contradiction because u and k are relatively prime.
So, k and | are relatively prime.
KP+1P=@u—-v)"+ (u+v)"

kK" +17 = 2u(u™ ™ + n(v'" " + 7))
Wherey' = C'_3v"3u? 4+ ¢/ v Put + - + C/,v*u" 5 + ¢/,v"%u 3
Assume that u = even, v’ = odd.
u" 1+ n(v'™ +y") is odd.
Assume that u = odd, v’ = even.
u™ 1t + n(v™ 1 +v") is odd.
So, u"* + n(v™ ! +v") isalways odd.

Thus the greatest common factor of 2uand u™* + n(v'®™! +y") is odd.
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Assume that the common factor of 2uand u"! + n(v'®~! + y")is odd number except 1 and n.
Let u=fU, ¥y =" and u" 14+ nv"" +y") =N".
fr-iygn=1 4o p(v'™ 4 fT) = N
Where fT" = f(C',_sv"" U2 + C',_gv/" > f3U* 4 -« + €', v/ 1-6U"—5 4 C/,v'2fP4yn-3)
nv'"1 = f(N — f=2yn~t — n[)
u and v’ have common factor of f.
But this is a contradiction because u and v' are relatively prime.

n—1

So, the greatest common factor of 2uand u?! + n(v +v") iseither 1 orn.

Assume that the greatest common factor of 2uand u® !+ n(v® 1 +y") is1.
Itis possible that 2u = p® and u" 1+ n(v™" ! +y) =

k™ + 1" = ap”
Assume that o = s;".

KM 417 = 5,pn

Where s; and p are relatively prime

Let k" = ¢, 1" = b,",s;%p" = a,"

a;"+b"=c"
But this equation is a contradiction by the method of infinite descent.
Assume that o # s;".

k™ + 1" = ap”

Where a and p are relatively prime

Assume that the greatest common factor of 2uand u™ ! + n(v'*"! +vy") isn.
Let u=nr.
v/ and r are relatively prime because v’ and u are relatively prime.
kK™ +1" = 2nr(u™ ! + n(v'""1 +y")
k™ + 1" = 2n?r(n™ 2"t + (VO 4+ y)

The greatest common factor of 2n?r and n"?r"1 + (v'"~1 +y") would be 1.

26



Itis possible that 2n?r = p'™ and n"2r"! + (v'"1 +vy) = .
p p Y
k? +1" = a'p™
Assume that o' =s;"™.
k? + 1" =s,""p"
Where s;’ and p’ are relatively prime
Let k® =a,;", 1" =b,"",s;"p™ =,
alln + blln = Clln
But this equation is a contradiction by the method of infinite descent.
Assume that o # s,
k? + 1" = a'p™

Where o and p’ are relatively prime

Step 3

Assume that v' = iv".

Where iis an positive integer greater than 1

Let m=(u—v"),t=(u+v").

Where m, t=positive integer

u and v" are relatively prime because u and v’ are relatively prime.

Assume that m and u are not relatively prime.

Let m = fM,u = fU.
m=u-v"

v' =f(U—-M)
u and v" have common factor of f.
But this is a contradiction because u and v'’ are relatively prime.

So, m and u are relatively prime.

Assume that t and u are not relatively prime.

Let t = fT,u = fU.
t=u+v’

V' = f(T — U)

u and v" have common factor of f.
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But this is a contradiction because u and v'’ are relatively prime.

So, t and u are relatively prime.

Assume that m and t are not relatively prime.

Let m = fM, t = fT.
2u=m-++t

2u=f(M+T)
m and u have common factor of f.
But this is a contradiction because m and u are relatively prime.
So, m and t are relatively prime.
m*+t"=u—-v")"+ (u+vH"
m" + t" = 2u(u !t + n(v'™"t +y""))

Where y" = C'_3v"™3u? + €' _gv"/" Su? + -+ + C'pv""*u" > + C/,v/"?un 3

Assume that u = even,v'" = odd.

u" !+ n(v'"™ 1 +y") is odd.

Assume that u = odd, v’ = even.

u™t + n(v'"™ 1 +vy") is odd.

So, u™™t + n(v"™! +vy") is always odd.

Thus the greatest common factor of 2uand u®™ ! + n(v'"*"! +y") is odd.

Assume that the common factor of 2uand u"! + n(v'""~1 + y"") is odd number except 1 and n.
Let u=fU, y" =" and u™! +n(""" +y") = fN".
frtUnt 4 nv " 4+ T) = N
Where " = £(C',_sv" 31U + C',_gv"M"S3U* 4 oo 4 C/,v/ /410U 4 C',v/"2fn-4yn=3)
nv''"" 1 = f(N — f*=2y"-1 — nI"")
u and v" have common factor of f.
But this is a contradiction because u and v are relatively prime.

rn—1

So, the greatest common factor of 2uand u™™* + n(v +v'") iseither 1 or n.
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Assume that the greatest common factor of 2uand u™?1 + n(v”"_1 +vy") is1l.
Itis possible that 2u = p® and u"?! + n(v”n_1 +v" = B.
m" +t" = Bp"

Assume that  =s,".

m" +t" =s,"p"
Where s, and p are relatively prime
Let m™ = a," t* = b,",s,%p" = c,"

a," +b," =c,"
But this equation is a contradiction by the method of infinite descent.
Assume that f # s,".

m" +t" = Bp"
Where B and p are relatively prime, <

a>B>...

This equation also leads to a contradiction by the method of infinite descent.

Assume that the greatest common factor of 2uand u™?! + n(v”“_1

+vy'") isn.
Let u = nr.

v and r are relatively prime because v'' and u are relatively prime.
m" + t" = 2nr(u* ! + n(v"" " +v"))
m® + t" = 2n?r(n" 2" 4+ (v 4 y7)
The greatest common factor of 2n?r and n"2r"! 4+ (v""* " +y") would be 1.
Itis possible that 2n%r = p™ and n™2r" 1 + (v'" ' +y") = B..
m" + t" = B'p™

Assume that B’ =s,"™.

m" +t" =s,""p'"
Where s,’ and p’ are relatively prime
Let m" = a,™ t* = b,",s,"p™ = ¢,

a," +b," =¢c,"

But this equation is a contradiction by the method of infinite descent.
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Assume that B’ # s,
k" + 1" = g'p™
Where B’ and p’ are relatively prime, B’ < a’
a>p >
This equation also leads to a contradiction by the method of infinite descent.
Thus case 3 has no solution by the method of infinite descent.

In conclusion, there are no positive integers in case of n=odd number since all of Case 1, 2 and 3 are
contradictions.
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