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A naive approach to prime factorization

By SHASHANKADITYA UPADHYAY

Abstract

A method to find prime factors of a given arbitrary number n is pro-
posed. When n is semiprime, the method is shown to run in O(n*log(log(n)))
time. Eigenvalue distribution of matrices utilized in the proposed method
is conjectured.
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1. Introduction

Prime factorization has been a topic of academic interest for a long time,
particularly because of its applications to cryptosystems [ROW94]. It has
been shown that prime factorization for a given number is achievable in poly-
nomial time [AKS04] and there is an ample body of work utilizing ideas orig-
inating from the fields of algebraic number theory, elliptic curves and more
recently quantum computations to achieve prime factorization of a given num-
ber [Lan94, Sho99, Chal2].

It is commonly understood that finding prime factors of a given number
is a difficult problem, especially for semiprimes i.e. a number which is product
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2 PRIME FACTORIZATION

of exactly two prime numbers of similar sizes and this fact forms the basis of
RSA cryptosystems [RSA78, IAAA21]. However, it is possible to enlist all the
prime numbers less than a given number in polynomial time using methods
such as sieve of Eratosthenes [Hor72] while certain derivatives of this method
are known to be computationally more efficient [Pri83, Hel20], achieving time
complexity of O(n), for a given number n.

In this article we make use of the fact that all the prime numbers below a
certain number can be known in polynomial time to device a method that can
compute prime factors of a given number, which is particularly more efficient in
case of semiprimes. Moreover, for semiprimes, the proposed method is shown
to run in polynomial time. The method is termed naive because it is fairly
simple to understand and easy to execute.

2. Review of some known results

The prime number theorem for arithmetic progression was conjectured by
Dirichlet [LD38] and was later proved by Poussin [DLVP96]. It can be stated
as follows:

THEOREM 2.1. Let a and d be positive coprime integers i.e., the greatest
common dwisor of a and d is 1. Let m4,(x) denote the number of primes
less than x in the arithmatic progression a,a + d,a + 2d, ..., then mqq(z) is

estimated as
Taalw) ~ i
where Li(x) is the Eulerian logarithmic integral function defined as Li(x) =

; l;% and o represents the Fuler’s totient function which for a given positive

integer d counts the number of positive integers that are coprime to d.

It is further known that the Eulerian integral function Li(z) can be es-
timated as Li(z) ~ 7w(x), where m(z) is the prime counting function giving
the number of primes less than x. This result was published posthumously by
Gauss [Gau74] and later Skewes showed that Li(x) and 7(x) change sign an
infinite number of times [Ske33|. The prime counting function can be further
approximated as 7(x) ~ %, as may be familiar to most readers [DLVP96].

In a later section, we make use of the prime number theorem and approxi-
mations for the functions Li(z) and 7(z) to prove the main result of this work.
However, for the time being, we would like to introduce the notion of prime

indicator matrices.

3. Prime indicator matrices of order n

Let n be a given prime or composite number. Consider an n X n square
matrix A,, = (a;j) such that for 1 <i4,j5 <n, a;; = (j — 1) *xn+i. Using A,,

Proof: page numbers may be temporary



‘5 [© o N 1o ot I W o =

—
=

== e
= 15 S|

PRIME FACTORIZATION 3

we can define a matrix P, = (b;;), such that b;; = 1, if a;; is a prime number
and b;; = 0 otherwise. For the purpose of this work we can call such a matrix
P, as prime indicator matrix of order n. In particular, the author is unaware
whether such matrices exist in the literature and have been studied in the past.

For the purpose of computation, a prime indicator matrix of order n can
be computed in O(n?) time [Pri83] (in O(n%log(log(n))) time using sieve of
Eratosthenes [Hor72]), without specifically finding the matrix A,,.

For example, the prime indicator matrix of order 6 can be seen as

011101
100000
100000
B=100000 0
111110
00000 O

4. Prime factorization using prime indicator matrices

Let n > 9 be a given number and let the prime decomposition of n be equal
to p1™ipa™2 .. pp"™, where k > 1 and my,ms... my are the multiplicities of
the prime factors p1,ps...p, respectively. If n is a prime number, then k£ =1
and my = mq = 1. If n is semiprime then k = 2 and m; = mo = 1.

The prime decomposition of a given number n using the prime indicator
matrix of order n is derived from the following theorem.

THEOREM 4.1. Let n > 9 be a given number such that the prime decom-
position of n is equal to p1™ P22 ... p™* and let P, be the prime indicator
matriz of order n. The row sum of the p** row of the matriz Py, where p is a
prime, is equal to 1 if and only if p|n.

Proof. Starting with the converse part, we can argue that when p|n, such
that p is prime, then p € {p1,p2...px} and the entry in the first column
of the p!* row of matrix P, is 1 while the rest of the entries in the p** row
are 0 since the corresponding entries in matrix A, are of the form r x n + p;
where p; = p € {p1,p2...pr} and 1 < r < n — 1. This is so because r x*
n + p; is the same as r x (p1™ p2™2 ... pr""*) + p;, which is equal to p; * [r *
(p1™p™2 ... pi_ ™1™ p; ™ L pp ™) + 1] and thus each such entry is
a composite number.

For the if part, i.e., when the row sum of the p'* row (p is prime) of the
matrix P, is exactly equal to 1, we can have two cases: either p € {p1,p2...pr}
orp ¢ {p1,p2...px}, i.e., p is coprime to n. When p € {p1,p2...px}, there is
not much to prove as in this case again the entry in the first column of the pt*
row of matrix P, is 1 while the rest of the entries in the p** row have to be 0

Proof: page numbers may be temporary
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4 PRIME FACTORIZATION

since the corresponding entries in matrix A, are of the form 7 * n 4+ p where
p=pi €{p1,p2...pr}and 1 <r <n-—1.

For the case where p ¢ {pi1,p2...px}, that is, when p is coprime to n,
one can notice that the entries in the pt* row of the corresponding matrix A,
are p,p+n,p+2n...p+ (n — 1)n and thus form an arithmetic progression
with p and n as coprime. Thus in this case, the prime number theorem for
arithmetic progression can be applied to find the number of primes less than or
equal to n(n — 1) + p. Thus the number of primes appearing in the arithmetic
progression can be estimated as:

_ . Li((n—1)n+p) Li((n—1)n) __ w((n—=1)n) __ (n—1)n
mnp(n(n —1) +p) # Z506050 > 00T R TUm e Dneln)-

Since the largest value ¢(x) can take is * — 1, when x is a prime, we have

R o S
In((n—1)n)e(n) = In((n—1)n)x(n—1) In((n—1)n) "

It can be easily verified that m > 2 for all n > 9. Thus the prime

number theorem for arithmetic progression guarantees that there are at least
two prime numbers in p* row of matrix A, for n > 9. As a result, when
p & {p1.p2...pr} the row sum of the pt* row of the prime indicator matrix P,
is at least 2. Thus for n > 9, if row sum of the p** is 1 then p should belong
to the set {p1,p2...pr}. Thus p|n.

O

We are now in a position to derive methods to find prime decomposition
of a given number n by employing the theorem proved above. We can safely
assume that prime indicator matrix P, for the given integer n can be computed
in O(n%log(log(n))) time. When n is an arbitrary composite number of the
form n = p;"p™2 ... pi"™* then all the factors of n can be found by traversing
down the first column of the corresponding prime indicator matrix P, and
taking a row sum each time 1 is encountered. Since there are n entries to
be checked in the first column and row sum is taken whenever a prime is
encountered, the procedure is expected to run in not more than O(n?) time.
Once all the prime factors are found, we can find the multiplicities of the
primes by finding the inverse of the prime factors and multiplying with the
number, both of which are at most O(n) operations, where inverse is calculated
exactly once and multiplication is carried out m; times for each prime factor
Di, 1 S 7 S k.

Likewise, when n is a semiprime then both the prime factors can be found
in O(n?) time by traversing down the first column and comparing the row
sum of each row with 1 if 1 is encountered as a value in the first column. Thus
forming the prime indicator matrix acts as a bottleneck for the current problem
and thus overall time complexity of finding factors of a semiprime number n
turns out to be at most O(n%log(log(n))).
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PRIME FACTORIZATION 5

Moreover, if n is a prime number then only the last row of the corre-
sponding prime indicator matrix will have a row sum of 1 and thus it can be
established that n is prime in O(n?) time (given that P, is known). For the
purpose of computations, a faster strategy of course in each of the cases above
would be to terminate the row sum calculation as soon as the sum becomes
greater than 1. Thus for purpose of computations one need to calculate only
the first k, where k is a small number compared to n columns of the prime in-
dicator matrices so that the overall complexity of computation of prime factors
becomes n.

5. Eigenvalues of a prime indicator matrix of order n

In this final section, we conjecture without proof that for n > 4, the
eigenvalues of a prime indicator matrix of order n are distributed as:

2 1 2
_(l_@_%mooa[%—i_(%_%_%)]
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