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Spacetime is conventionally treated as a four-dimensional background within which matter and
gravitational phenomena occur. Space-Clock Field Theory (SCFT-A) advances a field-first alternative:
the Lorentzian metric is the gravitational field, and physical space is the clock-orthogonal spatial state
of that field, rather than an independent background container in which gravity resides. A dynamical
scalar clock T selects the physical foliation and distinguishes cosmological clock-field time T from
matter proper time t, the invariant time measured along material worldlines. Along homogeneous
clock-comoving trajectories, the two physical times satisfy dT = Q dt, so that NT → dt/dT = Q

→1

and HT = H/Q. Because T carries stress, conjugate momentum, conserved charge, and gravitational
backreaction, this distinction changes relational observables and cannot be removed by a coordinate
transformation. The theory’s central reciprocal statement is: As physical space expands, cosmological
time contracts or moves slower; as physical space contracts, cosmological time expands or moves
faster. The expanding branch obeys the on-shell response dNT /dH < 0. An explicit unbraided
contracting branch has Q̇ > 0; this clock-rate statement has a di!erent response sign and is proved
only on its stated branch. This gravitational–clock architecture motivates the proposed extended
equivalence principle,

gravity =̂ proper acceleration =̂ physical space =̂ relativistic aether =̂ vacuum,

where =̂ denotes identity of physical sector rather than mathematical equality among curvature,
acceleration, spatial geometry, causal structure, and vacuum states. SCFT-A realizes these principles
using one universally coupled metric and one shift-symmetric scalar clock. The same operator
family admits specified approximately matter-like regimes, a late self-accelerating endpoint, and
a controlled local stationary MOND/AQUAL operator limit, without a separate cold-dark-matter
action, dark-energy fluid, bare cosmological constant, or second matter metric. These are classical
branch results, rather than a completed dark-sector unification theorem.

A convex kinetic interpolation and positive spatial derivative operators define a deliberately
constructed classical example. An explicit revised coe"cient point, ωm/H

2
d = 1030, ε = 10→140

and ϑ = 10→6, replaces uncertified numerical extrema by proved su"cient bounds. It preserves all-
momentum local scalar positivity and a positive tensor spectrum. A generalized endpoint polynomial
proves positive scalar kinetic and restoring coe"cients, and an exact decreasing energy controls every
endpoint scalar mode despite redshifting momentum. The revised stationary correction ratio is strictly
below 10→14 at a declared subhorizon scale. Both homogeneous backgrounds and all 42 finite-time
ideal-fluid responses are recomputed; the largest sampled unit response is 1.0011357323900973. The
companion supplies the gravitational and ideal-fluid cubic functionals. The vacuum gravity–clock
Cauchy problem is locally Hadamard well posed on the strongly regular boundaryless torus domain
specified below, including lapse–trace reconstruction, existence, uniqueness, continuous dependence,
and constraint propagation. The stated results concern this classical local domain and do not make
claims about a strong-coupling completion, radiative protection, nonlinear bounded-domain evolution,
unspecified visible-matter dynamics, or nonlinear cosmological galaxy matching.

I. INTRODUCTION

The standard cosmological model gives an economical account of the background expansion, the cosmic microwave
background, and large-scale structure by supplementing general relativity with cold dark matter and a cosmological
constant [1–3]. Its empirical success does not identify the microscopic nature of dark matter, remove the radiative
instability of vacuum energy, or explain why the matter and acceleration scales are comparable at the present epoch
[4, 5]. These open questions allow a logically distinct possibility: the gravitational e!ects assigned to two dark
substances may arise from additional dynamics within the gravitational sector itself.

The starting point of Space-Clock Field Theory is operational. Cosmological expansion is inferred through relations
among clocks, photons, redshifts, rulers, and freely falling matter. A derivative called an expansion rate is therefore
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meaningful only after the physical clock with respect to which it is taken has been specified. This observation does
not permit a coordinate lapse to create new physics: a relabeling of time leaves relational observables unchanged. It
instead motivates a theory in which the clock is a covariant field with stress, conjugate momentum, and backreaction.

The physical interpretation is field first. The Lorentzian metric gµω is the gravitational field, and its projection
onto the leaves selected by a scalar clock T is the instantaneous spatial geometry. There is no additional background
container in which the gravitational field resides. Matter proper time t and clock-field time T are distinct physical
functionals of one solution, related on a homogeneous clock-comoving trajectory by

dT = Q dt, NT → dt

dT
= 1

Q
, HT = H

Q
. (1)

We define a reciprocal branch by an on-shell response: the matter-clock interval per unit field time decreases as the
expansion rate increases,

dNT

dH
< 0. (2)

The motivating interpretation is that the physical clock rate can decrease as space expands. In the expanding
benchmark studied here this means Q↑ = dQ/d ln a < 0. The response in Equation (2) is a separate condition involving
H ↑, not a consequence of H > 0 alone. At an exact de Sitter point Q↑ = H ↑ = 0, the response is defined only as a limit
along a specified neighboring solution. The unbraided contracting construction in Section VII D proves Q̇ > 0 when
H < 0. It does not establish a contracting extension through the nonzero braid.

This decomposition motivates the extended equivalence principle

gravity =̂ proper acceleration =̂ physical space =̂ relativistic aether =̂ vacuum. (3)

The symbol =̂ denotes identity of physical sector, not equality between tensors or observables of di!erent mathematical
type. Curvature, an observer’s four-acceleration, the induced spatial metric, a causal cone, and a vacuum solution
remain distinct objects. The statement is that they are dynamical, kinematic, geometric, causal-inertial, and state
descriptions of one gravitational–clock architecture. In particular, identifying physical space with the clock-orthogonal
state of the metric does not erase the distinction between removable connection coe"cients and invariant tidal curvature.

A coordinate-only clock cannot realize these ideas. If a homogeneous clock has no action, stress, momentum,
constraint contribution, or nontrivial coupling, the lapse cancels from the Friedmann equations and no relational
observable changes. The theory must therefore cross a precise no-free-clock boundary by making T dynamical.

The single-metric seed operator template is

Sseed = M2

Pl

2

∫
d4x

↑
↓g

[
R + 2K(Q) + 2B(Q)! ↓ 2a2

0
J (Y )

]
+ Svis[”, gµω ]. (4)

Here Q is the norm of the timelike clock gradient, ! is the expansion of the clock congruence, and Y is its squared
acceleration in units of a2

0
. All visible matter, photons, neutrinos, and tensor gravitational waves couple to the same

metric. The function K(Q) supplies the exterior finite-sti!ness, approximately pressureless regime; B(Q)! kinetically
braids the clock norm with expansion and permits late self-acceleration; and J (Y ) modifies the stationary lapse
constraint to give a MOND/AQUAL-type galactic force law. The completed SCFT-A action below changes the kinetic
function in a small neighborhood of Q = 1 and adds spatial operators with positive floors. Its spatially flat exterior
background agrees with this seed template; its exterior perturbation action di!ers. The action contains no separate
cold-dark-matter action, dark-energy fluid, bare cosmological constant, or second matter metric.

The closest action-level precedents are kinetic gravity braiding and relativistic khronon theories [6–9]. The former
supplies scalar–metric kinetic mixing and self-accelerating branches; the latter combines a scalar foliation, generalized-
dark-matter behavior, MOND-like galactic dynamics, and universal metric coupling. The present construction adds
the reciprocal clock condition, a compact braiding sector that generates acceleration without J (0) or a bare #, and a
field-first interpretation in which the same scalar is the physical ordering field. It is also distinct from TeVeS and AeST,
which contain an independent vector sector [10, 11]; from mimetic dust, which uses an exact constraint [12, 13]; and
from timescape cosmology, where clock di!erences arise from inhomogeneous averaging rather than a local propagating
clock scalar [14, 15].

The completed action is specified in Equation (59). Its compact kinetic interpolation matches the local DBI
exterior to all orders, while its spatial completion has uniform positive floors. The all-momentum local-transition
theorem in Theorem XIII.1 includes every switch derivative. The exact nonlinear auxiliary operators and their
coercive domain appear in Sections VI A and VI L. The nonlinear results are distinguished in Section XIV C: the exact
vacuum gravity–clock Cauchy equations are locally Hadamard well posed on an open strongly regular boundaryless
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torus domain, with tame lapse–trace reconstruction, a loss-free sixth-order energy, existence, uniqueness, continuous
dependence, and propagation of the full constraint set. The theorem is local in time and does not assert a nonlinear
initial-boundary-value result or an unconditional extension to an unspecified visible-matter evolution system.

Every numerical perturbation result in this paper is calculated from Equation (59), with the spatial completion
retained. The homogeneous exterior is unchanged, but its perturbations are not. The completed matter reduction
gives the fixed-background ultraviolet factor Equation (445), the canonical evolution Equation (482), and the nonzero
metric slip Equation (486). The response calculation on 1 ↔ a ↔ 10 uses a specified finite-time baryon-density input,
not a primordial transfer prescription. No two-derivative mode data are used as evidence for the completed action.

The revised coe"cient point separates the local spatial scale from H↓1

d
. Its endpoint spectrum and decreasing

scalar energy are proved in Sections XII B and XII C; its stationary hierarchy is checked exactly in Section XX C. The
switches, floors, and very small coupling are existence choices supported by inequalities. No microscopic mechanism
selects them. The source-free and loaded numerical backgrounds, figures, and response tables below all use the revised
point.

A. Conventions

The metric signature is (↓, +, +, +) and c = ⊋ = 1. The coe"cient of the Einstein–Hilbert term defines the action-
level coupling G→ → (8ωM2

Pl
)↓1. For the acceleration function adopted below, the locally measured high-acceleration

Newton constant is GN = εNG→. Greek indices are spacetime indices and Latin indices are spatial indices on a
clock-selected leaf. A dot denotes di!erentiation with respect to matter proper time t unless another time variable is
displayed explicitly. The clock field T has dimensions of time, so Q is dimensionless; K has dimensions of inverse time
squared, B of inverse time, a0 of inverse time, and J is dimensionless.

II. COVARIANT SPACE-CLOCK KINEMATICS

The four-dimensional metric description is retained exactly. The physical proposal is that operational spacetime is
reconstructed from a gravitational field, a clock field, matter fields, and their couplings, rather than treated as an
additional substance beyond those fields. A di!erentiable manifold supplies topology, di!erentiability, tensor bundles,
and an integration domain; lengths, durations, and causal relations arise only after the dynamical fields are specified.

A. Clock geometry and physical space

Let T (x) have timelike gradient on a domain U ↗ M,

Q →
√

↓gµω↘µT↘ωT > 0. (5)

The future-directed unit normal to the leaves T = constant and the orthogonal projector are

uµ = ↓↘µT

Q
, hµω = gµω + uµuω , hµ

ωuω = 0. (6)

The intrinsic spatial geometry is the pullback of hµω to a leaf $T . The Lorentzian metric recomposes exactly as

gµω = hµω ↓ uµuω . (7)

This is the orthogonal decomposition of one metric, not a second-metric construction. The expansion and acceleration
of the clock congruence are

! → ↘µuµ, (8)
Aµ → uω↘ωuµ = ↓hµ

ω↘ω ln Q, (9)

Y → AµAµ

a2

0

≃ 0. (10)

On an FLRW solution, Aµ = 0 and ! = 3H.
The field-first interpretation can be stated precisely. The metric is the gravitational field; hµω is its clock-

orthogonal spatial state; and T supplies physical temporal ordering, foliation, momentum, calibration, and backreaction.
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Operational spacetime is the collection of relational observables generated by (gµω , T, ”) and their couplings. Thus
physical space is not a passive container surrounding gravity. It is the geometry carried by the gravitational field on
the simultaneity leaves selected by the clock.

If ε lies within one leaf, its spatial length is

L[ε; T0] =
∫

ε

√
hµω dxµdxω . (11)

For a timelike worldline % followed by matter universally coupled to gµω , the proper time is

t[%] =
∫

!

√
↓gµω dxµdxω . (12)

The scalar value T is not automatically equal to this proper time. Coordinate time x0 is a chart label, clock-field time
T orders the preferred foliation, and matter proper time t is the invariant worldline functional in Equation (12).

B. Dual time with one physical metric

Along a homogeneous worldline comoving with the clock congruence,
dT

dt
= uµ↘µT = Q, dT = Q dt, NT → dt

dT
= 1

Q
. (13)

There are therefore two physical derivatives of one scale factor,

H → 1
a

da

dt
, HT → 1

a

da

dT
= NT H = H

Q
, H = QHT . (14)

No second metric is required. The distinction between t and T is physical because T is a field with its own momentum
and stress. For any homogeneous scalar observable F ,

dF

dT
= NT

dF

dt
= 1

Q

dF

dt
. (15)

Definition II.1 (Reciprocal space-clock branch). A homogeneous solution belongs to the reciprocal space-clock branch
on an interval if Q > 0, H > 0, and

dNT

dH
< 0 (16)

along the physical cosmological trajectory. Equivalently, Q and H vary in the same direction whenever Ḣ ⇐= 0.
The reciprocal statement is therefore an on-shell response of one physical clock to the gravitational evolution, not a

coordinate convention.

III. EXTENDED EQUIVALENCE PRINCIPLE

The ordinary equivalence principle identifies local freely falling physics with special-relativistic physics at an event. It
does not identify curvature with proper acceleration and does not remove tidal e!ects. The present extension preserves
these distinctions while asserting that gravity, acceleration, physical space, relativistic aether, and vacuum need not be
independent substrates.

Let

GT →
(
gµω , T ; Sgrav+clock, Scoupling

)
(17)

denote the gravitational–clock sector. We write

gravity =̂ proper acceleration =̂ physical space =̂ relativistic aether =̂ vacuum, (18)

where =̂ denotes identity of physical sector rather than equality of mathematical type.
Postulate III.1 (Extended equivalence principle). Gravity, proper acceleration, physical space, relativistic aether,
and vacuum are respectively the dynamical, local-kinematic, spatial-geometric, causal-inertial, and state descriptions
of the single gravitational–clock sector GT . This role identity does not license componentwise identification of the
Riemann tensor, an observer’s four-acceleration, the induced metric, a characteristic cone, or a vacuum solution.
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A. Curvature and proper acceleration

For an observer with unit tangent wµ, proper acceleration is

aµ[w] = wω↘ωwµ, aµwµ = 0. (19)

A freely falling observer has aµ = 0 even in curved geometry, whereas a Rindler observer has aµ ⇐= 0 in flat geometry.
At an event one may choose local inertial coordinates satisfying

gµω(p) = ϑµω , %µ
ϑϖ(p) = 0, (20)

but geodesic deviation remains

D2ϖµ

dt2
= ↓Rµ

ωϑϖwωϖϑwϖ . (21)

The extended principle therefore relates physical roles without erasing the invariant distinction between kinematics
and curvature.

B. Space, aether, and vacuum

On each leaf $T , hµω determines lengths, areas, volumes, and intrinsic curvature. In this precise sense, physical space
is the state of the gravitational field after the clock field specifies simultaneity. Tensor perturbations transverse and
traceless with respect to hij describe spatial strain. Perturbative quantization of a healthy tensor sector would identify
its spin-two quanta as gravitons. The classical tensor calculation below neither demonstrates graviton detection nor
constructs a quantum completion.

The term relativistic aether refers to a causal and inertial field structure, following Einstein’s nonmechanical
terminology [16]. The dynamical preferred foliation can nevertheless produce preferred-frame gravitational e!ects;
universal matter coupling alone does not exclude them. The preferred direction uµ is physical because it is constructed
from the dynamical clock, while photons and tensors share the low-momentum propagation speed. The completed
tensor action is dispersive at finite momentum, as derived in Section XI.

Vacuum denotes a source-free, ground-state, or low-invariant solution of the coupled field equations, with its precise
meaning fixed by the action and boundary conditions. It is not the absence of gµω or T , and it need not be globally
flat. This interpretation does not by itself cancel quantum vacuum energy; it specifies which field state carries the
classical late-time stress.

IV. COORDINATE-ONLY CLOCK THEOREM

A field-first interpretation does not make a clock physical by assertion. A scalar used only as a label is gauge.

Theorem IV.1 (Coordinate-only clock no-go). Let gravity be described by the Einstein–Hilbert action, let all matter
species be minimally coupled to one metric gµω , and let a proposed homogeneous clock carry no stress, no conjugate
momentum, no modification of the gravitational constraint, and no nontrivial matter coupling. Replacing a coordinate
time by that clock cannot alter any relational cosmological observable, including the Friedmann and acceleration
equations measured by matter proper time.

Proof. Write

ds2 = ↓N2(T )dT 2 + a2(T )dx2, dt = NdT, H = 1
N

1
a

da

dT
. (22)

For comoving matter, G00 = 3N2H2 and T00 = N2ϱ, so the common factor cancels:

3M2

Pl
H2 = ϱ. (23)

For pressureless matter and radiation, ϱm ⇒ a↓3 and ϱr ⇒ a↓4, while the spatial equation gives
ä

a
= ↓ϱm + 2ϱr

6M2

Pl

↔ 0. (24)

Neither equation depends on the coordinate lapse. A monotonic replacement T ⇑⇓ f(T ) changes N and the coordinate
derivative but leaves t, H, redshift, and all relational observables unchanged.
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Corollary IV.2 (Physicality criterion). A reciprocal clock relation can a!ect observables only if the clock carries
e!ective stress or a conserved charge, modifies a gravitational constraint or kinetic operator, or enters a specified
nontrivial coupling. A dynamically empty lapse cannot produce missing gravity.

The action in Equation (4) crosses this boundary in three ways: the K and B terms contribute stress and change
the lapse constraint, shift symmetry produces a conserved clock charge, and J (Y ) modifies the weak-field constraint.
Space-Clock Field Theory is therefore a modified-gravity theory with a physical clock degree of freedom.

The technical contribution studied below is a classical construction with positive scalar quadratic coe"cients on
specified vacuum backgrounds. The construction is an existence example within an established foliation-based operator
class. It is not presented as a demonstrated replacement for the observed dark sector. In particular, the low-charge
DBI interval and the cosmological branch ending at Qd are di!erent solution regimes, and the revised coe"cients
supply a controlled local stationary ordering at a declared subhorizon scale. No claim of cosmologically matched
galactic behavior is made beyond that stated local operator regime. These distinctions delimit the opening motivation;
the exact scale test is given in Sec. XX C.

V. SINGLE-METRIC ACTION AND THE FIXED SCFT-A BENCHMARK

The final SCFT-A action is a single-metric, single-clock theory. The exterior seed functions (KA, BA, JA) define the
reference cosmology. The adopted functions are the convex local kinetic profile K̃, the smoothed acceleration function
JA,ϱ, and the positive spatial coe"cients ς, φ, ↼6, ϑR. The decomposition is

SSCFT↓A = SEH + ST + Svis, (25)

SEH = M2

Pl

2

∫
d4x

↑
↓g R, (26)

Svis =
∑

A

SA[”A, gµω ], A ⇔ {baryons, photons, neutrinos, Standard Model fields}. (27)

There is no Scdm, no SDE, no cosmological-constant term, and no metric other than gµω . The action is invariant under
spacetime di!eomorphisms and under the internal shift

T ⇑↓⇓ T + T0. (28)

The shift symmetry excludes an arbitrary clock potential and produces the conserved quantity that controls the
homogeneous evolution.

A. Seed normalization, exterior branch, and exact-vacuum plateau

The seed exterior functions are normalized at the reference point Qm = 1 by

KA(1) = 0, KA,Q(1) = 0, KA,QQ(1) = ↽m > 0, (29)

and a constant part of BA is fixed by

BA(1) = 0. (30)

For the galactic function we impose

JA(0) = 0, (31)

so the homogeneous FLRW background does not inherit an acceleration from an additive constant in the MOND
sector. Within the seed operator set and its exact MOND normalization, finite sti!ness at the exact flat vacuum gives
the negative quadratic direction derived in Section XII J. The revised theory therefore replaces the seed function only
inside a compact clock-norm neighborhood of Q = 1.
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B. Operator roles

The exterior K sector controls clock sti!ness, conserved charge, and the matter-like regime; B! supplies expansion–
clock braiding. The acceleration term modifies the stationary lapse constraint. The completed action replaces the old
momentum-independent ↓⇀M!2 repair by ↓ς(Q)Di!Di!, retains ↓φ(Q)(3)RDiAi, and adds ↓↼6Di

(3)RjkDi(3)Rjk.
The last term supplies a positive sixth-order tensor restoring contribution. The additional ↓ϑR

(3)R 2 term supplies a
positive fourth-order scalar restoring contribution. These are spatial derivatives in the clock foliation; they introduce
no lapse or shift time derivative.

C. Explicit benchmark SCFT-A

The functional freedom is reduced to one fixed benchmark family whose branch geometry is specified directly in the
action. For CT > 0 in the exterior seed region, the unbraided current gives KA,Q = CT a↓3 > 0 and hence Q > Qm.
A continuous trajectory carrying finite positive charge cannot cross a point at which KA,Q = BA,Q = 0, because the
left-hand side of the current equation would vanish there. The displaced late point is placed on the same side of the
seed condensate,

Qm = 1, Qd = 1 + &Q, &Q > 0. (32)

Late braiding is confined to a compact clock interval so that it is absent both near Qm and again at very high charge.
Define the standard flat switch

f(x) =
{

0, x ↔ 0,

exp(↓1/x), x > 0,
S(x) = f(x)

f(x) + f(1 ↓ x) , (33)

and set

ϖ(Q) = Q ↓ 1
&Q

, ςA >
1
4 , W (Q) = S(4ϖ ↓ 2)S

(
1 + ςA ↓ ϖ

ςA ↓ 1

4

)
. (34)

The window is C↔ and obeys

W (Q) = 0, Q ↔ QL or Q ≃ QR, QL → 1 + &Q

2 , QR → 1 + (1 + ςA)&Q, (35)

W (Q) = 1, 1 + 3&Q

4 ↔ Q ↔ 1 + 5&Q

4 . (36)

The globally evolving benchmark in Section XVII fixes ςA = 30 before the trajectory is integrated; it is not varied as a
redshift-dependent fit function.

Let

KDBI(Q) = ↽m

⇀D

[
1 ↓

√
1 ↓ ⇀D(Q ↓ 1)2

]
, (37)

Kd(Q) = ↓3H2

d
↓ 3Hdbd(Q ↓ Qd) + ↽d

2 (Q ↓ Qd)2, (38)

with
Hd > 0, ↽m > 0, ⇀D > 0, bd > 0,

↓3
2b2

d
< ↽d < 0, 0 < Qdbd < 2Hd, ⇀D [(1 + ςA)&Q]2 < 1.

(39)

Define the real DBI interval and the final positive-clock action domain by

Q↓ → max
{

0, 1 ↓ ⇀↓1/2

D

}
, Q+ → 1 + ⇀↓1/2

D
, DDBI = (Q↓, Q+), DQ = (Q↓, ↖). (40)

On the low- and intermediate-charge part of the seed exterior function, Q ↔ QR, define

KA(Q) = [1 ↓ W (Q)]KDBI(Q) + W (Q)Kd(Q), Q ↔ QR, (41)
BA(Q) = bd(Q ↓ Qd)W (Q), Q ⇔ DQ. (42)

The kinetic function matches the DBI profile to all orders at QR and is continued smoothly for Q > QR by the
primordial definition in Section XVI B; the finite DBI boundary is therefore not part of the final SCFT-A action
domain.
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D. An exact convex kinetic interpolation

The local construction fixes ⇀D = 1, as in the displayed cosmological benchmark. It is given first for Q > 1. Set

Qa = 1001
1000 , Qb = 101

100 , L = Qb ↓ Qa = 9
1000 , ⇁ = 1

106
. (43)

Write U = ↽mu, where ↽m > 0, and use the local exterior function

ue(Q) = 1 ↓
√

1 ↓ (Q ↓ 1)2. (44)

The step agrees with Equation (33); define the accompanying bump by

S(z) =






0, z ↔ 0,

[1 + exp(1/z ↓ 1/(1 ↓ z))]↓1, 0 < z < 1,

1, z ≃ 1,

b(z) =
{

e↓1/[z(1↓z)], 0 < z < 1,

0, otherwise.
(45)

The endpoint data, ramp, and two moments are

Fb = u↑
e
(Qb) = 1↑

9999
, ub = ue(Qb) = 1

100(100 +
↑

9999)
,

gR(Q) = u↑↑
e
(Q)S

(
Q ↓ Qb + ⇁

⇁

)
, Gj =

∫
Qb

Qa

QjgR(Q)dQ (j = 0, 1),

F0 = Fb ↓ G0, Q̄ = QbFb ↓ ub ↓ G1

F0

. (46)

For φς(Q) = b((Q ↓ Qa)/L)eς(Q↓Qa)/L, choose the unique real θ and the positive constant c satisfying


Qb

Qa
Qφς(Q)dQ


Qb

Qa
φς(Q)dQ

= Q̄, c = F0
Qb

Qa
φς(Q)dQ

. (47)

Define

u(Q) =






0, Q ↔ Qa,
∫

Q

Qa

(Q ↓ r)[gR(r) + cφς(r)]dr, Qa < Q < Qb,

ue(Q), Q ≃ Qb in the local DBI region.

(48)

Lemma V.1 (Existence, convexity, and all-orders matching). Equations (47)–(48) define a C↔ function. Its derivatives
F = u↑ and g = u↑↑ are strictly positive on (Qa, Qb). All derivatives match the zero plateau and the local exterior
function.

Proof. On the ramp support, 0 < u↑↑
e

< 2, and hence 0 < G0 < 2⇁. The exact rational bounds
1

100 < Fb <
1
99 ,

1
20000 < ub <

1
19900 (49)

give

F0 >
1

100 ↓ 2⇁ > 0,

ub ↓ (QbG0 ↓ G1) >
1

20000 ↓ 2⇁2 > 0,

LFb ↓ ub ↓ (G1 ↓ QaG0) >
L

100 ↓ 1
19900 ↓ 2L⇁ > 0. (50)

The last two inequalities say Qa < Q̄ < Qb. The derivative of the weighted mean in (47) is Varς(Q)/L > 0; its limiting
values are Qa and Qb. Thus θ exists uniquely. The total mass of gR + cφς is Fb, and its first moment is QbFb ↓ ub.
These give the value and first derivative at the right endpoint. The ramp matches u↑↑

e
to every order there; the bump is

flat at both ends. At the left endpoint every derivative vanishes. Finally g > 0 inside, and F (Q) =


Q

Qa
g(r)dr > 0.
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An even extension about Q = 1 defines the lower local coe"cient profiles: replace their argument by 1 + |Q ↓ 1|.
The central functions are constant, so the absolute value creates no nonsmoothness. Outside |Q ↓ 1| < 1/100,
retain the original full exterior SCFT-A kinetic, braid, and acceleration-prefactor functions. The spatial completion
operators retain the positive coe"cients (322); consequently the homogeneous exterior solution is unchanged, while its
inhomogeneous perturbation action contains the uniform completion. The positive floors are part of the action at
every clock norm. No source-free flat expanding branch is asserted on the lower side: there QU ↑ ↓ U < 0.

K̃(Q) =
{

↽mu(1 + |Q ↓ 1|), |Q ↓ 1| < 1/100,

KA(Q), |Q ↓ 1| ≃ 1/100,
d1 = 1

1000 , d2 = 1
100 . (51)

The plateau is |Q ↓ 1| ↔ d1, and the matching surfaces are |Q ↓ 1| = d2. In particular,

d2 = 1
100 < QL ↓ 1 = 3

200 < Qd ↓ 1 = 3
100 . (52)

The parameter ↽m remains the exterior seed sti!ness; it is not K̃,QQ(1), which vanishes exactly.
The acceleration function is fixed by a constraint-safe MOND interpolation. Introduce one dimensionless high-

acceleration transition parameter

sN > 1, εN → 1 + 1
sN

, (53)

and define, for s ≃ 0,

µA(s) → 1 ↓ 1
(1 + s) (1 + s2/s2

N
) . (54)

The seed acceleration function is the unique normalization with JA(0) = 0 and

JA,Y (Y ) = µA(
↑

Y )
εN

↓ 1, JA(Y ) =
∫

Y

0


µA(

↑
z)

εN

↓ 1


dz, Y ≃ 0. (55)

A closed elementary form for this seed is given in Supplemental Material, Eq. (D23). With G→ → (8ωM2

Pl
)↓1, the

locally measured high-acceleration Newton constant is
GN = εNG→. (56)

The base acceleration operator is

ĴA(Q, Y ) → $A(Q)JA(Y ), (57)
where the positive clock-norm profile $A(Q) is specified exactly in Equations (452) and (453). It equals unity
throughout the vacuum, late-time, and stationary galactic sectors.

E. Smooth acceleration tip

The adopted acceleration function regularizes the seed tip exactly. For ▷ > 0 first let

µ̂ϱ(Y ) = [1 ↓ S((Y ↓ ▷2)/(3▷2))]µ(▷)
▷2

Y + S((Y ↓ ▷2)/(3▷2))µ(
↑

Y ),

Aϱ =

∫
4ϱ

2

0

[µ(
↑

z) ↓ µ̂ϱ(z)] dz

∫
4ϱ

2

0

b(z/(4▷2)) dz

, µϱ(Y ) = µ̂ϱ(Y ) + Aϱb(Y/(4▷2)),

JA,ϱ(Y ) =
∫

Y

0


µϱ(z)

εN

↓ 1


dz. (58)

Here µ(s) = µA(s), and S, b are defined in Section V D. The denominator defining Aϱ is positive. The moment
condition makes JA,ϱ = JA exactly for Y ≃ 4▷2, while both vanish at Y = 0. Near Y = 0, µϱ(Y ) = µ(▷)Y/▷2 plus a
smooth function flat at zero, so JA,ϱ is C↔ as a function of the Cartesian components qi. The subscript ▷ denotes the
adopted regularization; the seed function remains JA.
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TABLE I. Parameter ledger for the revised SCFT-A benchmark. The locally measured Newton constant fixes the action-level
Planck scale only after sN fixes ϖN. The spatial coe"cients have exact positive floors and are fixed by the construction.

Symbol Dimension Restriction/status Function in the benchmark

MPl time
→1

G↑ = (8ωM
2
Pl)

→1
Tensor/action gravitational normalization; GN = εNG↑.

Hd time
→1

Hd > 0 Sets the late self-accelerating fixed-point scale.

a0 time
→1

a0 > 0 Fixed low-acceleration scale in Y = A2
/a

2
0; it is not promoted to

a0(H) in SCFT-A.

sN 1 sN > 1 Transition to the s
→3

Newtonian tail and su!cient lapse-Hessian

o"set.

!Q 1 !Q > 0 and Equation (39) Places Qd = 1 + !Q and fixes the lower switch and late plateau.

ϑA 1 ϑA > 1/4; fixed to 30 in Sec-

tion XVII

Controls the upper return from the late plateau to the unbraided

high-charge completion.

ϖD 1 ϖD > 0 Controls the exterior DBI profile and all-orders matching data at

QR; the asymptotic high-charge slope is ϖ↓ = 8.

ϱm time
→2

ϱm > 0 Curvature of the exterior seed KA near Q = 1; it is not K̃,QQ(1).

ς 1 Exact positive value in

Equation (339)

Fixes the uniform trace-gradient and curvature-gradient coe!-

cients.

φ, ϑ time
2

Equation (321) Uniform spatial operators; ↼6 = ς
2
/ϱ

2
m.

↽R time
2

1/(2ϱm) Constant intrinsic-curvature coe!cient; positive endpoint restor-

ing completion.

bd time
→1

bd > 0 and Qdbd < 2Hd Late braiding slope; the upper bound keeps the infrared endpoint

momentum coe!cient positive.

ϱd time
→2 →3b

2
d/2 < ϱd < 0 Late curvature; the chosen curvature satisfies ”d > 0; the recipro-

cal sign uses the full finite-charge limit in Equation (182).

CT time
→2

initial data, normally CT >

0

Conserved homogeneous clock charge; fixes the amplitude of the

exterior matter-like clock contribution.

Visible data model dependent initial densities and pertur-

bations

Baryons, photons, neutrinos, and Standard Model fields in Svis;

no cold-dark-matter density is added.

F. Adopted action and the analytic reference truncation

SSCFT↓A = M2

Pl

2

∫
d4x

↑
↓g

[
R + 2K̃(Q) + 2BA(Q)! ↓ 2a2

0
$A(Q)JA,ϱ(Y )

↓ ς(Q)Di!Di! ↓ φ(Q)(3)RDiAi

↓ ↼6Di
(3)RjkDi(3)Rjk ↓ ϑR

(3)R 2

]
+ Svis.

(59)

All spatial contractions are intrinsic to the clock leaf. The coe"cient dimensions and exact floors are

[ς] = [φ] = [ϑR] = time2, [↼6] = time4, ς ≃ ◁

2↽m

> 0, φ ≃ 1
2↽m

> 0, ↼6 = ◁2

↽2
m

> 0, ϑR = 1
2↽m

> 0. (60)

The ordered profiles and the exact positive choice of ◁ are Equations (321) and (339); the regulator is Equation (157).
These are fixed action data, not functions fitted to an evolution. No momentum-independent trace-square repair term
is present. The floors persist in the exterior; their homogeneous values cannot be used to omit their perturbations. We
denote by S0 the reference action obtained by setting ς = φ = ↼6 = ϑR = 0, restoring the seed kinetic function KA in
place of the local plateau K̃, and restoring JA in place of JA,ϱ. In the exterior the completed and base actions share
exactly the same spatially flat homogeneous solutions.

Equivalently, after GN and sN fix MPl, the independent action information may be recorded as one dimensional
scale and eight dimensionless ratios,

ωA =
(

Hd,
a0

Hd

, sN, &Q, ςA, ⇀D,
↽m

H2

d

,
bd

Hd

,
↽d

H2

d

)
. (61)

Here ⇀D = 1 in the integrated local construction; ◁ = 10↓140 and ▷ = 10↓6 are fixed rational choices certified by
su"cient bounds. For the revised point a0/Hd = 1 and sN = 10.
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Proposition V.2 (SCFT-A endpoint and vacuum identities). The low/intermediate seed functions (41) and (42) are
C↔ through the matching point QR; the high-charge definition in Section XVI B extends KA smoothly over the full
DQ. The repaired functions satisfy

K̃(1) = K̃,Q(1) = K̃,QQ(1) = 0, KA,QQ(1) = ↽m,
dnBA

dQn
(1) = 0 (n ≃ 0), (62)

K̃(Qd) = KA(Qd) = ↓3H2

d
, K̃,Q(Qd) = ↓3Hdbd, K̃,QQ(Qd) = ↽d, (63)

BA(Qd) = 0, BA,Q(Qd) = bd, BA,QQ(Qd) = 0. (64)

Consequently the zero-charge de Sitter equations are identities at (Qd, Hd), while

D(Qd, Hd) = ↽d < 0,
B,Q

D


d

= bd

↽d

< 0, ’,Q(Qd) = (d = ↽d + 3
2b2

d
> 0. (65)

Thus the benchmark has a simple algebraic late endpoint, a positive combined Dirac/scalar rank coe"cient, a repaired
exact zero-charge Minkowski state, and the reciprocal source-free approach established by Equation (182). The endpoint
and di!erentiability identities are proved in Supplemental Material, Appendix F; the exact local-vacuum positivity is
proved in Section XIII.

G. Intrinsic spatial curvature completion

The final action contains the local foliation invariant

&SR = ↓M2

Pl
ϑR

2

∫
d4x

↑
↓g (3)R 2, ϑR = 1

2↽m

, ϑRH2

d
= 1

2 · 1030
. (66)

Here (3)R is the intrinsic scalar curvature of the leaves of the existing clock T . It is not the four-dimensional Ricci
scalar. Intrinsic spatial curvature operators belong to the established spatially covariant operator basis [18, 36]. The
coe"cient is constant, is fixed in the action, and adds no free parameter to the displayed benchmark.

On a spatially flat homogeneous state (3)R = 0, so this term and its first variation vanish. The background clock
current, Friedmann equations, reciprocal branch, and late self-acceleration therefore remain unchanged. In the clock
slicing (3)R depends only on the spatial metric and its spatial derivatives. The term has no metric, lapse, or shift
velocity. For the scalar perturbation, ◁(3)R = ↓4a↓2021, giving

&L(2)

R

M2

Pl
a3

= ↓8ϑRp412, &K = 0, &V = 8ϑRp4 > 0. (67)

It also leaves the flat-FLRW tensor quadratic action unchanged, because the first-order intrinsic scalar curvature of a
transverse-traceless tensor is zero. These facts allow the endpoint to be corrected without changing the background
solution or introducing a higher-time-derivative mode. The full nonlinear Hamiltonian acquires the potential and lapse
source displayed in Equation (83); the stationary and interaction equations below retain the same operator.

H. Relation of the braiding term to kinetic gravity braiding

The term B(Q)! contains second derivatives of T in covariant notation, but it belongs to a degenerate, second-order
scalar–tensor structure. The vacuum repair operators are not part of this kinetic-braiding map; they are spatial
foliation operators on the clock leaves and are audited separately in Section XIII. Define

X → ↓1
2↘µT↘µT = Q2

2 . (68)

Using uµ = ↓↘µT/Q and discarding a boundary term,

B(Q)! = ↓ B
Q
↭T + B

Q2
↘µT↘µQ

.= B,Q

Q
↘µT↘µQ = B,Q

Q2
↘µT↘µX, (69)
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where .= denotes equality up to a total divergence. If G3(X) is defined by

G3,X(X) = B,Q

Q2
,

dG3

dQ
= B,Q

Q
, (70)

then

B(Q)! .= ↓G3(X)↭T. (71)

This is the standard shift-symmetric kinetic-gravity-braiding sector [6]. The acceleration operator contributes spatial
lapse derivatives. The four additional spatial operators require the separate Legendre and constraint analysis below.
Remark V.3. Equation (71) is an identity of the action up to a boundary term. It does not prove that every choice
of K, B, and J is stable. It establishes that the higher-derivative covariant appearance of the braiding operator is
degenerate in the standard kinetic-braiding sense.

I. Metric and clock equations

The metric equation can be written without concealing any source:

M2

Pl
Gµω = T vis

µω
+ T T

µω
, T T

µω
→ ↓ 2↑

↓g

◁ST

◁gµω
. (72)

The K contribution is exactly

T (K)

µω
= M2

Pl
[K gµω + QK,Quµuω ] . (73)

The braiding and acceleration contributions are most compactly defined by

E(B)

µω
→ ↓ 2↑

↓g

◁

◁gµω

∫
d4x

↑
↓g B(Q)!, (74)

E(J )

µω
→ ↓ 2↑

↓g

◁

◁gµω

∫
d4x

↑
↓g a2

0
J (Y ), (75)

so that

T T

µω
= T (K)

µω
+ M2

Pl
E(B)

µω
↓ M2

Pl
E(J )

µω
+ T (sp)

µω
. (76)

Here the acceleration variation uses $A(Q)JA,ϱ(Y ) and T (sp)

µω = ↓2(
↑

↓g)↓1◁Ssp/◁gµω includes all four spatial
operators of Equation (59). The explicit FLRW and weak-field components are derived below and in the appendices.
Keeping the covariant equation in variational form avoids hiding integrations by parts or branch assumptions inside an
overcompressed expression.

Because the action is shift symmetric, the clock equation is a conservation law,

↘µJ µ

T
= 0. (77)

For a Lagrangian with second derivatives, the exact Noether current may be represented as

J µ

T
= 0LT

0(↘µT ) ↓ ↘ω


0LT

0(↘µ↘ωT )


, (78)

This second-derivative representation applies to the base clock Lagrangian. The completed current also contains the
higher spatial-jet terms obtained by repeated integration by parts, or equivalently by promoting T ⇑⇓ T + ⇁(x) in the
full action and collecting the coe"cient of ↘µ⇁. Those contributions vanish on a spatially flat homogeneous background.
The acceleration contribution is therefore included once. On FLRW it vanishes because Y = 0 and J (Q, 0) = 0,
including for the regulated operator. With this convention J 0

T
= M2

Pl
F on the background. The conserved current

Jµ

KB
in Supplemental Material, Eq. (B4) uses the opposite overall sign and omits M2

Pl
, so J µ

T
= ↓M2

Pl
Jµ

KB
when the

acceleration term is absent.
Di!eomorphism invariance gives the Noether identity

↘µ
(
M2

Pl
Gµω ↓ T vis

µω
↓ T T

µω

)
= (↘µJ µ

T
) ↘ωT. (79)

Thus the clock equation and metric Bianchi identity are mutually consistent, while universal matter coupling gives
↘µT vis

µω
= 0 on the matter equations of motion.
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VI. NONLINEAR HAMILTONIAN AND CONSTRAINT STRUCTURE

A. Operator Legendre map for the completed action

Use clock coordinates T = x0, Q = N↓1, qi = Di ln N , d = Diqi, and the canonical momentum density ωij . Set
P = ω/(M2

Pl

↑
h) and P ij

TF
= (ωij ↓ ωhij/3)/(M2

Pl

↑
h). The full metric velocity variation of Equation (59) is

ωij = M2

Pl

↑
h

2


Kij ↓ Khij + BAhij + hij

N
Dk(NςDkK)


,

Kij

TF
= 2P ij

TF
, AN K = ↓P + 3

2BA, AN = 1 ↓ 3
2N

Di(NςDi · ). (80)

There is no Ṅ or Ṅ i. The metric Legendre map is a spatial elliptic operator, not the algebraic DeWitt inverse of S0.
The positive mass and positive floor give

↙f, AN f∝N =
∫ ↑

h N

(
f2 + 3

2ς|Df |2
)

> 0 (f ⇐= 0), ↙f, g∝N =
∫ ↑

h Nfg. (81)

This identity uses a closed leaf or the stated no-flux trace boundary condition. Keeping K as an auxiliary variable
gives the exact canonical Hamiltonian

H̃

M2

Pl

=
∫ ↑

h N
[
2P ij

TF
P TF

ij
+

(
2
3P ↓ BA

)
K + 1

3K2 + ς

2 |DK|2 ↓ K̃ ↓
(3)R

2

+ a2

0
$AJA,ϱ + φ

2
(3)Rd + ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R 2

]
+ 1

M2

Pl

∫
N iHi + Hvis

M2

Pl

. (82)

The curvature term contributes exactly

&HR = M2

Pl
ϑR

2

∫ ↑
h N (3)R 2, &CN = M2

Pl

↑
h ϑR

2
(3)R 2,

◁(&CN )
◁N


h,φ

= 0. (83)

It has no shift dependence. Thus the metric Legendre operator, momentum constraints, and full fixed-(h, ω) lapse
Hessian below retain their form. The regular-domain gravitational mode count is unchanged. For completeness its
spatial-metric variation is

1↑
h

◁

◁hij

∫ ↑
h N (3)R 2 = N(2(3)R(3)Rij ↓ 1

2
hij

(3)R 2) + 2(hij&h ↓ DiDj)(N (3)R). (84)

This fourth-order spatial contribution must be retained in metric evolution. Its K equation is Equation (80); eliminating
K is an operator Schur reduction. Define rω = ς ↓ Qς↑ and r↼ = φ ↓ Qφ↑. At fixed h, ω, the envelope derivative with
respect to N gives

CN

M2

Pl

↑
h

= 2P ij

TF
P TF

ij
+

(
2
3P ↓ BA + QBA,Q

)
K + 1

3K2 + rω

2 |DK|2 + QK̃↑ ↓ K̃ ↓
(3)R

2

+ a2

0

[
($A ↓ Q$↑

A
)JA,ϱ ↓ 2$AY JA,ϱ ,Y

]
↓ 2Di($AJA,ϱ ,Y

qi) + ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R 2

+ 1
2

[
r↼

(3)Rd + N↓1&h(Nφ(3)R)
]

+ Hvis

↗
M2

Pl

↑
h

= 0. (85)

For a relative lapse variation ◁N = N2 write z = ◁K. Di!erentiating the full Legendre equation, including the braid,
gives

AN z = 3
2rωDiKDi2 ↓ 32

2N
Di(ς↑DiK) ↓ 3

2QBA,Q2. (86)

Set

Gij = ↓JA,ϱ ,Y
hij ↓ 2a↓2

0
JA,ϱ ,Y Y

qiqj , Gij

full
= $AGij + 1

2r↼
(3)Rhij ,

Mfull = Q(K̃↑↑ + BA,QQK) + 1
2

[
&h(φ↑(3)R) ↓ Qφ↑↑(3)Rd

]
↓ Q

2 ς↑↑|DK|2

↓ a2

0
Q$↑↑

A
JA,ϱ ↓ 2Di($↑

A
JA,ϱ ,Y

qi). (87)
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The full relative-lapse derivative, before contracting with a second variation, is

◁


CN

M2

Pl

↑
h


[N2] = 2

N
Di(NGij

full
Dj2) ↓ Mfull

N
2

+


2
3(P + K) ↓ BA + QBA,Q


z + rωDiKDiz. (88)

After elimination of K, its negative Hessian is exactly

↓◁2HC [N2, N2]
M2

Pl

=
∫ ↑

h
[
2NGij

full
Di2Dj2 + Mfull2

2

]
+ 2

3 ↙z, AN z∝N . (89)

The final term is nonnegative and is required by the inverse Legendre operator; it is not reproduced by substituting a
momentum-dependent parameter in the old algebraic Hessian. The acceleration terms follow by varying N$A(Q)JA,ϱ(Y )
twice, and the braid contributes QBA,QQK at fixed auxiliary K. The Hamiltonian is linear in canonical visible lapse
and shift, so standard minimally coupled visible matter has zero lapse–lapse second derivative.

On homogeneous flat data the canonical relative-lapse symbol, in the normalization of the quadratic form above, is

L full

N,p
= Q


K̃↑↑ + 3HBA,QQ +

3B2

A,Q

2(1 + 3ςp2/2)


+ 2$Ap2

Q
. (90)

This reduces to the old Q( + 2$Ap2/Q only when ς = 0. In the local unbraided interval it reduces exactly to
QU ↑↑ + 2p2/Q. Coercivity for general inhomogeneous data requires the bounds on Gfull and Mfull in the chosen function
space. A positive homogeneous symbol alone does not prove nonlinear evolution; Theorem XIV.3 instead assumes the
full coercive strong-regularity margin and proves local evolution while that margin remains positive.

B. Base-action canonical derivation

The following algebraic derivation is the base-action S0 analysis; the completed operator Legendre map is Equa-
tion (80). On each constant-$A component, use JA ⇑⇓ $AJA. The clock-norm transition and the full-action lapse
operator are treated in Section XVI C.

On a domain where T is monotonic, it may be used as the time coordinate. This is an admissible gauge choice for a
physical scalar, not the definition of the scalar. Write

ds2 = ↓N2dT 2 + hij(dxi + N idT )(dxj + N jdT ). (91)

In this gauge,

Q = 1
N

, uµ = (↓N, 0, 0, 0), ! = K, Ai = Di ln N, Y = Di ln NDi ln N

a2

0

, (92)

where

Kij = 1
2N

(
ḣij ↓ DiNj ↓ DjNi

)
, K = hijKij . (93)

Up to the standard Einstein–Hilbert boundary term, the action becomes

SSC = M2

Pl

2

∫
dTd3x N

↑
h


(3)R + KijKij ↓ K2 + 2K

(
1
N

)
+ 2B

(
1
N

)
K

↓ 2a2

0
J

(
Di ln NDi ln N

a2

0

) 
+ Svis. (94)

There is no time derivative of N or N i. The six-dimensional velocity Hessian in the hij sector is the nondegenerate
DeWitt metric of general relativity; the term BK translates the trace momentum but does not lower its rank. The
canonical brackets are

{hij(x), ωkl(y)} = ◁k

(i
◁l

j)
◁(3)(x ↓ y),

{N(x), pN (y)} = ◁(3)(x ↓ y), {N i(x), pj(y)} = ◁i

j
◁(3)(x ↓ y). (95)
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The visible sector is assumed to have completed its own Legendre and internal Dirac analysis. After any purely matter
second-class pairs are reduced, standard minimally coupled matter has the ADM form

Hvis =
∫

”T

d3x
(
NHvis

↗ + N iHvis

i
+ ⇀a3a

)
, (96)

where the 3a are the remaining internal gauge constraints and neither Hvis

↗ nor Hvis

i
depends on N or N i. This is the

canonical meaning of universal minimal coupling used below. It implies that visible matter contributes to CN through
Hvis

↗ but does not contribute to the lapse Hessian &N . The internal constraints are assumed to have their standard
closed algebra and CN is an internal-gauge scalar. Their constraint blocks and physical degrees of freedom are counted
separately from the gravitational–clock block.

C. Exact Legendre map and canonical Hamiltonian

The momentum conjugate to hij is

ωij = M2

Pl

↑
h

2
(
Kij ↓ Khij + Bhij

)
. (97)

Its trace and inverse Legendre map are

ω = M2

Pl

↑
h

(
↓K + 3

2B
)

, (98)

K = 3
2B ↓ ω

M2

Pl

↑
h

, (99)

Kij = 2
M2

Pl

↑
h

(
ωij ↓ 1

2ωhij

)
+ 1

2Bhij . (100)

No relation among the six ωij is generated. The only gravitational primary constraints are therefore

pN ′ 0, pi ′ 0. (101)

After the shift term is integrated by parts, the total Hamiltonian is

HT =
∫

”T

d3x

NH↗ + N iHi + ⇀N pN + ⇀ipi + ⇀a3a


+ H↽”, (102)

where H↽” is the boundary functional required by the chosen asymptotics and

H↗ = H0 + ωB ↓ 3M2

Pl

↑
h

4 B2 ↓ M2

Pl

↑
h K + M2

Pl

↑
h a2

0
J , (103)

H0 = 2
M2

Pl

↑
h

(
ωijωij ↓ 1

2ω2

)
↓ M2

Pl

↑
h

2
(3)R + Hvis

↗ , (104)

Hi = ↓ 2Djωj
i + Hvis

i
. (105)

All unlabelled functions in these equations are evaluated at Q = N↓1 and Y = Di ln NDi ln N/a2

0
. Equation (103) is

the fully expanded form of the shifted-momentum expression and displays every N dependence needed by the Dirac
algorithm.

D. Secondary constraints

Preservation of the shift momenta gives

ṗi = ↓Hi ′ 0. (106)
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Preservation of pN gives one local scalar constraint,

ṗN = ↓CN ′ 0, CN (x) → ◁HC

◁N(x) , (107)

where HC is equation (102) without the primary multipliers. Introduce

qi → Di ln N, Y = qiqi

a2

0

. (108)

Direct functional di!erentiation gives the exact density

CN = H0 + ω
(
B ↓ QB,Q

)

+ M2

Pl

↑
h


QK,Q ↓ K ↓ 3

4B2 + 3
2QBB,Q

+ a2

0

(
J ↓ 2Y J,Y

)
↓ 2Di

(
J,Y qi

)


′ 0.

(109)

No minisuperspace or stationarity assumption has entered equation (109). On FLRW it reduces to the Friedmann
constraint in Equation (168); the check is shown in Supplemental Material, Appendix D 2.

E. Exact functional lapse operator

For a lapse variation ϑ = ◁N , define

Pij → J,Y hij + 2J,Y Y

a2

0

qiqj , (110)

where the value at qi = 0 is the continuous acceleration-component Hessian, not a separated divergent J,Y Y (0). The
scalar controlling the local part of the Hessian is

((Q, K) → K,QQ + KB,QQ + 3
2B2

,Q
. (111)

The full model-specific lapse operator is

&N ϑ → ◁CN

◁N
ϑ = ↓ M2

Pl

↑
h Q3( ϑ

↓ 2M2

Pl

↑
h

N
Di

[
NPijDj

 ϑ

N

]
.

(112)

Equation (112) includes the complete local dependence of K and B, the complete nonlinear di!erential contribution
of J , and all terms generated by the N dependence of the shifted momentum. Its derivation from the exact second
variation is given in Supplemental Material, Appendix D 3. In particular, no unspecified “principal part” remains.

On the $A = 1 SCFT-A plateau, set

Gij → ↓Pij . (113)

The Dirac audit in Supplemental Material, Appendix D 4 proves the uniform bound

Gijvivj ≃ gN hijvivj , gN → 1 ↓ 9/(8
↑

3)
sN + 1 > 0 (114)

for every finite acceleration and every spatial covector vi.
It is useful to remove the kinematic factors associated with the variable N . Write ϑ = N2 and define the scalar

operator

LN 2 → ↓ N

M2

Pl

↑
h

&N (N2) = Q( 2 ↓ 2Di

(
NGijDj2

)
. (115)
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Its symmetric closed form is

bN [2, 4] =
∫

”T

d3x
↑

h

Q( 24 + 2NGijDi2Dj4



+ 2
∫

↽”T

d2x
↑

▷ ▷R24. (116)

The boundary integral is absent on a closed or asymptotically decaying leaf, vanishes for Dirichlet data, and has ▷R = 0
for the no-flux case. For nonnegative Robin data it is the positive boundary contribution generated by equation (118).

F. Dirac-regular domain and boundary conditions

Definition VI.1 (Dirac-regular component). A connected phase-space component R is called Dirac regular if

0 < Nmin ↔ N ↔ Nmax < ↖, Q($T ) ↫ DQ, ((Q, K) ≃ ϖ0 > 0, (117)

the spatial metric is smooth and uniformly positive definite relative to the reference geometry of the selected function
space, the coe"cients Q( and NGij are essentially bounded above, and the lapse variations belong to one of the
following domains:

1. a compact leaf without boundary;

2. a bounded leaf with Dirichlet data 2|↽” = 0;

3. a bounded leaf with no-flux or nonnegative Robin data

niNGijDj2 + ▷R2 = 0, ▷R ≃ 0; (118)

4. an asymptotically homogeneous leaf with hij ⇓ a2(T )◁ij , N ⇓ N̄(T ) > 0, qi ⇓ 0, and 2 ⇓ 0 in the weighted
energy space defined by the norm associated with equation (116). Asymptotically flat data are the special case
a = N̄ = 1.

At a physical boundary, the corresponding condition is imposed both on allowed variations and on the multiplier
equation. Spatial-di!eomorphism smearings are restricted to preserve these data; transformations with nonvanishing
boundary charges are global symmetries and are not included in the local constraint count.

On R, equations (114) and (117) imply

bN [2, 2] ≃
∫

d3x
↑

h


ϖ0

Nmax

22 + 2NmingNDi2Di2


. (119)

Thus LN is uniformly strongly elliptic and coercive, and the symmetric closed form defines its positive self-adjoint
Friedrichs realization on the stated domain. The Lax–Milgram theorem gives a unique weak inverse from the energy-
space dual to the energy space; standard elliptic regularity applies on subdomains where the coe"cients possess the
required additional regularity. The C2 but non-C3 MOND point is su"cient for the Hessian and for this weak inverse;
no third derivative of the action is used by the regular Dirac chain. This is the same structural role played by the
elliptic lapse equation in nonprojectable Ho#ava gravity, but equation (112) is specific to SCFT-A [17, 18].

G. Constraint algebra and termination of the Dirac chain

The exact generator of spatial di!eomorphisms is most cleanly written in smeared form,

D[ε] =
∫

d3x


ωijLωhij + pN LωN + piLωN i +

∑

A

pALω”A


. (120)

After integration by parts, its local density is the primary-extended momentum constraint

H̃i = Hi + pN DiN + pjDiN
j + Dj(piN

j), (121)
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up to the standard primary extensions associated with any constrained visible-matter variables. Thus D[ε] =


d3x ϖiH̃i

and H̃i ′ Hi on the primary surface. By construction,

{F, D[ε]} = LωF (122)

for every canonical tensor or tensor density F . It follows that the three pi and the three primary-extended constraints
H̃i are first class and satisfy the spatial-di!eomorphism algebra. Replacing the secondary Hi by H̃i is an equivalent
change of constraint basis because their di!erence is proportional to primary constraints.

For the lapse chain define

PN [5] =
∫

d3x 5pN , C[6] =
∫

d3x 6CN . (123)

Then

{PN [5], C[6]} = ↓
∫

d3x 6 &N 5. (124)

The antisymmetric secondary–secondary kernel is not an additional assumption. It is the exact functional

)(x,y) → {CN (x), CN (y)}

=
∫

d3z


◁CN (x)
◁hij(z)

◁CN (y)
◁ωij(z) ↓ (x ∞ y)


+ )vis(x,y), (125)

where )vis is the analogous sum over the reduced visible-matter canonical pairs. The momentum derivative entering
this expression is explicit:

◁CN (x)
◁ωij(z) =


4

M2

Pl

↑
h

(
ωij ↓ 1

2ωhij

)
+ hij(B ↓ QB,Q)



x

◁(3)(x ↓ z)

= (2Kij ↓ QB,Qhij)x ◁(3)(x ↓ z). (126)

The remaining metric derivative follows directly from the displayed local density (109); equation (125) therefore fixes
every coe"cient and derivative-of-delta term even though expanding that distributional expression is unnecessary for
the rank classification.

On the common self-adjoint domain, the complete scalar constraint matrix is

C =
(

0 ↓&N

&N )

)
. (127)

Because &N is invertible on R, this matrix is invertible for the exact antisymmetric operator ); an explicit two-sided
inverse is

C↓1 =
(

&↓1

N
)&↓1

N
&↓1

N

↓&↓1

N
0

)
. (128)

Direct block multiplication proves the identity. Consequently no special cancellation or closure ansatz for {CN , CN } is
required: (pN , CN ) is a definitive second-class pair whenever &↓1

N
exists.

Preservation of the secondary scalar constraint takes the form

ĊN = S + &N ⇀N ′ 0, S → {CN , HC}

⇀N =0

, (129)

where the shift contribution is its spatial Lie derivative and is weakly zero. Invertibility gives the unique multiplier

⇀N = ↓&↓1

N
S. (130)

Equivalently, writing ⇀N = N3,

LN 3 = N

M2

Pl

↑
h

S. (131)

No tertiary constraint is generated on R. Equations (128) and (130) complete the Dirac–Bergmann algorithm rather
than stopping at a conditional count.
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H. Reference-action regular-branch degree-of-freedom count

Theorem VI.2 (Complete regular-branch Dirac classification). For the reference action S0 on any constant-$A

component R satisfying Definition VI.1, the full gravitational–clock constraint set is

primary: pN ′ 0, pi ′ 0,

secondary: CN ′ 0, Hi ′ 0,

equivalent spatial basis: H̃i ′ 0,

tertiary: none. (132)

The six constraints (pi, H̃i) are first class and generate the three time-dependent spatial di!eomorphisms. The pair
(pN , CN ) is second class. Hence the twenty-dimensional gravitational–clock phase space per spatial point has

dim %phys = 20 ↓ 2(6) ↓ 2 = 6, Ndof = 3 = 2tensor + 1clock. (133)

No vector degree of freedom is added by the hypersurface-orthogonal clock.

Proof. The Legendre map (100) proves that equation (101) is the complete gravitational primary set. Equations (106)
and (107) give the complete secondary set. Spatial covariance and equations (120) and (121) make the shift chains
first class. Coercivity (119) makes &N invertible; equations (127)–(128) therefore make the lapse chain second class,
and equation (130) fixes its multiplier without a tertiary condition. The standard phase-space count then gives
equation (133).

I. FLRW specialization and SCFT-A regular components

On a homogeneous leaf qi = 0, K = 3H, and Gij = hij . Therefore

(FLRW = K,QQ + 3HB,QQ + 3
2B2

,Q
, (134)

and a Fourier mode with comoving wavenumber k has

LN,k = Q(FLRW + 2Nk2

a2
. (135)

The homogeneous mode is invertible precisely when (FLRW ⇐= 0, and it is positive on the regular component when
(FLRW > 0. In the condensate-side unbraided DBI region of SCFT-A,

(A = KDBI,QQ = ↽m

[1 ↓ ⇀D(Q ↓ 1)2]3/2
> 0. (136)

On the complete late plateau

Id →

1 + 3&Q

4 , 1 + 5&Q

4


, W = 1, (137)

one has KA,QQ = ↽d, BA,Q = bd, and BA,QQ = 0, hence

(A(Q, K) = ↽d + 3
2b2

d
> 0, Q ⇔ Id, (138)

independently of the value of the extrinsic trace K. Thus the condensate-side DBI region and the entire late plateau
lie inside open Dirac-regular regions; the completed high-charge sector is checked separately in Section XVI C.

Within the low/intermediate core, only the two compact switch bands can contain an SCFT-A rank surface. Their
exact diagnostic is

(A(Q, K) = KA,QQ(Q) + KBA,QQ(Q) + 3
2BA,Q(Q)2, (139)
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with all derivatives displayed in Supplemental Material, Appendix D 7. For a proposed branch satisfying |K| ↔ Kmax

through the switch bands, the explicit su"cient condition

ϖsw(Kmax) → min
Q↘Isw


KA,QQ + 3

2B2

A,Q
↓ Kmax|BA,QQ|


> 0 (140)

places the entire branch segment in R. This is a finite inequality in the SCFT-A parameters. Along any homogeneous
solution, equation (139) is evaluated on Q(a), H(a). For the homogeneous k = 0 lapse mode, (A = 0 is an actual zero
eigenvalue by equation (135); for general inhomogeneous data, loss of the strict ( > 0 margin ends this reference-action
coercive certificate and requires the spectrum of its lapse operator to be examined directly.

J. Rank-changing and gauge-boundary loci

The exact rank criterion is spectral:

0 /⇔ spec(LN ) ∈∋ &↓1

N
exists as a bounded map on the selected domain. (141)

On compact or Fredholm domains, an isolated crossing is equivalently signaled by ker &N ⇐= {0}. The complete
analysis identifies, rather than hides, every structural way in which the regular theorem can cease to apply:

1. a reference DBI chart reaches Q↓ or Q+, where its sti!ness diverges; the adopted high-charge continuation leaves
that chart before Q+ and removes this upper boundary from the final action;

2. Q ↔ 0, N = 0, or N = ↖, where the clock ceases to define the regular timelike unitary-gauge patch;

3. the su"cient margin ( ≃ ϖ0 > 0 fails. This is the boundary of the coercive certificate, not by itself a general
inhomogeneous rank change; the exact event is zero entering the spectrum in equation (141);

4. the principal matrix Gij loses positive definiteness, so ellipticity changes type. The chosen JA excludes this event
at every finite s;

5. the operator domain or boundary data admit a zero spectral value, for example pure Neumann data combined
with a vanishing local term.

If an isolated finite-dimensional kernel is spanned by zA, equation (129) has the Fredholm conditions

TA → ↙zA, S∝ ′ 0. (142)

They are genuine tertiary constraints when satisfied nontrivially; if they are not satisfied, the putative branch is
dynamically inconsistent. If zero enters the essential or continuous spectrum on a noncompact domain, the bounded
inverse is lost without a finite Fredholm projector and that non-Fredholm branch requires a separate evolution analysis.
Further preservation must therefore be redone branch by branch. None of these bifurcations occurs on R.

K. Covariant interpretation

The local mode count follows from the constraint analysis with its specified lapse domain. Clock gauge is admissible
when ↘µT is timelike. Removing lapse and shift time derivatives does not, by itself, prove well-posedness of the
remaining spatial di!erential equations. The action-specific nonlinear Cauchy theorem in Section XIV C adds the gauge
reduction, exact symmetrizer, and loss-free energy needed for that conclusion on its strongly regular boundaryless
domain.

L. Exact nonlinear metric Legendre map and lapse constraint

Specialize the completed action to the local interval, where BA = 0, $A = 1, and U = K̃. Use dimensionful variables
and the clock coordinate T . All primes now mean d/dQ. Define

P ij

TF
= ωij ↓ ωhij/3

M2

Pl

↑
h

, P = ω

M2

Pl

↑
h

, AN f = f ↓ 3
2N

Di(NςDif). (143)



21

With vanishing trace flux at a boundary, or on a closed leaf, variation of the full velocity terms gives

ωij = M2

Pl

↑
h

2


Kij ↓ Khij + hij

N
Dk(NςDkK)


,

Kij

TF
= 2P ij

TF
, AN K = ↓P. (144)

The operator is positive in ↙f, g∝N =
 ↑

h Nfg:

↙f, AN f∝N =
∫ ↑

h N

(
f2 + 3

2ς|Df |2
)

≃ △f△2

L
2
N

. (145)

The floor (322) makes AN uniformly elliptic. On a closed leaf, or with the displayed no-flux condition, elliptic regularity
gives, for every integer j ≃ 0 in the coe"cient regularity range,

△f△Hj+2 ↔ Cj

(
△AN f△Hj + △f△L2

)
, △A ↓1

N
△Hj≃Hj ↔ Cj . (146)

The constants are uniform on bounded sets with N ≃ N0 > 0, h ≃ chĥ, and ς ≃ ϱ◁/↽m. The resolvent identity
A↓1 ↓ B↓1 = A↓1(B ↓ A)B↓1 gives the corresponding tame Lipschitz and Fréchet estimates. This is the estimate
that the vanishing compact profile lacked.

It is convenient to keep K temporarily as an auxiliary variable in the canonical Hamiltonian:

H̃

M2

Pl

=
∫ ↑

h N


2P ij

TF
P TF

ij
+ 2

3PK + 1
3K2 + ς

2 |DK|2 ↓ U ↓
(3)R

2

+ a2

0
JA,ϱ + φ

2
(3)Rd + ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R 2


+ 1

M2

Pl

∫
N iHi, Hi = ↓2Djωj

i. (147)

Its K equation is (144). Eliminating it replaces the three trace terms by ↓↙P, A ↓1

N
P ∝N /3 under the integral. No new

propagating field is being added by this auxiliary representation.
At fixed (hij , ωij) the envelope derivative gives

cN → CN

M2

Pl

↑
h

= 2P ij

TF
P TF

ij
+ 2

3PK + 1
3K2 + 1

2(ς ↓ Qς↑)|DK|2 + QU ↑ ↓ U ↓
(3)R

2
+ a2

0
(JA,ϱ ↓ 2Y JA,ϱ ,Y

) ↓ 2Di(JA,ϱ ,Y
qi)

+ ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R 2

+ 1
2


(φ ↓ Qφ↑)(3)Rd + 1

N
&h(Nφ(3)R)


. (148)

The lapse constraint is cN = 0, evaluated with K = ↓A ↓1

N
P . It is not the old trace-repair constraint with a

Fourier-dependent parameter substituted into it.

1. Full lapse linearization, including the inverse operator

For a relative variation ◁N = N2, let z = ◁K. Define

rω = ς ↓ Qς↑, r↼ = φ ↓ Qφ↑,

Gij = ↓JA,ϱ ,Y
hij ↓

2JA,ϱ ,Y Y

a2

0

qiqj , Gij

R
= Gij + 1

2r↼
(3)Rhij ,

MR = QU ↑↑ + 1
2[&h(φ↑(3)R) ↓ Qφ↑↑(3)Rd]. (149)

At qi = 0 this is the grouped acceleration Hessian. For the adopted smooth tip all derivatives are finite; the grouped
definition also has a continuous seed limit. Exact di!erentiation of (144) gives

AN z = 3
2rωDiKDi2 ↓ 32

2N
Di(ς↑DiK). (150)
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Together with (150), the complete Fréchet derivative is

◁cN [N2] = 2
N

Di(NGij

R
Dj2) ↓ MR

N
2 + 1

2Q2ς↑↑|DK|22

+ 2
3(P + K)z + rωDiKDiz. (151)

The last line, which comes from varying the inverse metric Legendre operator, must not be dropped. The spatial-switch
contribution contains third derivatives when expanded:

&h(φ↑(3)R) ↓ Qφ↑↑(3)Rd = φ↑&h
(3)R ↓ 2Qφ↑↑(qiDi

(3)R + (3)Rd)
+ (Qφ↑↑ + Q2φ↑↑↑)(3)Rqiq

i. (152)

Also Di(ς↑DiK) = ς↑&hK ↓ Qς↑↑qiDiK. Thus all switch derivatives are explicit or retained inside their displayed
di!erential operators.

2. Exact lapse Hessian and a regular constraint domain

Define

M→ = MR ↓ Q

2 ς↑↑|DK|2. (153)

At an auxiliary solution, the negative canonical lapse Hessian is

↓◁2HC [N2, N2]
M2

Pl

=
∫ ↑

h [2NGij

R
Di2Dj2 + M→22]

+ 2
3 ↙z, AN z∝N . (154)

To see its sign, the auxiliary K–K Hessian is the positive operator (2/3)NAN . Eliminating K subtracts HNKH↓1

KK
HKN

from the lapse Hessian. After sign reversal this is precisely the last, nonnegative term in (154). The N–N Hessian at
fixed K yields the first line. This also gives an independent check of (151).

For the seed MOND function, the acceleration Hessian obeys

Gseed ≃ gNh↓1, gN = 1 ↓ 9/(8
↑

3)
sN + 1 > 0. (155)

Indeed its transverse and longitudinal eigenvalues are 1 ↓ µ/εN and 1 ↓ (µ + sµ↑)/εN. With t = s/sN, µ + sµ↑ ↔
1 + 2t/[sN(1 + t2)2] and maxt⇐0 2t/(1 + t2)2 = 9/(8

↑
3), which proves (155).

For the smooth tip define the exact margin

gϱ = inf
Y ⇐0

min


1 ↓ µϱ(Y )
εN

, 1 ↓ µϱ(Y ) + 2Y µ↑
ϱ
(Y )

εN


. (156)

There is a positive admissible ▷. Indeed, on 0 ↔ Y ↔ 4▷2, µ(
↑

Y ) = O(▷), µ̂ϱ + 2Y µ̂↑
ϱ

= O(▷), the numerator defining
Aϱ is O(▷3), and its denominator is 4▷2


1

0
b(z) dz. Hence Aϱ = O(▷) and both quantities subtracted in (156) converge

uniformly to zero on the modified interval. Outside it they are the seed quantities. For the adopted regulator the
stronger explicit choice is

▷ = 10↓6 , Gϱ ≃ gNh↓1. (157)

The companion proves the uniform tip bound by elementary inequalities and the seed margin outside the modified
interval. No minimum over an uncertified numerical function defines ▷.

Proposition VI.3 (A nonlinear no-kernel domain for the lapse constraint). On a smooth bounded leaf, take zero
Dirichlet lapse variations and the trace no-flux condition. Suppose the background coe"cients in (150)–(154) are
bounded and

N ≃ N0 > 0, GR ≃ g0h↓1, M→ ≃ ↓m0, △2△2 ↔ CP △D2△2, 2N0g0 ↓ m0C2

P
> 0. (158)

Then the full canonical lapse Hessian has a unique weak Dirichlet inverse. The lapse second-class pair has no kernel
on this domain.
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Proof. Equation (154) bounds the negative Hessian from below by (2N0g0 ↓ m0C2

P
)△D2△2

2
. Its form is bounded: the

right-hand side of (150) is bounded from H1

0
to L2

N
, and (145) controls ↙z, AN z∝N by the squared L2

N
norm of that

source. Lax–Milgram gives the stated inverse.

A su"cient spatial-symbol margin is |r↼
(3)R| ↔ gN/2, giving GR ≃ (gN/4)h↓1. The separate bound on M→ must still

be imposed. On homogeneous flat data, DiK = (3)R = 0, so z = 0 and the scalar lapse operator reduces exactly to

Lp = QU ↑↑ + 2p2

Q
> 0 (p ⇐= 0). (159)

It stays positive throughout both switch regions and at their positive floors. With the regular Legendre inverse and
the lapse inverse above, the usual local count is

Nphysical = 20 ↓ 2(6) ↓ 2
2 = 3 : two tensors and one scalar. (160)

Spatial-di!eomorphism generators are extended to act on lapse and shift. The global lapse mode on a closed plateau
leaf is excluded from this Dirichlet statement; its time-reparametrization constraint must be treated separately, as in
related nonprojectable theories [41].

VII. HOMOGENEOUS SPACE-CLOCK DYNAMICS

Consider a spatially flat homogeneous metric in an arbitrary parameter ⇀,

ds2 = ↓N2(⇀)d⇀2 + a2(⇀)dx2, T = T (⇀), Q = Ṫ

N
> 0, (161)

where the dot in this subsection initially denotes d/d⇀. The matter proper time is dt = Nd⇀ and

H = 1
N

ȧ

a
. (162)

Homogeneity gives Aµ = 0, Y = 0, and ! = 3H. With J (0) = 0, the minisuperspace Lagrangian per unit coordinate
volume, after the Einstein boundary term is removed, is

Lmini = ↓3M2

Pl
aȧ2

N
+ M2

Pl
Na3K(Q) + 3M2

Pl
a2ȧ B(Q) + Lvis. (163)

The three homogeneous equations below follow directly from varying T , N , and a before fixing N = 1.

A. Conserved clock charge

Shift symmetry implies
d

d⇀


0Lmini

0Ṫ


= 0. (164)

Because 0Q/0Ṫ = N↓1,
0Lmini

0Ṫ
= M2

Pl
a3 (K,Q + 3HB,Q) . (165)

Absorbing the constant factor M2

Pl
into the definition of the charge gives the exact first integral

a3F(Q, H) = CT , F(Q, H) → K,Q(Q) + 3HB,Q(Q). (166)

The quantity CT is initial data for the one clock field rather than the abundance of a second particle species. It sets
the amplitude of the clock’s matter-like contribution and plays the same phenomenological role as a dark-matter
abundance parameter.

If B,Q ⇐= 0, equation (166) may be written as

H(Q, a) = CT a↓3 ↓ K,Q(Q)
3B,Q(Q) . (167)

If instead B,Q = 0 on an interval, the charge equation reduces to the purely kinetic relation K,Q = CT a↓3. In either
case the clock norm is determined dynamically.
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B. Clock energy density and pressure

Variation with respect to the lapse and scale factor yields

3M2

Pl
H2 = ϱvis + ϱT , (168)

↓2M2

Pl
Ḣ = ϱvis + pvis + ϱT + pT , (169)

where dots now denote matter proper-time derivatives and

ϱT = M2

Pl
[QK,Q ↓ K + 3HQB,Q] = M2

Pl


Q

CT

a3
↓ K(Q)


, (170)

pT = M2

Pl


K(Q) ↓ B,Q(Q)Q̇


. (171)

The second form of equation (170) uses the clock current. It makes the two contributions transparent: QCT /a3 is the
charge contribution, while ↓K is the displacement energy of the clock state.

The continuity equation is not independent. Di!erentiating equation (170) and using

Ḟ + 3HF = 0 (172)

gives

ϱ̇T + 3H(ϱT + pT ) = 0. (173)

The clock equation-of-state parameter is

wT = K ↓ B,QQ̇

QCT a↓3 ↓ K . (174)

Acceleration occurs when

ϱtot + 3ptot < 0, (175)

or, when the clock dominates,

Q
CT

a3
+ 2K ↓ 3B,QQ̇ < 0. (176)

This is genuine acceleration of the one physical metric. It is not an apparent acceleration obtained by reparametrizing
a decelerating Einstein solution.

C. Exact reciprocal response

Equation (166) makes the clock norm a dynamical function of the expansion and conserved charge. Di!erentiating
it with respect to ln a gives

D(Q, H)Q↑ + 3B,QH ↑ = ↓3F , D(Q, H) → K,QQ + 3HB,QQ, (177)

where a prime denotes d/d ln a. Therefore

Q↑ = ↓3F + 3B,QH ↑

D . (178)

Equivalently, the scale-factor evolution of the clock conversion is

d ln NT

d ln a
= ↓Q↑

Q
= 3

QD (F + B,QH ↑) . (179)

Since NT = Q↓1,

dNT

dH
= ↓ 1

Q2

Q↑

H ↑ = 3
Q2D

(
F
H ↑ + B,Q

)
, H ↑ ⇐= 0. (180)
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Equation (180) is an exact branch diagnostic. The reciprocal space-clock condition is

F/H ↑ + B,Q

D < 0. (181)

In an exactly unbraided positive-charge regime, F > 0, H ↑ < 0, and D > 0, so Equation (181) holds. For a nonzero
braid the finite charge term must be retained, including near a late endpoint. On a source-free trajectory,

H,Q = QD + 3HB,Q

3Ws

,
F
H ↑ = ↓ 2H(s

QD + 3HB,Q

,
dNT

dH
= ↓ 3Ws

Q2(QD + 3HB,Q) . (182)

These identities follow by di!erentiating both the current and Friedmann constraints. They remain the appropriate
diagnostic across a zero of D whenever the undivided system and the displayed remaining denominators are regular.
Equations (178)–(181), when written with 1/D, require D ⇐= 0.

For the fixed parameters in Equation (469), the source-free limits are exactly

lim
a≃↔

F
H ↑ = ↓5600

7519Hd, lim
a≃↔

Hd

dNT

dH
= ↓11250

7519 < 0. (183)

Both F and H ↑ vanish, but their ratio does not. Dropping it would give a di!erent response and an invalid sign
argument.

The approach is also loading dependent. If visible nonrelativistic matter satisfies ϱb/M2

Pl
= rbF with constant rb

and radiation decays faster, linearization about the endpoint gives

Q ↓ Qd = 1 ↓ bd(Qd + rb)/(2Hd)
(d

F + o(F),

H ↓ Hd = ↽d(Qd + rb) + 3Hdbd

6Hd(d

F + o(F). (184)

The source-free result sets rb = 0; the representative loaded benchmark has rb = 3/20. Thus a partial derivative on the
zero-charge constraint curve is not the reciprocal derivative along a finite-charge cosmological approach.

D. An explicit contracting branch of the same action

Theorem VII.1 (Clock-rate reciprocity in an unbraided contraction). On any compact interval inside Qa < Q < QL

with U ↑ > 0, U ↑↑ > 0, the completed action admits source-free expanding and contracting flat FLRW solutions at any
fixed charge CT > 0. On the contracting solution ȧ < 0 and Q̇ > 0: the field clock advances faster per unit matter
proper time as the physical spatial volume decreases.

Proof. All spatial completion operators and their first variations vanish on flat FLRW, while BA = 0 on this interval.
Set

a(Q) =
(

CT

U ↑(Q)

)1/3

, H±(Q) = ±


QU ↑(Q) ↓ U(Q)
3 , Q̇ = ↓3H±

U ↑

U ↑↑ . (185)

Here QU ↑ ↓ U =


Q

Qa
rU ↑↑(r) dr > 0. The right-hand side is smooth and nonzero on the chosen compact interval.

Equivalently,

t(Q) ↓ t(Qi) = ↓
∫

Q

Qi

U ↑↑(r)
3H±(r)U ↑(r) dr, T (Q) ↓ T (Qi) =

∫
Q

Qi

r
dt

dr
dr. (186)

These quadratures give local existence and uniqueness for this homogeneous family. Di!erentiation verifies a3U ↑ = CT ,
3H2 = QU ↑ ↓ U , and Ḣ = ↓QU ↑/2. On H↓, both Q̇ > 0 and ȧ = aH↓ < 0 follow exactly.

In the exact exterior DBI interval Qb ↔ Q ↔ QL, put Z = CT /(↽ma3) and R =
↑

1 + Z2. The construction is
elementary:

Q = 1 + Z/R, H↓ = ↓


↽m

3 (Z + R ↓ 1), Q̇ = ↓ 3H↓Z

(1 + Z2)3/2
> 0. (187)
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The data archive tabulates this branch with exact rational Q inputs. Its charge is specified separately from the
expanding numerical example. The response derivative distinguishes the two branches:

dNT

dH
= ↓ 6H

Q3U ↑↑ ,
d ln Q

d ln a
= ↓ 3U ↑

QU ↑↑ < 0. (188)

Thus dNT /dH < 0 is the expanding-branch diagnostic; it is positive on this contraction, although Q̇ > 0 realizes the
stated clock-rate interpretation. The unbraided local quadratic spectra also survive time reversal: H and the mixed
coe"cient Bp change sign together, and a↓3(a3Bp)· is unchanged. This does not construct a contracting continuation
through the nonzero braid: the term B(Q)! is not invariant under reversal with Q > 0 fixed.

E. One scale factor and two physical descriptions

Combining equations (13) and (166), the clock-field expansion rate is

HT = H

Q
, Q = Q(H, a; CT ), (189)

where Q(H, a; CT ) is an implicit solution of the current equation. Both derivatives refer to the same scale factor and
metric.

VIII. EXTERIOR MATTER-LIKE CLOCK REGIME

The following calculation identifies a matter-like stress in an unbraided exterior regime. It does not establish a
cold-dark-matter transfer function. In the fixed action the exact DBI interval is Qb ↔ Q ↔ QL < Qd, whereas the
displayed cosmological trajectory approaches Qd from above. Thus this low-charge interval is not an early stage of
that selected trajectory; its early behavior is governed by the high-charge continuation in Sec. XVI B.

A. Expansion around a clock condensate

Let the exterior seed point Qm satisfy equation (29), and write

Q = Qm + ◁Q, |◁Q| ▽ Qm. (190)

Assume that braiding is switched o! su"ciently rapidly in this regime,

|3HB,Q| ▽ |K,Q|, |3HB,QQ| ▽ K,QQ, (191)

and expand

K(Q) = ↽m

2 (◁Q)2 + ↽3

6 (◁Q)3 + O((◁Q)4). (192)

The current equation then gives

◁Q = CT

↽ma3
↓ ↽3C2

T

2↽3
m

a6
+ O(a↓9) + O(B,Q). (193)

Substitution into equations (170) and (171) yields

ϱT = M2

Pl


QmCT

a3
+ C2

T

2↽ma6
+ O(a↓9)


+ O(B,Q), (194)

pT = M2

Pl


C2

T

2↽ma6
+ O(a↓9)


↓ M2

Pl
B,QQ̇. (195)

The leading term is exactly proportional to a↓3. The first correction is sti! and is suppressed whenever

⇁m(a) → CT

↽mQma3
▽ 1. (196)

For CT > 0, Qm > 0, and ↽m > 0, the leading energy density is positive.
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Proposition VIII.1 (Matter-like clock asymptotics). Suppose equations (29), (191), and (196) hold on an interval.
Then the homogeneous clock stress satisfies

ϱT = ϱ(m)

T 0
a↓3 [1 + O(⇁m)], wT = ⇁m

2 + O(⇁2

m
) + O(B,Q), (197)

with ϱ(m)

T 0
= M2

Pl
QmCT , and the reciprocal condition is satisfied for the usual matter-era sign H ↑ < 0.

B. Adiabatic sound speed before braiding

When B = 0, the homogeneous clock is a purely kinetic scalar and its adiabatic sound speed is

c2

ad
= ṗT

ϱ̇T

= K,Q

QK,QQ

. (198)

Near Qm,

c2

ad
= ◁Q

Qm

+ O((◁Q)2) = ⇁m + O(⇁2

m
). (199)

This is the Scherrer-type unified-dark-matter mechanism: a scalar near a kinetic extremum behaves as dust with a
tunably small sound speed [19]. The present theory di!ers by embedding that regime in a clock-defined foliation and
by activating B and J for late acceleration and galaxies.

The adiabatic derivative is a background quantity. The propagation frequency of the completed theory follows from
its constrained quadratic action, including the spatial operators. The formal condensate series is restricted to the
exterior interval where the kinetic template is actually used; it cannot be extrapolated through the replaced plateau.

C. Clock charge as initial data

The coe"cient CT is a Noether charge and therefore an integration constant rather than an action parameter. It
fixes the gravitating amplitude of the matter-like clock contribution without introducing a second particle species.

D. Exact condensate-side DBI sector of SCFT-A

In the exterior condensate-side interval Qb ↔ Q ↔ QL, equations (41) and (42) reduce exactly to K = KDBI and
B = 0. For CT > 0, define

Z(a) → CT

↽ma3
> 0, R(a) →

√
1 + ⇀DZ2. (200)

Whenever the physical trajectory lies in this condensate-side DBI sector, the current equation is solved exactly by

Q(a) = 1 + Z

R
, Qb ↔ Q ↔ QL. (201)

Substitution into the exact stress tensor gives

K(Q(a)) = ↽m

⇀D

(
1 ↓ 1

R

)
, (202)

ϱT (a) = M2

Pl
↽m


Z + R ↓ 1

⇀D


, (203)

pT (a) = M2

Pl

↽m

⇀D

(
1 ↓ 1

R

)
, (204)

c2

ad
(a) = Z

(1 + ⇀DZ2) [R + Z] . (205)
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The condensate limit Z ▽ 1 is

wT = Z

2 + O(Z2), c2

ad
= Z + O(Z2), ϱT = M2

Pl
↽m


Z + 1

2Z2 + O(Z4)


. (206)

These are dust-like exterior asymptotics of the DBI template. They are not an extension of that template into
the replaced plateau |Q ↓ 1| ↔ d1, nor a completed finite-momentum propagation speed. The separate primordial
high-charge asymptote of the final theory is the exponential continuation in Equations (461) and (463); it is not the
finite-domain DBI extrapolation.

IX. LATE ACCELERATION FROM CLOCK–EXPANSION BRAIDING

The selected positive-charge trajectory approaches a displaced constant-clock state from Q > Qd. The algebraic de
Sitter conditions below establish a solution supported by clock stress. They do not establish a trajectory departing
from the separate low-charge DBI interval.

A. Charge dilution and the late branch

As the universe expands, CT /a3 decreases. The current equation approaches

K,Q + 3HB,Q = 0. (207)

If visible matter is negligible and the solution tends to a constant pair (Qd, Hd) with Hd > 0, the Friedmann equation
and current condition become

3H2

d
+ K(Qd) = 0, (208)

K,Q(Qd) + 3HdB,Q(Qd) = 0. (209)

Thus

K(Qd) = ↓3H2

d
< 0. (210)

The acceleration is supported by the displaced clock state. The scale Hd is specified in the action through Kd; its
observed magnitude is not predicted by the construction. At the exact fixed point, Q̇ = 0 and equations (170)–(171)
give

ϱT = 3M2

Pl
H2

d
, pT = ↓3M2

Pl
H2

d
, wT = ↓1. (211)

A time-dependent approach generally has wT ⇐= ↓1 and a varying clock conversion NT = 1/Q.

Theorem IX.1 (Algebraic self-acceleration condition). Let K and B be di!erentiable and let Qd > 0. A clock-
dominated de Sitter solution with no bare cosmological constant exists at (Qd, Hd) if and only if equations (208) and
(209) hold for some Hd > 0. A constant part of B is irrelevant, whereas B,Q(Qd) permits the current condition to be
satisfied without requiring K,Q(Qd) = 0.

B. Regularity of the fixed point

Define the reduced late-branch function

’(Q) → K,Q(Q) + 3


↓K(Q)
3 B,Q(Q), (212)

where the positive square root is used on K < 0. A simple fixed point satisfies ’(Qd) = 0 and

’,Q(Qd) = K,QQ + 3HdB,QQ + 3
2B2

,Q
⇐= 0. (213)
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Then the implicit-function theorem gives a unique nearby branch for su"ciently small CT /a3 and visible density.
Equation (213), together with the scalar coe"cients derived in Section XII I, determines the local regularity and
stability of that branch.

For SCFT-A, the endpoint identities make this homogeneous branch simple. The signs ↽d < 0, bd > 0, (d > 0, and
Qdbd < 2Hd give a positive infrared scalar coe"cient in Section XII I. They do not prove finite-momentum stability of
the completed action. The independent all-momentum positive endpoint certificate for the curvature-completed action
is established in Section XII B.

C. No hidden cosmological constant

Three distinct statements must be separated:
1. K(Qm) = 0 and J (0) = 0 mean that no constant has been inserted on the matter-like cosmological branch.
2. K(Qd) < 0 means that a dynamically selected clock state carries vacuum-like stress at late times.
3. Quantum vacuum contributions from visible fields still renormalize the gravitational action and are not cancelled

by equations (208)–(209).
The theory replaces an additive cosmological constant in the classical background equations by vacuum-like stress of a
displaced clock state. It does not provide a radiative sequestering mechanism for quantum vacuum energy.

D. A correlated, not arbitrary, equation of state

The same functions that determine the early clustering regime determine the late pressure. Combining the continuity
equation with the Friedmann system gives

1 + wT = ↓ 1
3HϱT

dϱT

dt
, (214)

where ϱT is fixed by equation (170) and Q(a) by equation (166). Consequently wT (a), the clock sound speed, and
NT (a) are not independent fit functions. This correlation is one of the principal falsifiable contents of Space-Clock
Field Theory. A complete fixed-parameter realization, including the dynamically traversed upper switch, the late
plateau, and all scalar sign diagnostics, is given in Section XVII.

X. GALACTIC GRAVITY FROM THE CLOCK ACCELERATION INVARIANT

The seed stationary derivation in this section identifies the MOND/AQUAL limit. For the completed action it
applies outside the acceleration tip and only when spatial completion terms are negligible. The coupled completed
weak-field equations are Equations (495) and (496).

The invariant Y is built from the clock congruence. The next calculation identifies a stationary operator limit. For
the revised benchmark, Sec. XX C establishes a local scale hierarchy. This operator ordering by itself does not establish
a sourced galactic solution with cosmological boundary data.

A. Stationary weak-field limit

To isolate the structural weak-field operator, first consider the formal stationary zero-charge reference branch
generated by nonrelativistic baryons,

ds2 = ↓(1 + 2’)dt2 + (1 ↓ 2”)◁ijdxidxj + O(v3, ’2), (215)

and choose T = t at leading order. Then

N = 1 + ’ + O(’2), Q = 1 ↓ ’ + O(’2), Ai = 0i’ + O(’2), (216)

so that

Y = |→’|2
a2

0

+ O(’3). (217)
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This calculation fixes the stationary AQUAL/MOND operator. In a local quasi-static patch of a homogeneous state
T = T̄ (t) with Q̄(t) > 1, one has Q = Q̄(1 ↓ ’) + O(’2, HL) and Ai = 0i’ + O(’2, HL), so the acceleration operator
has the same form if the clock-flow perturbation is consistently negligible. This is a conditional kinematic substitution.
The clock and momentum equations must also be solved, as shown in Section XX.

Define the derived clock-rate contrast

RT (T,x) → N(T,x)
N̄(T )

= Q̄(T )
Q(T,x) , (218)

where the bar denotes the homogeneous clock state on the same leaf. Because N̄ has no spatial gradient,

Di ln RT = Di ln N = Ai, Y = Di ln RT Di ln RT

a2

0

. (219)

Thus spatial clock-rate contrast is a relational observable constructed from the single clock norm Q, not an additional
field.

This also gives a precise single-metric meaning to the statement that clock gradients give rise to gravitational motion.
For a massive test body minimally coupled to gµω ,

Spp = ↓m

∫
ds ̸

∫
dt

(
1
2mv2 ↓ m’

)
(220)

up to an irrelevant rest-mass constant and higher weak-field orders. The geodesic equation therefore becomes

dv
dt

= ↓→’ = ↓→ ln RT + O(’2, v2’). (221)

Here c = 1 as in the manuscript conventions; restoring units gives ’N = c2 ln RT at leading order. Equation (221) is
not an additional fifth force: matter remains geodesic. The clock sector changes the metric constraint that determines
’, and the resulting metric guides the motion.

On the stationary slicing the trace of the extrinsic curvature vanishes, while the K sector can generate a long-distance
Helmholtz term through its expansion about the local clock state.

At leading post-Newtonian order the two metric potentials obey

’ = ” + post-Newtonian corrections, (222)

provided the selected stationary clock branch carries no leading anisotropic stress. Before calibrating the locally
measured Newton constant, the 00 equation has the action-level form

→ ·

µ̄

(
|→’|

a0

)
→’


+ m̂2

loc
’ = 4ωG→ϱb, µ̄(s) = 1 + J,Y (s2). (223)

For SCFT-A, Supplemental Material, Eq. (D24) and (56) convert this exactly to

→ ·

µA

(
|→’|

a0

)
→’


+ m2

loc
’ = 4ωGNϱb, (224)

where

GN = εNG→, m2

loc
= εNm̂2

loc
. (225)

The coe"cient m2

loc
is a calculable combination of local derivatives of K and, away from an exactly static branch,

braiding corrections. The AQUAL limit applies on scales satisfying

|m2

loc
|r2 ▽ min{µA, µA + sµ↑

A
} (226)

through the weak-field region under consideration, with the right-hand side evaluated at the local acceleration. In the
deep-MOND regime this is stronger than |m2

loc
|r2 ▽ 1; see Section XX.
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B. Dirac-regular MOND function and regularity at Y = 0

The seed interpolation, recovered exactly by the completed acceleration function for s ≃ 2▷, is

µA(s) = 1 ↓ 1
(1 + s)(1 + s2/s2

N
) . (227)

It is strictly increasing for s > 0 and obeys

µA(s) = s +
(
s↓2

N
↓ 1

)
s2 + O(s3), s ▽ 1, (228)

µA(s) = 1 ↓ s2

N

s3
+ s2

N

s4
+ O(s↓5), s 7 sN. (229)

Thus, when the local mass term is negligible, equation (224) becomes

→ ·
(

|→’|
a0

→’
)

= 4ωGNϱb (230)

in the deep-MOND regime and approaches the Newtonian Poisson equation with an s↓3 correction above the transition
sN [20, 21].

The parameter sN has two linked roles. It places the crossover to the rapid Newtonian tail at the physical acceleration
sNa0, and it fixes the finite renormalization GN/G→ = εN = 1 + s↓1

N
. It is not an independently adjusted coupling.

Large sN makes the di!erence between the tensor/action coupling and the Cavendish coupling small.
A careful regularity statement distinguishes di!erentiability in Y from di!erentiability in the underlying acceleration

components. From Supplemental Material, Eq. (D25),

JA(Y ) = ↓Y + 2sN

3(sN + 1)Y 3/2 + O(Y 2), (231)

so J,Y Y ⇒ Y ↓1/2 when treated in isolation. In a local orthonormal frame define

vi → Ai

a0

, r → (◁ijvivj)1/2, Y = r2. (232)

The composite entering the action satisfies

ĴA(v) → JA(r2) = ↓r2 + 2sN

3(sN + 1)r3 + O(r4). (233)

For r > 0 its Hessian is

02ĴA

0vi0vj

= 2JA,Y ◁ij + 4JA,Y Y vivj . (234)

The grouped second term is O(r) and the Hessian tends to ↓2◁ij as v ⇓ 0. Hence the composite is C2 but not C3 at
the homogeneous point.

Proposition X.1 (Acceleration-sector regularity and definiteness). The first and second variations of the revised
SCFT-A acceleration action are finite and continuous at Ai = 0. More strongly, the negative lapse-gradient Hessian
Gij = ↓Pij obeys the global lower bound (114). Therefore the acceleration sector has no finite-Y principal-symbol rank
change.

The physical MOND equation (224) is degenerate elliptic only at its expected zero-field point because µA(0) = 0.
This is distinct from the Dirac lapse Hessian, whose finite action-level asymptotic coe"cient and Newton calibration
make it uniformly definite. The Sobolev domain, boundary form, and inverse of the full lapse operator are established
in Definition VI.1 and Supplemental Material, Appendix D 5.
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C. Lensing

Because photons and baryons couple to the same metric, the lensing potential is

’lens = ’ + ”
2 . (235)

If equation (222) holds, the same potential that produces the enhanced nonrelativistic acceleration bends light. This
is the central advantage of a relativistic single-metric completion over a purely modified-inertia law: the force and
lensing potentials are not independently adjustable.

D. The cosmology–galaxy consistency relation

The same fixed functions control the cosmological and galactic limits. The curvature of K(Q) determines the clock
sound-speed hierarchy and contributes to m2

loc
, while J (Y ) fixes both the MOND interpolation and the lapse-gradient

principal symbol. The clustering and weak-field scales are therefore correlated rather than independently tunable.

XI. TENSOR SECTOR OF THE COMPLETED ACTION

On spatially flat FLRW write

hij = a2(eε)ij , 0iεij = 0, εii = 0. (236)

The first-order trace and scalar curvature vanish for a tensor perturbation, while ◁(3)Rij = ↓02εij/2. Consequently
the completed quadratic action is

S(2)

T
= M2

Pl

8

∫
dtd3x a3


ε̇2

ij
↓ a↓2(0εij)2 ↓ ↼6a↓6(0k02εij)2


. (237)

For physical momentum p = k/a,

QT = M2

Pl

4 > 0, 72

T
= p2 + ↼6p6 > 0, m2

T
= 0. (238)

The phase and group velocities in the local frozen-background approximation are

vph =
√

1 + ↼6p4, vgr = 1 + 3↼6p4

√
1 + ↼6p4

, lim
p≃0

vph = lim
p≃0

vgr = cε = 1. (239)

Universal metric coupling of matter therefore gives the same low-momentum limit, but not an exact common tensor–
photon cone at finite momentum. Multimessenger observations constrain the dispersive coe"cient in their frequency
band [22–25]; compatibility of the fixed coe"cient ↼6 = ◁2/↽2

m
has not been established by the local mathematical

construction.

XII. SCALAR PERTURBATIONS AND PHYSICAL-BRANCH INFRARED STABILITY

A. Exact completed quadratic action at general clock norm

For p2 = k2/a2, z = 1̇, and 3 = &4/a2, let

Ws = 2H ↓ QBA,Q, Ds = K̃↑↑ + 3HBA,QQ,

Ak = Q2Ds ↓ 6H2 + 6HQBA,Q + 2$Ap2, b = ςp2, A = 2 + 3b,

C = p2(1 + φp2), J = Ws + 3bH, D = W 2

s
+ b(Ak + 6HWs). (240)
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Here Ws is the same background combination as Ws below; J is an auxiliary scalar coe"cient, not the acceleration
function. The completed gravity–clock quadratic density is

L(2)

M2

Pl
a3

= ↓ 3z2 + Ws5(3z ↓ 3) + 2z3 + 1
2Ak52 + 2C51 + (p2 ↓ 8ϑRp4 ↓ 3↼6p6)12

↓ b

2(3z ↓ 3 ↓ 3H5)2. (241)

In particular, the correction to the displayed base quadratic action is

&L(2)

M2

Pl
a3

= ↓ςp2

2 (31̇ ↓ 3 ↓ 3H5)2 + 2φp451 ↓ 8ϑRp412 ↓ 3↼6p612. (242)

The smooth acceleration tip has JA,ϱ ,Y
(0) = ↓1, so it leaves the quadratic acceleration coe"cient equal to $A. Spatial

background gradients vanish: derivatives of ς and φ do not add terms to Equation (241), but time derivatives of their
background values must be retained after the auxiliary reduction.

Where D ⇐= 0, direct solution gives

5 = 2Jz ↓ 2bC1

D , 3 = Kz + 2JC

D 1,

K = AAk + 3W 2

s
+ 18bH(Ws ↓ H)

D , B = 2JC

D ,

Vfull = 2bC2

D ↓ p2 + 8ϑRp4 + 3↼6p6 + 1
a3

d
dt

(a3B), L(2)

red

M2

Pl
a3

= K 1̇2 ↓ Vfull1
2. (243)

The (5, 3) Hessian determinant is ↓D. The derivative in Vfull is at fixed comoving momentum, so ṗ = ↓Hp. These
formulas are exact for the completed source-free action. They also define the gravity block of the matter-loaded
unreduced action when the full background equations are used. In the local interval Ws = 2H, Ds = U ↑↑, and $A = 1,
they give precisely Equations (326) and (328). There D, K, Vfull > 0 by Theorem XIII.1. The braided de Sitter
endpoint and a nearby source-free collar are covered by Theorems XII.1 and XII.3. No global matter-loaded positivity
theorem is inferred from those results.

For fixed regular background coe"cients and positive floors,

lim
p≃↔

K = 3, lim
p≃↔

Vfull

p6
= φ2

$A

+ 3↼6 > 0. (244)

Thus the reference saturating scalar frequency and its ultraviolet matter-loading criterion cannot be imported by
continuity in momentum. Setting the completion to zero and taking p ⇓ ↖ are di!erent limits.

B. Positive scalar spectrum at the braided de Sitter endpoint

Write k = ↽m/H2

d
. The revised exact coe"cient point is k = 1030 and ◁ = 10↓140. The following calculation keeps k

symbolic; it therefore audits the change of hierarchy without importing the old endpoint spectrum. Put X = p2/H2

d
.

Then

Ws/Hd = 6/5, Q2

d
Ds/H2

d
= ↓8/125, ςH2

d
= ◁

2k , φH2

d
= ϑRH2

d
= 1

2k , ↼6H4

d
= ◁2

k2
. (245)

Define Z = 180k + 125◁X2 + 371◁X. Exact elimination gives

D = D/H2

d
= Z/(125k),

Kd = 500kX + 224k + 375◁X2 ↓ 12◁X

Z
,

Bd = 2(6/5 + 3◁X/(2k))X(1 + X/(2k))
D

,

V d → Vd/H2

d
= ◁X3(1 + X/(2k))2

kD
↓ X + 4X2

k
+ 3◁2X3

k2
+ 3Bd ↓ 2X0XBd. (246)

The derivative uses Ẋ = ↓2HdX at fixed comoving momentum.
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Theorem XII.1 (Continuum endpoint positivity at the revised coe"cient point). For k = 1030, ◁ = 10↓140, and
every X > 0,

Dd > 0, Kd > 0, Vd > 0. (247)

Proof. The denominator and kinetic numerator have positive coe"cients, since 500k > 12◁. Direct di!erentiation of
Equation (246) gives the exact polynomial certificate

V d = X

4k2Z2

6∑

j=0

ajXj , (248)

with

a0 = 86400k4,

a1 = 4320k3(123◁ + 95),
a2 = 16k2◁(41250k + 24671◁ + 122160),
a3 = 2k◁(188500k◁ + 517500k + 801360◁2 + 962003◁),
a4 = 6◁(90000k◁2 + 293875k◁ + 3750k + 275282◁3),
a5 = 125◁2(2500k + 8904◁2 + 371),
a6 = 15625◁2(12◁2 + 1). (249)

All seven coe"cients are positive. This proves the statement for the entire continuum, independently of floating-point
arithmetic or a cuto!.

At fixed X the exact limiting expression is

lim
⇁≃0+

V d = 2
3X + 19X2

6k . (250)

The revised action retains ◁ > 0. The old numerical witness at k = 120 is not a value of the revised benchmark.

C. A decreasing energy for every endpoint scalar mode

Theorem XII.2 (Endpoint energy monotonicity). For every comoving scalar mode on the expanding de Sitter solution,
define

Ek = Kd(X)|1̇k|2 + Vd(X)|1k|2. (251)

At the revised coe"cient point, Ėk ↔ 0 for every solution and every k ⇐= 0. The result also holds after a convergent sum
with time-independent, nonnegative comoving Sobolev weights.

Proof. The exact equation (a3Kd1̇k)· + a3Vd1k = 0 implies

Ėk = ↓2Hd(3Kd ↓ XKd,X)|1̇k|2 ↓ 2HdXVd,X |1k|2. (252)

The numerator of 3Kd ↓ XKd,X over Z2 is

140625◁2X4 + 250◁(1000k + 1089◁)X3 + 4◁(191000k ↓ 3339◁)X2

+ 32k(5625k + 10253◁)X + 120960k2 > 0. (253)

Write Vd,X/H2

d
= P8(X)/(4k2Z3). All coe"cients of P8 are manifestly positive except the coe"cient whose expanded

form contains a negative monomial. That coe"cient is

[X4]P8 = 4k◁

5062500k ↓ 20625000k2◁ + 179098000k◁2 + 527643750k◁
+ 668935260◁3 + 356903113◁2


> 0. (254)

The inequality follows from k◁ = 10↓110 < 1/10. The complete polynomial is provided in the exact-check data and
verified by symbolic di!erentiation. Both coe"cients in Equation (252) therefore have the required sign.
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FIG. 1. Recomputed endpoint restoring coe"cient at the revised coe"cient point. The exact positivity and energy results use
the polynomial identities, not the plotted finite momentum interval.

This is an all-initial-data linear energy result on a time-dependent background, stronger than instantaneous positivity.
It excludes growth in the displayed energy. It does not prove nonlinear stability, nor a uniform-in-time bound on
1 obtained by dividing by Vd, because X ⇓ 0 and Vd ⇓ 0 along expansion. A canonical pump term is not being
discarded: the proof uses the exact nonautonomous equation.

Corollary XII.3 (An open positive source-free exterior collar). For the revised fixed positive coe"cients, a su"ciently
small source-free collar Qd < Q < Qd + 8 has D, K, Vfull > 0 for every nonzero momentum.

Proof. Compactify momentum with y = X/(1 + X) and normalize the three symbols as D/[H2

d
(1 + X2)], K, and

V/[H2

d
X(1 + X2)]. Their endpoint limits are positive: Kd(0) = 56/45, Kd(↖) = 3, Vd/(H2

d
X) ⇓ 2/3 at zero, and the

ultraviolet restoring coe"cient is positive. Smoothness in the constant-coe"cient late plateau and compactness give a
common positive margin on a su"ciently small collar. This does not assign its width or extend the energy-monotonicity
theorem to a general evolving background.

D. Base-action scalar derivation and seed instability diagnostic

The following reduction through the matter-point no-go concerns S0. The completed local-vacuum proof is in
Section XIII.

For comparison, the following reference-action calculation isolates the finite-sti!ness seed’s flat-vacuum problem.
The completed coe"cients are those above. The auxiliary expansion is recorded in Supplemental Material, Appendix J;
relevant operator precedents are [6–8, 26].

The visible-fluid extension of the completed action is derived in Section XV.

E. FLRW variables and invariant background combinations

Choose matter proper time on the background, N̄ = 1, and use the physical clock as the unitary-gauge slicing field,

T = T̄ (t), Q(t) = ˙̄T (t) > 0. (255)

For the nonzero scalar Fourier modes write

N = 1 + 5, Ni = 0i4, hij = a2(t)e2ζ◁ij , x → k2

a2
. (256)

The homogeneous k = 0 perturbation is a variation of the background solution and is not counted as a separate
oscillator.
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Four combinations control the entire reduction:

▷J → ↓Ĵ,Y (Q̄, 0) = $A(Q̄), (257)

▷J = 1 on the matter/late plateau, ▷J = 1
16 on the primordial plateau,

Ws → 2H ↓ QB,Q, (258)

Ds → K,QQ + 3HB,QQ, (s → Ds + 3
2B 2

,Q
, (259)

Cs → ↓Ẇs + HWs ↓ 1
2W2

s

= ↓2Ḣ + Q̇
(
B,Q + QB,QQ

)
+ HQB,Q ↓ 1

2Q2B 2

,Q
. (260)

The quantity (s is exactly the homogeneous specialization of the Dirac rank scalar in Equation (134). The quantity
Ws is the coe"cient of the scalar momentum constraint; it is unrelated to the compact benchmark window W (Q).
The coe"cient Cs controls the reduced spatial-gradient energy.

F. Complete unreduced quadratic action

After expanding the action through second order, using the background equations, and discarding boundary terms,
the gravity–clock scalar action is

S(2)

s,unred
= M2

Pl

∫
dtd3x a3

{
↓ 31̇2 + Ws5

(
31̇ ↓ 024

a2

)
+ 21̇

024

a2

+ 1
2

(
Q2Ds ↓ 6H2 + 6HQB,Q

)
52 ↓ 25

021

a2
+ (01)2

a2
+ ▷J

(05)2

a2


. (261)

Equation (261) contains every quadratic term of the base action S0. The completed action adds Equation (242). In
particular, the acceleration operator does not introduce a new time derivative: because Y begins quadratically in the
lapse gradient when the background acceleration vanishes, it contributes only the last term. The action is second order
in time even though the reduced kinetic coe"cient will depend on k.

Varying with respect to the scalar shift gives the exact momentum constraint

Ws5 ↓ 21̇ = 0. (262)

Varying with respect to the lapse gives

0 =

Q2Ds ↓ 6H2 + 6HQB,Q ↓ 2▷J

02

a2


5 + 3Ws1̇ ↓ Ws

024

a2
↓ 2021

a2
. (263)

On a curvature-gauge patch with Ws ⇐= 0, the two nondynamical variables are therefore

5 = 21̇

Ws

, (264)

024

a2
= 2

W2
s

(
Q2(s ↓ 2▷J

02

a2

)
1̇ ↓ 2

Ws

021

a2
. (265)

Equivalently, for a Fourier mode,

↓k2

a2
4k =

2
(
Q2(s + 2▷Jx

)

W2
s

1̇k + 2x

Ws

1k. (266)

The only possible algebraic denominators in this reduction are Ws and the positive kinetic combination displayed
below. No function has been reconstructed from a desired perturbation history.
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G. Exact reduced action, characteristic factor, and Hamiltonian

Substituting Equations (264) and (265) into Equation (261) and integrating the single 11̇ term by parts gives

S(2)

s
= 1

2

∫
dt

d3k

(2ω)3
a3


Qs(t, k)|1̇k|2 ↓ Fs(t)k2

a2
|1k|2


, (267)

where

Qs(t, k) = 4M2

Pl

W2
s

(
Q2(s + 2▷J

k2

a2

)
, (268)

Fs(t) = 4M2

Pl

W2
s

Cs, c2

s
(t, k) → Fs

Qs

= Cs

Q2(s + 2▷Jk2/a2
. (269)

There is no algebraic 12 mass term on an exact source-free FLRW solution:

M2

s
(t, k) = 0 in the curvature variable 1. (270)

Time dependence nevertheless produces the usual pump term after canonical normalization. Defining

z2

k
→ a3Qs(t, k), vk → zk1k, (271)

the canonical mode satisfies

v̈k + )2

k
vk = 0, )2

k
= c2

s

k2

a2
↓ z̈k

zk

. (272)

The pump contribution is a background-growth or tachyonic diagnostic; it is not a ghost criterion.
Freezing the background coe"cients over a time interval short compared with their evolution gives the complete

physical scalar characteristic factor

Ps(7, k) = Qs(t, k)72 ↓ Fs(t)k2

a2
= 0, 72(k) = Cs k2/a2

Q2(s + 2▷Jk2/a2
. (273)

Thus

72 = Cs

Q2(s

k2

a2
+ O(k4/a4), k/a ↓⇓ 0, (274)

72 ↓⇓ Cs

2▷J

,
7

k/a
↓⇓ 0, k/a ↓⇓ ↖. (275)

The lapse-gradient operator therefore produces a dispersive scalar whose high-k frequency saturates rather than a
mode with an arbitrarily large propagation speed. The time evolution remains second order.

The momentum conjugate to 1k is

*k = a3Qs1̇↓k, (276)

and the fully reduced quadratic Hamiltonian is

H(2)

s
= 1

2

∫ d3k

(2ω)3


|*k|2
a3Qs

+ a3Fs

k2

a2
|1k|2


. (277)

This expression answers the infrared-energy question on every expanding FLRW patch for which the reduction is valid.

Theorem XII.4 (Quadratic FLRW stability criterion). For a source-free spatially flat FLRW solution of the reference
action S0, suppose

Q > 0, (s > 0, ▷J > 0, Ws ⇐= 0, Cs > 0. (278)

Then every nonzero Fourier mode of the unique gravity–clock scalar has Qs > 0, Fs > 0, c2

s
> 0, a real frozen-coe"cient

frequency, no lapse/shift pole, and a positive instantaneous quadratic Hamiltonian in the stated curvature variables.
Conversely, within this curvature-gauge patch, (s < 0 produces an infrared ghost, Cs < 0 produces a gradient and
negative-energy instability, and Cs = 0 is a marginal quadratic surface requiring a higher-order analysis.
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The condition Ws ⇐= 0 states that the momentum constraint can be solved in the curvature variable. A zero of Ws is
a “braiding crossing” of this gauge reduction and is not, by itself, a proof of a physical singularity; another nonsingular
perturbation variable must be used there. The signs of Qs and Fs give the stated quadratic kinetic and gradient test in
this valid reduction. Time-dependent pump terms, matter mixing, and higher-order interactions require separate tests.

H. Exact unbraided DBI branch

In the condensate-side unbraided SCFT-A DBI region,

B,Q = B,QQ = 0, Ws = 2H, (s = K,QQ, Cs = ↓2Ḣ. (279)

For a source-free clock background, the Raychaudhuri equation gives ↓2Ḣ = QK,Q. Equations (268) and (269) reduce
exactly to

Qs = M2

Pl

H2

(
Q2K,QQ + 2k2

a2

)
, (280)

Fs = M2

Pl

H2
QK,Q, (281)

c2

s
(t, k) = QK,Q

Q2K,QQ + 2k2/a2
. (282)

At k/a ⇓ 0 this reproduces the intrinsic kinetic-fluid result,

c2

s
(t, 0) = K,Q

QK,QQ

= c2

ad
. (283)

For the explicit DBI function and the positive-charge branch Q > 1, both K,Q and K,QQ are positive. Therefore
every expanding source-free DBI mode of S0 passes its quadratic ghost, gradient, and Hamiltonian tests, while the
long-wavelength sound speed tends to zero toward the condensate limit derived in Section VIII D. This is an exact
consistency check on the reduction.

I. Reference-action late fixed point and the infrared sign sector

At the SCFT-A de Sitter endpoint,

Ws,d = 2Hd ↓ Qdbd, (s,d = ↽d + 3
2b2

d
, Cs,d = 1

2Qdbd (2Hd ↓ Qdbd) . (284)

The opposite sign choice bd < 0, ↽d > 0 makes Ws,d > 0 but necessarily gives Cs,d < 0 and therefore a scalar gradient
instability for every nonzero k.

For S0, a nonempty su"cient endpoint region satisfying Dirac regularity, scalar quadratic positivity, and the
source-free reciprocal response is

bd > 0, ↓3
2b2

d
< ↽d < 0, 0 < Qdbd < 2Hd. (285)

Indeed, (s,d > 0, Ws,d > 0, and Cs,d > 0 hold simultaneously. Reciprocity follows from Qd↽d + 3Hdbd > 0 in
Equation (182), not from bd/↽d. The choice ↽d < 0 selects this benchmark; it is not necessary for reciprocity on every
stable endpoint. It is useful to parameterize this open set by

rd → Qdbd

Hd

⇔ (0, 2), 3d → ↓↽d

b2

d

⇔
(

0,
3
2

)
. (286)

Then

Ws,d = Hd(2 ↓ rd), (s,d = b2

d

(
3
2 ↓ 3d

)
, Cs,d = 1

2rd(2 ↓ rd)H2

d
, (287)

c2

s,d
(0) = 2 ↓ rd

rd(3 ↓ 23d) . (288)
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If one additionally requires the long-wavelength scalar cone to lie inside or on the metric cone at the endpoint, the
exact condition is

rd ≃ 1
2 ↓ 3d

. (289)

Because 0 < 3d < 3/2, the interval defined by Equations (286) and (289) is nonempty. These restrictions fix the
infrared endpoint of the benchmark in Equation (39) and Table I. The all-momentum positivity of the final spatial
completion follows independently from Theorem XII.1.

J. Unrepaired strict Minkowski boundary: two independent quadratic derivations

This subsection audits the finite-sti!ness seed action, not the adopted repaired action at Q = 1. Its role in the
revised manuscript is diagnostic: it identifies the sign obstruction that forces the compact vacuum modification in
Section XIII.

The FLRW curvature reduction cannot be continued by simply setting H = 0 at the matter point, because there

Q = 1, H = 0, Ws = 0. (290)

The exact seed Minkowski solution is also a homogeneous zero-charge sector: the unbraided current gives CT =
a3KA,Q(1) = 0. In the seed action it is not a singular point of the nonlinear Dirac operator: ( = ↽m > 0 and the
lapse operator remains coercive on the stated domains. What fails is the particular curvature-variable elimination that
divides by Ws. The nonlinear count remains one clock scalar, although its quadratic dynamics is degenerate in this
representation. It must therefore be analyzed independently rather than inferred by substituting into a curvature-gauge
formula whose momentum-constraint coe"cient vanishes.

First retain the clock perturbation and write

ds2 = ↓(1 + 2’)dt2 + (1 ↓ 2”)◁ijdxidxj , T = t + ▷, + → ▷̇ ↓ ’. (291)

Near Q = 1 the unrepaired seed benchmark obeys

K = ↽m

2 (Q ↓ 1)2 + O[(Q ↓ 1)4], B = 0 with all Q derivatives, J = ↓Y + O(Y 3/2). (292)

Define

µ2 → ↽m

2 > 0, 5M → ↓J,Y (0) = 1. (293)

A gauge-invariant expansion gives

S(2)

Mink
= M2

Pl

∫
dtd3x


↓3”̇2 + (0”)2 + 2’02” + 5M(0+)2 + µ2+2


. (294)

The exact linear constraint reduction yields

H(2)

Mink,dec
= M2

Pl

∫ d3k

(2ω)3

(1 ↓ 5M)k2 ↓ µ2

5Mk2 + µ2
k2|”k|2. (295)

For the unrepaired finite-sti!ness seed, 5M = 1, and hence

H(2)

Mink,dec
= ↓M2

Pl

∫ d3k

(2ω)3

µ2k2

k2 + µ2
|”k|2 < 0 (k ⇐= 0). (296)

This statement concerns the quadratic second variation about the exactly homogeneous, zero-charge Minkowski
configuration. It proves that this configuration is not a local minimum of the quadratic energy. It does not by itself
prove that the complete nonlinear Hamiltonian is unbounded at every wavenumber, because the MOND contribution
begins at cubic order in the acceleration. In the closest published khronon model, those nonlinear terms bound the
high-k energy while a long-wavelength Jeans band remains [8].
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The result is independently reproduced without restoring the clock perturbation. Set H = 0, Q = 1, and a = 1
directly in the unreduced ADM action (261). For one real Fourier mode,

L(2)

k,ADM

M2

Pl

= ↓ 31̇2

k
↓ 2k21̇k4k + 1

2
(
↽m + 2▷Jk2

)
52

k
+ 2k25k1k + k212

k
. (297)

The shift and lapse equations give, respectively,

1̇k = 0, 5k = ↓ 2k2

↽m + 2▷Jk2
1k. (298)

The reduced ADM Hamiltonian is therefore

H(2)

k,ADM
= M2

Pl
k2

2(1 ↓ ▷J)k2 ↓ ↽m

↽m + 2▷Jk2
|1k|2. (299)

Using ▷J = 1, µ2 = ↽m/2, and 1 = ↓” at linear order, equation (299) is exactly equation (296). Thus the negative
quadratic direction is not a gauge artifact or a missed term in the first derivation.

K. Positive-charge DBI branch and the singular zero-charge limit

The independent Minkowski result does not determine the sign on the expanding cosmological solution. The
conserved charge divides the two calculations into dynamically invariant sectors. For CT > 0, define Z and R as in
equation (200). At every finite scale factor,

Z = CT

↽ma3
> 0, Q = 1 + Z

R
> 1, R =

√
1 + ⇀DZ2. (300)

The exact DBI identities are

K,Q = ↽mZ, K,QQ = ↽mR3, 3H2 = ↽m


Z + R ↓ 1

⇀D


, ↓2Ḣ = Q↽mZ. (301)

Consequently,

Ws = 2H > 0, (s = ↽mR3 > 0, Cs = Q↽mZ > 0 (302)

for every Z > 0. With physical wavenumber p = k/a, the exact reduced coe"cients and frozen frequency are

Qs = M2

Pl

H2

(
Q2↽mR3 + 2p2

)
> 0, (303)

Fs = M2

Pl

H2
Q↽mZ > 0, (304)

72(p) = Q↽mZ p2

Q2↽mR3 + 2p2
> 0 (p ⇐= 0). (305)

Proposition XII.5 (No open negative-energy interval on the positive-charge DBI branch). For the exact source-free
unbraided DBI reference solution with CT > 0, the displayed scalar kinetic and gradient coe"cients and frozen frequency
are positive wherever that reference solution is defined. Applying the statement to the completed action requires
restricting to its DBI interval and using the completed coe"cients.

Proof. At finite a, equation (300) gives Z > 0. Equations (301)–(302) then satisfy all hypotheses of Theorem XII.4;
equations (303)–(305) display the signs explicitly.

The following zero-charge limit belongs to the unmodified unbraided DBI reference theory. The completed action
leaves that template at Qb and has a di!erent plateau; the displayed late cosmological trajectory instead ends at Qd.
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In the reference theory, as Z ⇓ 0+,

H2 = ↽m

3 Z + ↽m

6 Z2 ↓ ↽m⇀D

24 Z4 + O(Z6), (306)

Qs(t, 0) = 3M2

Pl

Z
+ 9

2M2

Pl
+ O(Z), (307)

Fs = 3M2

Pl
+ 3

2M2

Pl
Z + O(Z2), (308)

c2

s
(t, 0) = Z ↓ Z2 + O(Z3). (309)

Thus the physical frequency tends to zero from above while the curvature-variable normalization diverges. Simultane-
ously Ws = 2H ⇓ 0, so the transformation used to solve the momentum constraint in curvature gauge loses rank.
Taking Z ⇓ 0+ after reduction is therefore not equivalent to imposing the exact CT = 0, H = 0 background before
reduction. The latter is a boundary sector, not an open neighborhood crossed by a solution with fixed CT > 0. The
stable late endpoint lies instead at (Qd, Hd) with Qd > 1 and Hd > 0.

The unbraided result has an additional independent check. Using 4ωG→(ϱT +pT ) = QK,Q/2 and c2

ad
= K,Q/(QK,QQ),

equation (282) becomes

c2

s
(t, k) = c2

ad


1 + c2

ad
k2

4ωG→a2(ϱT + pT )

↓1

, (310)

which is the published generalized-dark-matter sound-speed expression for the unbraided relativistic khronon sector [8].

L. Matter-point braiding no-go

It is natural to ask whether one should turn on a small braid at Q = 1. The exact quadratic calculation answers this
question negatively. Let

bm → B,Q(1) (311)

while retaining the exact Minkowski background, K,QQ(1) = ↽m > 0, and J,Y (0) = ↓1. The FLRW invariants
evaluated on that constant background are

Ws,m = ↓bm, (s,m = ↽m + 3
2b2

m
, Cs,m = ↓1

2b2

m
. (312)

For every bm ⇐= 0, curvature gauge is regular but

Fs,m = 4M2

Pl
Cs,m

W2
s,m

= ↓2M2

Pl
< 0. (313)

Turning on matter-point braiding would therefore replace the zero-frequency negative-energy direction by a genuine
gradient instability. If bm = 0, all higher Q derivatives of B are multiplied by H or Q̇ on the exact constant Minkowski
background and do not change the quadratic result.

Proposition XII.6 (Matter-point braid no-go within the SCFT operator set). Assume the action contains only the
displayed K(Q), B(Q)!, and J (Y ) operators, with K,QQ(1) > 0 and exact MOND normalization ↓J,Y (0) = 1. No
choice of B,Q(1) makes the exact zero-charge Minkowski scalar quadratic form positive: B,Q(1) = 0 gives equation (296),
whereas B,Q(1) ⇐= 0 gives equation (313).

Accordingly, no choice of B,Q(1) repairs the zero-charge Minkowski quadratic form within the operator set of
Equation (4). A positive asymptotically flat zero-charge vacuum would require a di!erent operator class or a changed
assumption.

XIII. COMPLETED LOCAL-VACUUM TRANSITION AND ALL-MOMENTUM POSITIVITY

The local action is the specialization of Equation (59) with BA = 0, $A = 1, and U = K̃. Its vacuum plateau has

U = U ↑ = U ↑↑ = 0, BA = 0, $A = 1, ς = ◁/↽m, φ = 1/↽m. (314)
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The exact vacuum remains

gµω = ϑµω , T = t, Q = 1, H = 0, CT = 0. (315)

Every added operator and its first variation vanish on this state.

A. Homogeneous equations and positive-floor switches

Use matter proper time t on the homogeneous background. Because DiK = 0, qi = 0, and (3)R = 0, all four spatial
completion operators and their first variations vanish on spatially flat homogeneous data. Thus

3H2 = QU ↑ ↓ U, ↓2Ḣ = QU ↑, a3U ↑ = CT > 0. (316)

Here U = K̃ = ↽mu and ⇀D = 1. The lower extension uses 1 + |Q ↓ 1|; the following source-free expanding branch and
its positivity proof are on the upper side.

Introduce dimensionless variables used through Section XIII D:

↼ =
↑

↽m t, H = H/
↑

↽m, h = H2 = QF ↓ u

3 ,

x = p2

↽m

, m = Q2g, q = ↓ Ḣ

H2
= QF

2h
,

D = d
d ln a

, DQ = ↓3F

g
, mN → Dm = ↓6QF ↓ 3Q2Fg↑

g
. (317)

The scalar h here is not the spatial metric hij . The symbol q without an index denotes deceleration, not the
lapse-gradient vector qi. The background identities give

Dx = ↓2x, Dh = ↓2qh,
3
2 ↔ q ↔ 3Qb

2Qa

= 1515
1001 <

7
4 . (318)

Indeed QF ↓ u =


Q

Qa
rg(r)dr lies between QaF and QF .

Let

Q1 = Qa + L/3 = 251
250 , Q2 = Qa + 2L/3 = 1007

1000 . (319)

Fix the exact floor

ϱ = 1
2 . (320)

The two ordered profiles and their positive-floor completions are

w(Q) =

1 ↓ S

(
Q ↓ Q1

Q2 ↓ Q1

)3

, v(Q) = 1 ↓ S

(
Q ↓ Q2

Qb ↓ Q2

)
,

r(Q) = ϱ + (1 ↓ ϱ)w(Q), ⇀(Q) = ϱ + (1 ↓ ϱ)v(Q),

ς(Q) = ◁

↽m

r(Q), φ(Q) = 1
↽m

⇀(Q), ↼6 = ◁2

↽2
m

, ◁ > 0. (321)

Thus ⇀ = 1 throughout the varying part of r; only after r has reached its floor does ⇀ vary. Along expansion
rN → Dr ≃ 0 and ⇀N → D⇀ ≃ 0, since Q decreases. Crucially,

ς ≃ ϱ◁

↽m

> 0, φ ≃ ϱ

↽m

> 0, ↼6 = ◁2

↽2
m

> 0. (322)

The profiles still carry every switch derivative, but neither nonlinear operator changes order. The positive dimensionless
coupling ◁ is fixed exactly in Section XIII C.
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B. Complete scalar reduction

In proper-time coordinates use N = 1 + 5, T = T̄ (t) with ˙̄T = Q, and hence ◁Q = ↓Q5. Equivalently, the
clock-coordinate lapse is N̄(1 + 5). Use Ni = 0i4, hij = a2e2ζ◁ij , and 3 = &4/a2. For one real nonzero Fourier mode
put

bp = ςp2, Ap = 2 + 3bp, Cp = p2(1 + φp2), M = Q2U ↑↑. (323)

The full background-on-shell quadratic Lagrangian is

L(2)

p

M2

Pl
a3

= ↓ 31̇2 + 21̇3 + 2H5(31̇ ↓ 3) + 1
2(M ↓ 6H2 + 2p2)52

+ 2Cp51 + p212 ↓ 8ϑRp412 ↓ 3↼6p612 ↓ bp

2 (31̇ ↓ 3 ↓ 3H5)2. (324)

The last term follows from ◁K = 31̇ ↓ 3 ↓ 3H5. Background spatial gradients vanish, so perturbations of ς first
contribute to this operator at cubic order. Its time-dependent background coe"cient must nevertheless be di!erentiated
in the reduced action.

Set

Dp = 2H2Ap + bp(M + 2p2) = 4H2 + bp(6H2 + M + 2p2). (325)

Direct solution of the two auxiliary equations gives

5 = 2HAp1̇ ↓ 2bpCp1

Dp

, 3 = Ap[(M + 2p2)1̇ + 2HCp1]
Dp

,

Kp = Ap(M + 2p2)
Dp

, Bp = 2HCpAp

Dp

, V0p =
2bpC2

p

Dp

↓ p2. (326)

In particular the determinant of the (5, 3) quadratic Hessian is ↓Dp. After one time integration by parts,

L(2)

p,red

M2

Pl
a3

= Kp1̇2 ↓ V full

p
12,

V (0)

p
=

2bpC2

p

Dp

↓ p2 + 1
a3

d
dt

(a3Bp). (327)

Here and in the positivity polynomial it is useful to denote this displayed quantity by V (0)

p . The full completed
potential is

V full

p
= V (0)

p
+ 8ϑRp4 + 3↼6p6 > V (0)

p
. (328)

The derivative is taken at fixed comoving wave number, so ṗ = ↓Hp. Both switch derivatives are included.

1. The two endpoint tests

On the exact plateau H = U ↑↑ = 0, ς = ◁/↽m > 0, φ = 1/↽m, and every p ⇐= 0 has

Kp,M = 3 + 2
ςp2

> 0, V full

p,M
= (2φ + 8ϑR)p4 + (φ2 + 3↼6)p6 > 0,

72

p,M
= ςp2

2 + 3ςp2
[(2φ + 8ϑR)p4 + (φ2 + 3↼6)p6] > 0. (329)

Thus 72/p6 ⇓ ς(φ + 4ϑR) as p ⇓ 0. This di!ers from the old momentum-independent trace repair; its Minkowski
kinetic coe"cient must not be reused.

For a fixed rolling background with H > 0,

lim
p≃0

V full

p

p2
= q > 0. (330)
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This removes the earlier ↓1 infrared limit, but by itself it would not exclude a finite-momentum negative band. The
next sections prove the all-momentum statement.

The tensor quadratic action on all these FLRW backgrounds is

S(2)

T
= M2

Pl

8

∫
dt d3x a3[ε̇2

ij
↓ p2ε2

ij
↓ ↼6p6ε2

ij
]. (331)

The first-order tensor trace and first-order scalar spatial curvature of a transverse-traceless perturbation vanish, while
◁(3)Rij = ↓&εij/2. Hence the trace-gradient and curvature–lapse operators do not alter this sector, and the final
curvature-gradient term supplies the positive sixth-order contribution.

C. An exact positive choice of the coupling

All quantities in this section are dimensionless as in (317). The moment integrals and unique root (47) define the
kinetic profile exactly. The coupling is an explicit rational number justified by uniform su"cient bounds, rather than a
numerical extremum.

Put s = Q ↓ Qa. The flat bump endpoint gives

g(Qa + s) = ce↓1e↓L/s[1 + O(s)],
F

g
= s2

L
[1 + O(s)], u

F
= s2

L
[1 + O(s)], am → ↓mN

m
↓⇓ 3. (332)

These follow by substituting r = L/s in the endpoint integrals; the di!erentiated expansions have the corresponding
orders. In particular

h

m2
↓⇓ +↖,

h

m3/2
↓⇓ +↖. (333)

Choose n0 = 16. The companion proves

am(Q) ≃ q(Q) + 1 (Qa < Q ↔ Qa + L/16). (334)

Set Q0 = Qa + L/16, I0 = (Qa, Q0], and I = [Q0, Qb]. Define

d0 = inf
I0

8h

m2
> 0, d1 = inf

I0

h

m3/2
> 0, h→ = min

I

h > 0. (335)

The infima are positive by (333), positivity in the interior, and compactness away from the left endpoint.
The step obeys 0 ↔ S↑ ↔ 40/9; a direct bound is given below. Therefore

0 ↔ rN → Dr ↔ R→, R→ = 40(1 ↓ ϱ)
Q2 ↓ Q1

max
[Q1,Q2]

F

g
< ↖. (336)

For I set

A1 = max
I

{m(q ↓ 1) + |mN | + R→m},

E2 = max
I

{6h[m(q + 1) + |mN |] + m2 + 4h[m(q ↓ 1) + |mN |] + 4hR→m + 8hR→},

E3 = max
I

{6h[m(q + 1) + |mN |] + 2m + 8hR→},

c→ = 4ϱh2

→, d→ = 8ϱ3h→. (337)

All these constants are positive. A su"cient coupling condition is

2◁ ↔ min
{

1, d0, d1,
ϱh→
A1

,


27c2

→d→
32E3

2

,
27c→d2

→
32E3

3


. (338)

The adopted exact action coe"cient is

◁ = 10↓140 . (339)
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The companion gives an independent su"cient-bounds certificate:

d0, d1 ≃ 10↓12, h→ > 10↓22, A1, E2 < 1020, E3 < 1014. (340)

These strict bounds imply the displayed coupling condition by exact rational arithmetic. They use analytic estimates
on the entire inner and compact intervals, with a rigorously enclosed moment integral to bound the bump tilt. They
do not use the former binary64 extremum. The following proof uses only the su"cient inequalities, so it applies to this
exact rational choice for every ↽m > 0.

Bound on the smooth step. For 1/4 ↔ z ↔ 3/4, use S(1 ↓ S) ↔ 1/4 and z↓2 + (1 ↓ z)↓2 ↔ 160/9. For 0 < z ↔ 1/4,
put r = 1/z ≃ 4; then

S↑(z) ↔ e4/3↓r(r2 + 16/9) ↔ (160/9)e↓8/3 < 2. (341)

Reflection gives the other endpoint. Since rN = 9(1 ↓ ϱ)(F/g)(1 ↓ S)2S↑/(Q2 ↓ Q1) on its support, (336) follows.

D. All-momentum positivity theorem

For this proof put k = ↽mς = ◁r, kN = Dk, and

A = 2 + 3kx, D = 2hA + kx(m + 2x), V̂ (0) = V (0)

p
/↽m. (342)

The symbol k in this section denotes a coupling, not a comoving wave number. With C = x(1 + ⇀x) and B̂ = Bp/
↑

↽m,

Kp = A(m + 2x)
D

, B̂ = 2
↑

h CA

D
, V̂ (0) = 2kxC2

D
↓ x +

↑
h (DB̂ + 3B̂). (343)

The completed dimensionless potential is

V̂ full = V̂ (0) + 4x2 + 3◁2x3. (344)

Theorem XIII.1 (Positive scalar quadratic form for every nonzero momentum). For (48), (321), and (339), every
source-free expanding upper-transition background Qa < Q ↔ Qb satisfies

H2 > 0, U ↑↑ > 0, Dp > 0, Kp > 0, V full

p
> 0 for every p2 > 0. (345)

The exact Minkowski endpoint has (329). The tensor sector has a positive p2 + ↼6p6 quadratic action. The proof does
not require a finite Fourier grid or an interchange of the Q and p limits.

Proof. The background and kinetic statements follow from h, m > 0, k ≃ 0 and D = 4h + kx(6h + m + 2x) > 0. It is
enough to prove V̂ (0) > 0, because (344) then gives strict positivity of the completed potential.

Polynomial identity with both switch derivatives. Di!erentiating (343), including Dx = ↓2x, yields

D2V̂ (0)

x
=

6∑

j=0

cjxj , (346)

where

c0 = 16h2q,

c1 = 4h[12hkq + 4h⇀(q ↓ 1) + 4h⇀N ↓ km(q ↓ 1) ↓ kmN ↓ kN m],
c2 = 36h2k2q + 48h2k⇀(q ↓ 1) + 48h2k⇀N ↓ 6hk2[m(q + 1) + mN ]

↓ 4hk⇀[m(q ↓ 1) + mN ] + 4hk⇀N m + 8hk(4 ↓ q) ↓ 4hkN ⇀m ↓ 8hkN ↓ k2m2,

c3 = 2{18h2k2⇀(q ↓ 1) + 18h2k2⇀N ↓ 3hk2⇀[m(q + 1) + mN ]
+ 3hk2⇀N m + 6hk2(2 ↓ q) + 4hk⇀(5 ↓ q) + 4hk⇀N ↓ 4hkN ⇀ ↓ k2m},

c4 = 4k[3hk⇀(3 ↓ q) + 3hk⇀N + 2h⇀2 + k⇀m],
c5 = 2k2⇀(6h⇀ + ⇀m + 4), c6 = 4k2⇀2. (347)
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These formulas retain both kN = ◁rN and ⇀N exactly.
Inner interval I0. Here r = ⇀ = 1, k = ◁, and kN = ⇀N = 0. By (334), mN ↔ ↓(q + 1)m. Thus c1, c4, c5, c6 ≃ 0 and

c2 ≃ 8h◁(4 ↓ q) ↓ ◁2m2 ≃ 8h◁, c3 ≃ ↓2◁2m, c5 ≃ 8◁2. (348)

The middle inequality uses q < 7/4 and ◁m2 ↔ 8h. For a, b, z > 0 the weighted arithmetic–geometric mean inequality
gives

az2 + bz5 ≃ 3
22/3

a2/3b1/3z3. (349)

Since ◁2m3 ↔ h2,

(2◁2m)3 ↔ 8h2◁4 <
27
4 (8h◁)2(8◁2), (350)

the positive c2x2 + c5x5 terms dominate the possible negative c3x3. Also c0 > 0, so (346) is strictly positive.
Compact interval I. Equation (339) implies 0 < ◁ ↔ 1 and ◁A1 ↔ ϱh→. From (318), ϱ ↔ r, ⇀ ↔ 1, 0 ↔ rN ↔ R→, and

(347),

c1 ≃ 4h(2ϱh ↓ ◁A1) ≃ 4ϱh2 ≃ c→,

c4 ≃ 8hk⇀2 ≃ d→◁,

c2 ≃ ↓◁E2, c3 ≃ ↓◁E3, c5, c6 ≃ 0. (351)

For the negative-part bounds use k ↔ ◁, kN ↔ ◁R→, ◁2 ↔ ◁, and |mN | in each negative term. Every term proportional
to ⇀N has a nonnegative sign, and all other omitted terms are nonnegative because 1 < q < 2.

For a, b > 0, another two weighted arithmetic–geometric mean inequalities are

1

2
(ax + bx4) ≃ 3

25/3
a2/3b1/3x2,

1

2
(ax + bx4) ≃ 3

25/3
a1/3b2/3x3. (352)

Use a = c→, b = d→◁ for the two halves of c1x + c4x4. The definitions of ◁ ensure

(◁E2)3 ↔ 27
32c2

→d→◁,

(◁E3)3 ↔ 27
32c→d2

→◁2. (353)

Hence (352) absorbs both possible negative coe"cients and c0 > 0 supplies strict positivity. This covers the varying parts
of both switches and their positive exterior floors. Equation (329) proves the separate exact-vacuum statement.

Remark XIII.2 (Meaning and limits of the theorem). The result excludes a negative spatial-gradient term and a ghost in
the complete on-shell source-free FLRW scalar quadratic action, including finite momenta. It is a classical result for the
specified modified action. It does not imply uniform coercivity as p ⇓ 0 or Q ⇓ Qa, nor does it bound the canonically
normalized background pump term, parametric amplification, matter mixing, or the nonlinear strong-coupling scale.
At positive charge, Q ∀ Qa requires a ⇓ ↖; it is not a finite-scale-factor passage into the exactly zero-charge vacuum.

Corollary XIII.3 (Exact Minkowski scalar quadratic energy). On the mean-zero sector of a flat torus, or for decaying
data for which the displayed Fourier integral is finite, the completed exact vacuum has

H(2)

M,s
= M2

Pl

∫ d3p

(2ω)3


Kp,M|1̇p|2 + V full

p,M
|1p|2


> 0 (354)

for nonzero physical data. On a torus replace the integral by its Fourier sum. Here the exact coe"cients and dispersion
are Equation (329). The energy is conserved because the background coe"cients are constant.

Proof. Both coe"cients are strictly positive for p ⇐= 0 by Equation (329). Hamilton’s equations give energy conservation
mode by mode. The stated summability assumptions permit summation or integration of the mode identities.
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XIV. LOCAL VACUUM AND FULL NONLINEAR CAUCHY EVOLUTION

The completed theory has a positive local-transition quadratic form and an exact Minkowski vacuum. The first
subsections below explain positive-charge asymptotics and the finite-band linear packet construction. They are followed
by the full nonlinear local Hadamard theorem on the open strongly regular vacuum Cauchy domain, including its exact
loss-free energy, constraint propagation, explicit rolling neighborhood, and the retained inhomogeneous calculations
needed to treat the homogeneous lapse mode.

A. A locally nearly flat metric retains the clock background

Start from an exact source-free expanding background with a regular timelike clock, and set r = a(t)x. Without
making a weak-field expansion, the metric and clock become

ds2 = ↓(1 ↓ H2r2)dt2 ↓ 2Hr · dr dt + dr2, T = T̄ (t), ˙̄T = Q̄(t). (355)

This is a coordinate description of the same FLRW solution, not a newly constructed inhomogeneous geometry. A
patch of size L is nearly Minkowskian when |H|L ▽ 1 and |Ḣ|L2 ▽ 1. Nevertheless, the invariant clock expansion is
! = 3H, and the momentum-constraint coe"cient is still Ws = 2H ↓ Q̄B,Q. Local inertial coordinates do not set
these physical quantities to zero.

B. Localized solutions of the linearized exterior vacuum equations

Choose a compact proper-time interval I = [t0, t1] on which the exterior background is smooth and Q̄ ≃ q→ > 1. On
the selected nonzero Fourier annulus assume K > 0, Vfull > 0, and |D| bounded away from zero, using Equation (243).
The endpoint and nearby source-free collar satisfy these signs by Theorems XII.1 and XII.3; other backgrounds require
their own check. Let the Fourier initial data be smooth and supported in an annulus 0 < k↓ ↔ |k| ↔ k+ < ↖, with
the usual reality condition. For each mode introduce

Ak(t) = 2M2

Pl
a3K(t, k) > 0, Bk(t) = 2M2

Pl
a3Vfull(t, k) > 0, Pk = Ak 1̇k. (356)

The complete linear evolution is

1̇k = Pk

Ak

, Ṗk = ↓Bk1k. (357)

Here Pk is the momentum after the B11̇ boundary term is removed; it di!ers from the unshifted canonical momentum
by 2M2

Pl
a3B1k. No frozen-frequency approximation has entered. Compactness of I and the momentum annulus gives

finite coe"cient bounds and positive lower bounds. The inverse transforms are spatially decaying, inhomogeneous
perturbations of the specified cosmological vacuum.

The lapse and shift are reconstructed from the constraints:

5k = 2J 1̇k ↓ 2bC1k

D , 4k = ↓K 1̇k + B1k

k2/a2
. (358)

A transformation to Newtonian gauge gives

”N,k = ↓1k ↓ H4k, ’N,k = 5k + 4̇k, ◁TN,k = Q̄4k. (359)

Thus the metric, clock perturbation, and both constraints are simultaneously determined. The construction does not
set the clock perturbation or the time derivatives to zero in a local potential.

Proposition XIV.1 (Finite-band linear exterior-vacuum certificate). Under the preceding assumptions, every such
packet has positive quadratic scalar energy at each time and a finite energy bound on I. Its metric and clock perturbations
decay to the chosen positive-charge cosmological background at spatial infinity. An arbitrarily small nonzero amplitude
can be chosen so that the unitary lapse remains positive and the local clock norm stays above unity throughout I.
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Proof. For a real mode set Ek = (P 2

k
/Ak + Bk12

k
)/2. Direct di!erentiation gives

Ėk = ↓ Ȧk

2 1̇2

k
+ Ḃk

2 12

k
, |Ėk| ↔ CIEk, (360)

where CI = sup
I,[k→,k+]

max{|Ȧk/Ak|, |Ḃk/Bk|} < ↖. Hence Ek(t) ↔ Ek(t0) exp[CI(t ↓ t0)], with the same bound for
the integrated packet energy. The smooth Fourier multipliers in Equation (358) preserve spatial decay. Scaling both
initial data by 8 scales all linear perturbations by 8. For su"ciently small |8|,

△5△L↑(I⇒R3) < min


1
2 ,

q→ ↓ 1
2


, Qloc = Q̄

1 + 5
> 1. (361)

The reconstructed fields solve the linearized dynamical equations, with nonlinear residuals beginning at second
order.

The conserved homogeneous label CT is not a pointwise positivity theorem for the full inhomogeneous Noether
density. Nor does a finite-interval Gronwall bound exclude all physical growth or establish nonlinear stability about the
perturbed solution. The annulus excludes the uncontrolled zero-mode and arbitrarily high-momentum limits. These
qualifications are part of the result.

C. Full nonlinear local Cauchy theorem on the strongly regular domain

The all-momentum result Theorem XIII.1 remains a quadratic theorem on source-free homogeneous backgrounds,
while the exact canonical operators in Sections VI A and VI L hold for nonlinear fields. The nonlinear Cauchy
problem can now be closed on an open regular component of the vacuum gravity–clock phase space. The result
below concerns the exact completed action Equation (59): the nonlinear acceleration function, elliptic trace operator,
curvature–lapse coupling, curvature-square term, sixth-order Ricci-gradient term, braid, and smooth coe"cient profiles
are retained. “Local well posedness” is local in time; it does not mean global existence, long-time nonlinear stability,
or a bounded-domain initial-boundary-value theorem.

Let $ = T3 = (R/2ωLZ)3, let ĥ be a fixed smooth flat reference metric, and put # = (1 ↓ &
ĥ
)1/2. For an integer

s ≃ 18, define

△(k, 9)△2

Xs = △k△2

Hs+3 + △9△2

Hs . (362)

The index 18 is a conservative su"cient threshold, not an asserted optimal one. It leaves the derivative margin required
by the order-three pseudodi!erential calculus after the two-derivative lapse reconstruction and Sobolev embedding in
three spatial dimensions.

Definition XIV.2 (Strongly regular SCFT-A datum). A smooth vacuum datum (h0, ω0, N0, K0) is strongly regular
when:

(R1) it satisfies the exact trace relation Equation (80), the local lapse constraint Equation (85), and the momentum
constraint; h0 is positive, N0 > 0, and the range of Q0 = N↓1

0
is compactly contained in one smooth coe"cient

chart of the completed action;

(R2) AN : Hr+2 ⇓ Hr is uniformly positive and the full negative lapse Hessian in Equation (89) is coercive on the
entire H1($) lapse space, including constants;

(R3) for every nonzero covector ϖ,

gξ → Gij

full
ϖiϖj

|ϖ|2
h

≃ g0 > 0, ↼6 ≃ ↼0 > 0, φ ≃ φ0 > 0; (363)

(R4) the spatial-harmonic Faddeev–Popov operator in Equation (371) is invertible on mean-zero vector fields. Constant
translations are fixed by a base-point convention.

All four properties persist in a su"ciently small Xs neighborhood. Constants below depend on the radius of a
bounded regular set and on positive lower bounds for these margins, but not on a Fourier regularization cuto!.
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Theorem XIV.3 (Full nonlinear local Hadamard well-posedness). Let s ≃ 18 and let (h0, ω0, N0, K0) be a strongly
regular SCFT-A vacuum datum on T3. Impose the momentum constraint and fix the spatial-harmonic representative
described below. There exist T→ > 0 and a neighborhood O of the reduced datum in Xs such that every compatible datum
in O determines a unique SCFT-A development, modulo the already fixed spatial translations, with

h ⇔ C([↓T→, T→]; Hs+3) ∃ C1([↓T→, T→]; Hs),
ω ⇔ C([↓T→, T→]; Hs) ∃ C1([↓T→, T→]; Hs↓3), (364)

N, K, 6 ⇔ C([↓T→, T→]; Hs+1), 0tN, 0tK ⇔ C([↓T→, T→]; Hs↓2).

The solution map is continuous from O ↗ Xs to C([↓T→, T→];Xs), and higher Sobolev regularity persists on the
same interval. The primary lapse constraint, local lapse constraint, momentum constraints, spatial-harmonic gauge,
and covariant clock equation all propagate. The solution continues while its Xs norm remains finite and the four
strong-regularity margins remain strictly positive.

1. Tame elimination of the trace and lapse

Write 2 = log(N/N0) and define

F(h, ω, K, 2) =


AN K + P ↓ 3
2BA,

CN

M2

Pl

↑
h


. (365)

For r ≃ 3, the exact derivative count gives the smooth map

Hr+4 ¬ Hr ¬ Hr+2 ¬ Hr+2 ↓⇓ Hr ¬ Hr. (366)

In particular, (3)R ⇔ Hr+2, D(3)Rij ⇔ Hr+1, and the fourth-order metric source &h(Nφ(3)R) in Equation (85) lies in
Hr; no derivative is silently omitted.

Lemma XIV.4 (Auxiliary graph and tame estimates). At a strongly regular datum, Equation (365) has a unique local
solution (K, N) = G(h, ω), including the constant lapse mode. The map is C↔ and tame. On every bounded regular
set and for 3 ↔ r ↔ s ↓ 1,

△K△Hr+2 + △ log N△Hr+2 ↔ CR

(
1 + △h△Hr+4 + △ω△Hr

)
, (367)

△◁K△Hr+2 + △◁ log N△Hr+2 ↔ CR

(
△◁h△Hr+4 + △◁ω△Hr

)
. (368)

The same bounds hold for di!erences.

Proof. The derivative of the first component of F in K is the positive second-order operator AN . Eliminate that
variation. The Schur complement of the remaining relative-lapse block is precisely minus the operator whose quadratic
form is Equation (89). Coercivity and elliptic regularity therefore make that block an isomorphism Hr+2 ⇓ Hr,
including constants. Block Gaussian factorization makes D(K,▷)F an isomorphism, and the Banach implicit-function
theorem gives the graph.

For the estimates, commute #r through the two uniformly elliptic operators, apply the elliptic estimate, and use
Moser product and composition bounds. Each commutator has one fewer derivative on the unknown than the principal
term. Induction in r gives Equation (367); applying the same argument to the linearized system gives Equation (368),
and integration along a line segment gives the di!erence form. No constant-mode projection is made because the lapse
Hessian is coercive on the full lapse space.

With h ⇔ Hs+3 and ω ⇔ Hs, take r = s ↓ 1 to obtain N, K ⇔ Hs+1. The two-derivative o!set is sharp: at a flat
unbraided rolling datum a conformal metric variation obeys

◁ log N(ϖ)
1(ϖ) = ↓2|ϖ|2(1 + φ|ϖ|2)

m2 + 2|ϖ|2 ∅ ↓φ|ϖ|2, m2 = Q2U ↑↑ > 0. (369)

Thus the proof never assigns the lapse the same spatial regularity as the metric.
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2. Spatial-harmonic reduction and the exact reduced Hamiltonian

Define the spatial-harmonic vector relative to ĥ by

V i(h) = hjk
(
%i

jk
(h) ↓ %̂i

jk

)
. (370)

For an infinitesimal di!eomorphism generated by X,

DVh[LXh]i = &hXi + (3)Ri
jXj + Bh(V, DX), (371)

where the last term vanishes on the harmonic slice. At the flat reference this is &
ĥ
X, invertible on mean-zero vector

fields. The implicit-function theorem therefore gives a unique nearby harmonic representative after fixing residual
translations; this is the local Ebin slice in the present coordinates [42, 43].

The momentum constraint is the momentum map for the cotangent action,
∫

”

ωijLXhij =
∫

”

XiHi. (372)

Hence Hi = 0 makes ω annihilate the vertical di!eomorphism directions. Cotangent reduction identifies the local
quotient of the zero momentum level by spatial di!eomorphisms with the cotangent bundle of the harmonic slice [44].
Its canonical symplectic matrix is

J =
(

0 I
↓I 0

)
, J→ = ↓J. (373)

The lapse second-class pair does not alter this bracket. If 3 = (pN , CN ), then
(

0 ↓&N

&N )

)↓1

=
(

&↓1

N
)&↓1

N
&↓1

N

↓&↓1

N
0

)
. (374)

Functionals of (h, ω) have vanishing brackets with pN , so the Dirac correction between two such functionals vanishes.
Defining the shift-independent reduced Hamiltonian by stationary substitution,

Hred(h, ω) = H̃C

(
h, ω, K(h, ω), N(h, ω)

)
, (375)

the exact reduced equations are

0tU = J↘Hred(U), U = (h, ω). (376)

The shift reconstructed by di!erentiating V (h) = 0 solves Equation (371); the tame bounds and ḣ ⇔ Hs give 6 ⇔ Hs+1.

3. Exact reduced Hessian and sixth-order coercivity

Let

L(U) = D2Hred(U) = L(U)→. (377)

The stationary trace and lapse eliminations are Schur complements and preserve formal self-adjointness. Elliptic
parameter dependence from Theorem XIV.4 makes L(U) a smooth tame Douglis–Nirenberg pseudodi!erential matrix
with block orders

ord Lhh = 6, ord Lhφ, ord Lφh ↔ 2, ord Lφφ = 0. (378)

Freeze the coe"cients at a point, put ϱ = |ϖ|h > 0, and impose the principal harmonic and momentum tangencies

ϖjkij ↓ 1
2ϖi trh k = 0, ϖj9ij = 0. (379)

Then

▷2(D Ric)[k]ij = ϱ2

2 kij , rξ(k) = ▷2(D(3)R)[k] = ϱ2

2 trh k. (380)
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The sixth-order Ricci-gradient term contributes N↼6ϱ6|k|2/4. The leading metric–lapse and lapse blocks are

B4[k] = ↓Nφ

2 ϱ2rξ(k), C2 = ↓2Ngξϱ2, (381)

so lapse elimination contributes the favorable Schur term

↓B→
4
C↓1

2
B4[k] = Nφ2

8gξ

ϱ2|rξ(k)|2 ≃ 0. (382)

On Equation (379), the leading constrained Hessian is

Epr = 4N

(
|9|2 ↓ (trh 9)2

3

)
+ N↼6

4 ϱ6|k|2 + Nφ2

8gξ

ϱ2|rξ(k)|2. (383)

Since (tr 9)2 ↔ 2|9|2,

Epr ≃ 4N

3 |9|2 + N↼6

4 ϱ6|k|2. (384)

In canonical physical coordinates the eigenvalues of the product of the leading momentum and restoring matrices are
exactly

N2↼6, N2↼6, N2

(
↼6 + φ2

3gξ

)
, (385)

corresponding to two tensor polarizations and one scalar direction. They are real, nonzero, and uniform on a bounded
strongly regular set.

4. Exact loss-free nonlinear energy

Principal positivity by itself is insu"cient. Set

R =
(

#3 0
0 I

)
, A(U) = RJL(U)R↓1, S(U) = R↓→L(U)R↓1. (386)

Here A has order three and S order zero. The self-adjointness of L and skew-adjointness of J give the exact identity

SA + A→S = 0. (387)

Both terms are the same operator R↓→LJLR↓1 with opposite signs. The cancellation is therefore for the complete
variable-coe"cient generator, not only its principal homogeneous symbol.

By Equation (384), sharp Gårding gives

↙W, SW ∝ ≃ c△W△2

L2 ↓ C△W△2

H→1/2 . (388)

Only finitely many low spectral directions can violate positivity. Choose a fixed smooth real function f below the
uniform positive principal threshold so that ⇀ + f(⇀) ≃ c0 > 0 on spec S, and set F (U) = f(S(U)). Functional calculus
makes F finite-rank, smoothing, and self-adjoint, and

S̃ = S + F ≃ c0I, S̃A + A→S̃ = FA + A→F ⇔ ”0. (389)

Thus the homogeneous modes are included rather than projected away.
Put Z = S̃1/2R◁U . Parameter-dependent elliptic functional calculus gives S̃±1/2 ⇔ ”0, and the forced variational

equation becomes

0tZ = K (U)Z + C(U, 0tU)Z + f̃ , (390)

where K → = ↓K , K ⇔ ”3 is elliptic, and C ⇔ ”0. Define

P(U) = I + K (U)→K (U) = I ↓ K (U)2 ⇔ ”6. (391)
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For 0 ↔ r ↔ s, complex powers satisfy

[Pr/6, K ] = 0, (0tPr/6)P↓r/6 ⇔ ”0, Pr/6CP↓r/6 ⇔ ”0. (392)

The first identity is exact because P is a polynomial in the skew-adjoint K ; the other two follow from the parameter-
dependent resolvent formula and symbol composition [45, 46]. The finite regularity in Theorem XIV.3 is su"cient: after
mollifying coe"cient curves, the finitely many symbol seminorms required by Calderón–Vaillancourt and order-three
composition are bounded by Moser estimates in terms of the same Xs norm and Theorem XIV.4; passage to the limit
introduces no hidden C↔ solution hypothesis.

Theorem XIV.5 (Loss-free variational energy). For a solution curve in a bounded strongly regular set, define

Er[U ; ◁U ] = △P(U)r/6S̃(U)1/2R◁U△2

L2 . (393)

Uniformly for 0 ↔ r ↔ s,

cR△◁U△2

Xr ↔ Er ↔ CR△◁U△2

Xr , (394)

and every forced variational solution satisfies

d
dt

Er ↔ CR

(
1 + △U△Xs

)
Er + CR△f△2

Xr . (395)

No norm of ◁U above Xr occurs, and the constants are independent of any regularization cuto!.

Proof. Ellipticity of Pr/6, positivity of S̃, and the grading by R give Equation (394). Di!erentiating Equation (393)
along Equation (390), the skew term cancels exactly:

2 Re↙Pr/6Z, Pr/6K Z∝ = 2 Re↙Pr/6Z, K Pr/6Z∝ = 0. (396)

The remaining terms are order zero by Equation (392); Cauchy–Schwarz controls the forcing. This proves Equation (395).
In particular, the order-two and order-one pieces that defeat the uncorrected commutator energy are already inside the
exact Hessian, square-root conjugation, and Pr/6.

Proposition XIV.6 (Di!erence estimate). If U1, U2 are two strongly regular solutions, then on their common interval

△U1(t) ↓ U2(t)△Xs→1 ↔ CReCR|t|△U1(0) ↓ U2(0)△Xs→1 . (397)

Proof. Use the fundamental theorem of calculus,

J↘Hred(U1) ↓ J↘Hred(U2) = J
∫

1

0

L(U2 + θ(U1 ↓ U2)) dθ (U1 ↓ U2). (398)

The averaged Hessian remains self-adjoint, has the same block orders and uniform principal coercivity, and satisfies
the same tame bounds. Apply Theorem XIV.5 at level s ↓ 1 and Gronwall’s inequality.

5. Existence, uniqueness, continuous dependence, and continuation

Choose self-adjoint Friedrichs cuto!s J◁ on the reduced bundle and solve

0tU◁ = J◁J↘Hred(J◁U◁), U◁(0) = J◁U0. (399)

These are finite-dimensional smooth ODEs. Because the cuto!s are spectral functions of #, they are self-adjoint
and commute with R and J. The exact symmetrizer identity survives on the cuto! range, and every leftover cuto!
commutator from the order-zero conjugations has a bound independent of ⇁.

Fix a smooth center Uc in the coordinate neighborhood and write V◁ = U◁ ↓ Uc. The fundamental theorem of
calculus gives

J↘Hred(U◁) = J↘Hred(Uc) + J
∫

1

0

L(Uc + θV◁) dθ V◁. (400)
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The averaged Hessian has the same coercive principal symbol. Treating the first term as smooth forcing in Theo-
rem XIV.5 gives

d
dt

(
1 + △V◁△2

Xs

)
↔ ’R

(
1 + △V◁△2

Xs

)
, (401)

until the curve leaves the radius-R regular set. Hence for a time T→ > 0 independent of ⇁,

sup
|t|⇑T↓

△U◁(t)△Xs ↔ 2R. (402)

The di!erence estimate at level s ↓ 1 makes the regularized family Cauchy in C([↓T→, T→];Xs↓1). Weak-* compactness
at level s, tame continuity of the auxiliary maps, and lower semicontinuity pass the reduced equation to the limit. The
energy estimate applied to time translates gives strong continuity in Xs and the time regularity in Equation (364).
This proves existence.

Uniqueness follows from Theorem XIV.6. Top-norm continuous dependence follows by smoothing the initial data,
using the uniform high-regularity estimate for the smoothed solutions, the level-s ↓ 1 di!erence estimate, and then
sending first the data di!erence and then the smoothing scale to zero. This is the Bona–Smith argument [48, 49]. The
same estimates give persistence of higher regularity. Reapplying the theorem at a later time yields the continuation
criterion in Theorem XIV.3.

6. Propagation of all constraints

Let

&N = ◁CN

◁N


h,φ

, Dh[ϖ] =
∫

”

ωijLξhij . (403)

Spatial covariance gives the exact identities

{Dh[ϖ], HC} =
∫

”

CN LξN, {CN , Dh[6]}h,φ = LϖCN ↓ &N (LϖN). (404)

Theorem XIV.7 (Constraint propagation). Choose the lapse velocity

⇀ = Ṅ = LϖN ↓ &↓1

N
{CN , HC}h,φ. (405)

Then data with pN = CN = Hi = 0 retain these constraints throughout the lifespan in Theorem XIV.3. The homogeneous
lapse mode is included.

Proof. Equation Equation (404) gives

(0t ↓ Lϖ)CN = {CN , HC}h,φ + &N (⇀ ↓ LϖN) = 0. (406)

Also ṗN = ↓CN , while

d
dt

Dh[ϖ] =
∫

”

CN LξN + Dh[[ϖ, 6]], (407)

which is homogeneous in the constraints. Strong regularity gives the bounded full-space inverse of &N , including
constants. Di!eomorphism invariance gives ↘µEµω = ET ↘ωT ; since the clock gradient remains timelike, the
reconstructed metric equations imply the clock equation. Di!erentiating the elliptic graph CN (h, ω, N(h, ω)) = 0 shows
that its time derivative is exactly Equation (405), so the reduced and Dirac evolutions agree.

7. Explicit nonempty rolling domain and the retained Cauchy calculations

Take a flat torus and an unbraided rolling value Q→ ⇔ (Qa, QL) with U ↑↑(Q→) > 0, where U = K̃, and set

N→ = Q↓1

→ , H2

→ = Q→U ↑(Q→) ↓ U(Q→)
3 > 0, ωij

→ = ↓M2

Pl

√
h→ H→hij

→ . (408)
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Then K→ = 3H→, qi = 0, (3)Rij = 0, and the two auxiliary Jacobians are

A→ = 1 ↓ 3ς→
2 &→, L→ = ↓2&→ + m2

→, m2

→ = Q2

→U ↑↑(Q→) > 0. (409)

Their Fourier eigenvalues are strictly positive even at zero momentum. Furthermore gξ = 1, ↼6, φ > 0, and the
flat Faddeev–Popov operator is &→ on mean-zero vector fields. Therefore Theorem XIV.2 holds, and by openness
Theorem XIV.3 applies to a genuine infinite-dimensional neighborhood, not merely the homogeneous solution.

For the representative point Q→ = 101/100, the exact values are

N→ = 100
101 , ς→H2

d
= 1

2 10170
, φ→H2

d
= 1

2 1030
, ↼6H4

d
= 10↓340,

U ↑↑
→

H2

d

= 1036

9999
↑

9999
,

m2

→
H2

d

= 1020100 1030

9999
↑

9999
> 0. (410)

No positive floor has been rounded to zero. The tiny fixed value of ↼6 can make lifespan constants poor, but it does
not invalidate local well posedness at this fixed action point; no estimate is uniform as ↼6 ∀ 0.

The fully expanded local lapse constraint retained from the earlier Cauchy analysis is the unbraided BA = 0, $A = 1
specialization of Equation (85). Writing d = &h log N , rω = ς ↓ Qς↑, and r↼ = φ ↓ Qφ↑, it is

0 = 2P ij

TF
P TF

ij
+ 2

3PK + 1
3K2 + rω

2 |DK|2 + QU ↑ ↓ U ↓
(3)R

2
+ a2

0

(
JA,ϱ ↓ 2Y JA,ϱ ,Y

)
↓ 2Di(JA,ϱ ,Y

qi) + ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R2

+ 1
2


r↼

(3)Rd + 1
N

&h(Nφ(3)R)


. (411)

Thus the fourth-order metric source and every switch derivative relevant to this chart are explicit; Equation (411) is
the same equation as Equation (148), reproduced here because it is used directly in the Cauchy construction.

Now take h→ = ◁ on the torus of side 2ωL and set

Eij = diag(0, 1, ↓1), ωij

◁
= M2

Pl

√
h→


↓H→hij

→ + ⇁Eij cos(x1/L)


. (412)

The perturbation is transverse and trace free; the momentum constraint holds exactly for every ⇁. Since P = ↓3H→,
the exact trace solution is K = 3H→ even for spatially varying lapse. With 2 = log(N/N→), the remaining nonlinear
lapse equation is exactly

0 = 4⇁2 cos2(x1/L) ↓ 3H2

→ + QU ↑(Q) ↓ U(Q)

+ a2

0

(
JA,ϱ(Y ) ↓ 2Y JA,ϱ ,Y

(Y )
)

↓ 20i

(
JA,ϱ ,Y

(Y )0i2
)
, Q = Q→e↓▷, Y = |↘2|2

a2

0

. (413)

The curvature and trace-gradient terms vanish because of these chosen initial fields; they have not been removed from
the theory.

Proposition XIV.8 (Inhomogeneous datum and positive mean lapse response). For su"ciently small |⇁|, Equa-
tion (413) has the unique nearby solution supplied by Theorem XIV.4. It is even and smooth in ⇁, and

2◁ = ⇁2


2

m2
→

+ 2
m2

→ + 8/L2
cos(2x1/L)


+ O(⇁4) (414)

in the auxiliary Sobolev space. Consequently

1
Vol $

∫

”

2◁ d3x = 2⇁2

m2
→

+ O(⇁4) > 0 (415)

for su"ciently small nonzero ⇁.

Proof. The free amplitude enters through ⇁2, so uniqueness gives 2↓◁ = 2◁ and the linear response vanishes. Because
2 = O(⇁2), nonlinear acceleration-gradient terms begin at order ⇁4. At order ⇁2,

(↓2&→ + m2

→)22 = 4 cos2(x1/L) = 2 + 2 cos(2x1/L). (416)

The two eigenvalues are m2

→ and m2

→ +8/L2, whose exact inversion gives Equation (414). Smoothness gives the displayed
remainder, and integration gives Equation (415).
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This calculation demonstrates explicitly that nonzero spatial modes source a nonzero homogeneous lapse response.
The O(⇁4) remainder is not set to zero, and no finite-amplitude closed form is claimed.

At the exact Minkowski zero-sti!ness plateau H→ = 0 and m2

→ = 0. For the same first-order transverse-traceless
momentum perturbation, with no first-order homogeneous expansion and with the first-order lapse mean fixed, the
quadratic equation would be

↓2&→22 = 4 cos2(x1/L). (417)

Its right-hand side has nonzero integral, so there is no periodic solution. This is an obstruction to that proposed
torus family, not a proof that SCFT-A is ill posed. Allowing compatible homogeneous gravitational data changes the
quadratic constraint. The rolling construction removes this particular obstruction through m2

→ > 0. This statement
also does not conflict with the bounded-domain Dirichlet initial-constraint result below, where the constant lapse mode
is fixed by boundary data rather than inverted on a closed periodic leaf.

8. Exact commutator audit and why the corrected energy succeeds

The earlier Cauchy analysis identified a genuine failure of a naive energy argument. On the one-dimensional circle
take a(x) = 2 + cos x and

un = n↓7einx, vn = (n + 1)↓4ei(n+1)x, n ≃ 1. (418)

The H7 and H4 norms remain uniformly bounded, while the magnitude of the n + 1 Fourier coe"cient of [04

x
, a06

x
]un,

paired with 04

x
vn, is exactly

(n + 1)4 ↓ n4

2n
= 2n2 + 3n + 2 + 1

2n
↓⇓ ↖. (419)

Thus the uncorrected commutator is not controlled by the proposed H7 ¬ H4 energy. This is a counterexample to that
proof shortcut, not to SCFT-A evolution. The exact construction above removes the obstruction in the required way:
the full Hessian is first conjugated to the skew-adjoint K plus an order-zero operator, and di!erentiation is by Pr/6, a
function of K →K . Therefore [Pr/6, K ] = 0 exactly, which is the missing variable-coe"cient cancellation.

9. Boundary scope and specified-matter extension

The theorem is a Cauchy theorem on a compact manifold without boundary. Every integration by parts in the
trace, lapse, momentum-map, and energy identities has zero boundary flux, and the elliptic and pseudodi!erential
operators have their standard closed-manifold domains. No boundary data are required or permitted for this torus
Cauchy problem.

A bounded spatial region is a distinct initial-boundary-value problem. For the scalar model A = ↓&, the sixth-order
Green form is

∫

#

(uA3v ↓ vA3u) =
2∑

j=0

∫

↽#


(A2↓jv)0n(Aju) ↓ (Aju)0n(A2↓jv)


. (420)

Conditions u = Au = A2u = 0 annul this scalar form but do not, by themselves, verify the coupled metric complementing
condition, momentum-constraint preservation, or lapse reconstruction. The lapse–trace subsystem also requires the
surface functional and trace condition stated below. No full nonlinear bounded-domain theorem is claimed.

Corollary XIV.9 (Specified regular matter). Theorem XIV.3 extends to a specified minimally coupled matter model
whose gauge-reduced equations are locally symmetrizable hyperbolic in Hs, whose constraint algebra closes, and whose
stress tensor contributes at most lower spatial order to the metric equation. The combined energy is the sum of
Equation (393) and the matter symmetrizer energy.

Proof. Minimal coupling is linear in ADM lapse and shift, so it does not alter the gravitational lapse Hessian. The
sixth-order gravitational block dominates at high frequency. The direct-sum principal symmetrizer has only lower-order
o!-diagonal couplings, bounded by the product Sobolev energy. Kato iteration and matter constraint propagation
then apply [47].

This is a theorem schema, not a substitute for choosing matter variables. Because the manuscript leaves Svis as a
general visible-matter functional, the unconditional theorem proved here is the vacuum gravity–clock theorem.
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D. Complementary bounded-domain and exact-vacuum results

These previously established results remain useful and are not superseded by the boundaryless Cauchy theorem.

1. Boundary conditions for the lapse–trace subsystem

For fixed spatial metric the spatial-repair Hamiltonian has the surface term
∫

#

↑
h Nφ(3)R&h ln N = ↓

∫

#

↑
h Di(Nφ(3)R)Di ln N +

∫

↽#

↑
▷ Nφ(3)R niDi ln N. (421)

For a Dirichlet lapse problem subtract M2

Pl
/2 times the last integral from the Hamiltonian. Otherwise fixing ◁N = 0

alone would not remove the normal derivative of ◁N . In the trace inversion take niςDiK = 0, the natural no-flux
condition for Equation (145).

2. Small inhomogeneous initial-constraint solutions on the plateau

Proposition XIV.10 (Local nonlinear initial-constraint result). Let ) be a fixed smooth bounded domain and
0 < 5 < 1. For a positive metric su"ciently close to ◁ij in C4,ϑ and su"ciently small momentum data in C0,ϑ

satisfying Djωij = 0, there is a unique small lapse N = e0, with φ ⇔ C1,ϑ and φ|↽# = 0, solving the nonlinear lapse
constraint on the plateau. The auxiliary trace belongs to C2,ϑ with the no-flux condition. Smallness constants may
depend on ◁/↽m, ↽↓1

m
, a0, ), and 5. This is an initial-constraint theorem, not a bounded-domain evolution theorem.

Proof. On the plateau U = 0, ς = ς0 = ◁/↽m > 0, and φ = φ0 = 1/↽m. For a trial φ,

K ↓ 3ς0

2
(
&hK + DiφDiK

)
= ↓P, niDiK = 0. (422)

The positive mass and ellipticity give a uniform C2,ϑ Neumann solution for small △φ△C1,ω , with

△K(φ1) ↓ K(φ2)△C2,ω ↔ C△P△C0,ω△φ1 ↓ φ2△C1,ω . (423)

Let qi = Diφ, M(q) = µϱ(|q|2/a2

0
)/εN, and J+(Y ) = JA,ϱ(Y ) + Y . Put

T = 2P ij

TF
P TF

ij
+ 2

3PK + 1
3K2 + ς0

2 |DK|2 + ↼6

2 |D(3)Rij |2 + ϑR

2
(3)R2. (424)

Then the lapse constraint is exactly

0 = Di[(2 + φ0
(3)R)Diφ] ↓ 2Di[M(q)qi] + (1 + φ0

(3)R/2)|q|2

+ a2

0
[J+(Y ) ↓ 2Y M(q)] + T ↓ (3)R/2 + (φ0/2)&h

(3)R. (425)

The first operator is uniformly elliptic for small curvature. Its Dirichlet inverse maps f + DiF i, with f, F i ⇔ C0,ϑ, into
C1,ϑ. The vector nonlinearity M(q)q is smooth, cubic at the origin, and Lipschitz with arbitrarily small constant on a
small ball; the remaining lapse nonlinearities are at least quadratic. The trace-dependent terms are quadratic in the
momentum data and Lipschitz in φ with a small coe"cient. Therefore the equation is a contraction on a su"ciently
small C1,ϑ ball, with

△φ△C1,ω ↔ C
(
△hij ↓ ◁ij△C4,ω + △ωij/M2

Pl
△2

C0,ω

)
. (426)

Choosing the data so that △φ△↔ < ln(1001/1000) keeps Q = e↓0 inside the plateau. The spatial momentum constraint
was imposed on the input data.
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3. An exact nonlinear homogeneous vacuum evolution

Take

p1 = ↓1
3 , p2 = p3 = 2

3 ,
∑

i

pi =
∑

i

p2

i
= 1. (427)

For any real inverse-time parameter 8 and 1 + 8t > 0,

ds2 = ↓dt2 +
∑

i

(1 + 8t)2pi(dxi)2, T = t (428)

solves the complete local vacuum equations. Here Q = 1, qi = 0, (3)R = 0, DiK = 0, and U = U ↑ = 0, so every added
spatial operator and its first variation vanishes and the equations reduce to vacuum Einstein Kasner evolution. For
8 ⇐= 0,

Rϑϖε⇁Rϑϖε⇁ = 6484

27(1 + 8t)4
. (429)

On any interval |t| ↔ T0 with |8|T0 ↔ 1/2, this is a controlled nontrivial nonlinear homogeneous family.

E. Uniform linear evolution through the local transition

Take a flat torus $ = T3 and a finite source-free upper-branch interval J ↗ [Qa + ϑ, Qb], 0 < ϑ < L/3, containing
both varying switch regions. In the dimensionless variables of Equation (317), define

c1 = inf
Q↘[Qa+1,Qb], x↘[0,↔]

min
{

1, ◁2, Kp,
V̂full

x(1 + x2)


> 0. (430)

Positivity follows from Theorem XIII.1 after compactifying momentum by y = x/(1 + x). Uniform continuity extends
a positive fraction of the margin to a small unbraided exterior collar.

Proposition XIV.11 (Linear inhomogeneous evolution). For every nonnegative integer s, the completed linear
physical equations about the stated background have unique mean-zero solutions in C(J ; Hs+3) ∃ C1(J ; Hs) for initial
data in Hs+3 ¬ Hs. The same holds on the exact Minkowski plateau. The energy obeys Es(t) ↔ Es(t0)eCJ |t↓t0|, with
CJ independent of Fourier cuto!.

Proof. For each scalar mode,

d
dt

(a3Kp1̇p) + a3V full

p
1p = 0. (431)

With Ep = a3(Kp|1̇p|2 + V full

p
|1p|2),

Ėp = ↓0t(a3Kp)|1̇p|2 + 0t(a3V full

p
)|1p|2. (432)

Uniform bounds on logarithmic derivatives of the positive coe"cients give |Ės| ↔ CJEs after applying the fixed
comoving Sobolev weights and summing. The spectral gap and Equation (430) make this energy equivalent to the
graded norm. Fourier truncation and convergence then give existence, uniqueness, and continuous dependence. On the
plateau the coe"cients are constant and the energy is conserved.

F. Linear symmetrizer and the separate spectral boundary problem

For a homogeneous scalar mode set Yk = (
↑

Vk1k,
↑

Kk 1̇k)T . Its exact evolution is

Ẏk =
(

V̇k/(2Vk)
√

Vk/Kk

↓
√

Vk/Kk ↓3H ↓ K̇k/(2Kk)

)
Yk. (433)
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The identity matrix symmetrizes its oscillatory part; the remaining symmetric part contains the logarithmic time
derivatives controlled above. This linear construction is consistent with, but is not used in place of, the exact nonlinear
operator symmetrizer Equation (387).

On a smooth bounded domain let A = ↓&D > 0 be the positive Dirichlet Laplacian. The reduced Minkowski scalar
operators

K(A) = 3 + 2(ς0A)↓1, V (A) = (2φ0 + 8ϑR)A2 + (φ2

0
+ 3↼6)A3 (434)

commute and define a positive conserved spectral energy on D(A3/2) ¬ L2. For su"ciently smooth fields D(A3)
implements 1 = &1 = &21 = 0 at the boundary. The same construction applies to each tensor amplitude with K = 1
and V = A + ↼6A3. These conditions close the reduced linear boundary problem; they have not been shown to
reconstruct constraint-preserving data for the full nonlinear metric, lapse, and shift. That bounded-domain problem
remains distinct from Theorem XIV.3.

XV. MATTER-MIXED SCALAR PERTURBATIONS OF THE COMPLETED ACTION

A. Fluid variables and the full quadratic action

The matter calculation in this section uses the same action as Equation (59), including all four spatial operators.
For each independently conserved, isentropic species define

hA = ϱA + pA > 0, c2

A
= ṗA

ϱ̇A

, ϱ̇A = ↓3HhA. (435)

A Schutz–Sorkin representation gives a first-order scalar fluid action [27–29]. With V =
∑

A
hAvA and &2 =

∑
A

◁ϱA,
the full quadratic action is

S(2)

mix
= S(2)

grav,full
+

∫
dtd3x a3

∑

A


(
hA3 ↓ ˙◁ϱA ↓ 3H(1 + c2

A
)◁ϱA

)
vA

↓ xhA

2 v2

A
↓ c2

A

2hA

(◁ϱA)2 ↓ 5◁ϱA ↓ 3hAvA1̇


, x = p2 = k2

a2
. (436)

Here S(2)

grav,full
is precisely Equation (241), not its two-derivative truncation. Baryons, photons, and neutrinos in this

calculation denote the barotropic sectors c2

b
= 0 and c2

ε
= c2

ω
= 1/3. This finite-dimensional matter model does

not include recombination, Thomson collisions, polarization, or collisionless multipoles. Those require a Boltzmann
treatment rather than a relabeling of perfect-fluid solutions [51].

B. Exact lapse and shift elimination

Use A, b, C, J, D from Equation (240) and set

E = Ak ↓ 9bH2, T = AAk + 3W 2

s
+ 18bH(Ws ↓ H) = DK. (437)

The exact auxiliary equations and their solutions are

b3 = A1̇ ↓ J5 + V/M2

Pl
,

0 = E5 ↓ J3 + 3J 1̇ + 2C1 ↓ &2/M2

Pl
, (438)

5 = 2J 1̇ ↓ 2bC1 + (JV + b&2)/M2

Pl

D , (439)

3 = K 1̇ + 2JC

D 1 + EV ↓ J&2

M2

Pl
D . (440)

Their determinant is ↓D. Neither an e!ective replacement of a two-derivative sound speed nor a change of initial
conditions in a base-action integrator reproduces these constraints.
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After substitution, the reduced first-order density is

L(2)

mix,red

a3
= M2

Pl


K 1̇2 ↓ Vfull1

2


↓
∑

A


vA

˙◁ϱA + 3H(1 + c2

A
)vA◁ϱA + xhA

2 v2

A
+ c2

A

2hA

(◁ϱA)2



+ 2E

D 1̇V ↓ 2J

D 1̇&2 +
EV2 ↓ 2JV&2 ↓ b&2

2

2M2

Pl
D + 2JC

D 1V + 2bC

D 1&2. (441)

The term 2M2

Pl
B11̇ has been integrated by parts, with the derivative at fixed comoving k. Thus the same Vfull as in

Equation (243) occurs. All terms proportional to b, φ, ↼6, and ϑR are retained.

C. Density kinetic matrix and the correct high-momentum limit

Write H = diag(hA) and h = (hA). The exact matrix multiplying the quadratic velocity term is

Rfull = xH ↓ E

M2

Pl
DhhT , Pfull = x ↓ Ehvis

M2

Pl
D , hvis =

∑

A

hA, (442)

det Rfull = xNf ↓1


∏

A

hA


Pfull. (443)

Where this matrix is invertible, the density-only kinetic form is

L(2)

kin

a3
= M2

Pl
K 1̇2 + 1

2

(
ϑ̇ϱ ↓ 2E

D h1̇

)T

R
↓1

full

(
ϑ̇ϱ ↓ 2E

D h1̇

)
, (444)

up to terms containing at most one time derivative. Since x, hA > 0, Rfull > 0 is equivalent to Pfull > 0. A zero of
Pfull is a singularity of this additional velocity elimination; it is not a denominator in the canonical system below.

At a fixed finite homogeneous background, put A0 = Q2Ds ↓ 6H2 + 6HQBA,Q and ▷ = $A > 0. For ς > 0,

E = A0 + (2▷ ↓ 9ςH2)x,

D = W 2

s
+ ςx(A0 + 6HWs + 2▷x),

+full

vis
→ lim

x≃↔

Pfull

x
= 1. (445)

The approach is of order x↓2 for fixed background coe"cients. Together with K ⇓ 3, this gives positive ultraviolet
kinetic blocks for the gravity–clock scalar and the isentropic fluids. It applies also to a fixed radiation-dominated
background. It is not the factor 7/8: that number is obtained only when the trace-gradient operator is removed before
the high-momentum limit. In fact

lim
x≃↔

lim
ω≃0+

Pfull

x
= 1 ↓ 2▷hvis

M2

Pl
W 2

s

, lim
ω≃0+

lim
x≃↔

Pfull

x
= 1. (446)

The ultraviolet limit therefore cannot be used to substitute a base-action radiation calculation for the completed theory.
Nor can a formal x ⇓ ↖ result establish a physical e!ective-theory window: no physical cuto! is established by this
calculation.

D. Canonical evolution without a density-reduction pole

Before the integration by parts in Equation (441), the shift equation gives an especially simple exact identity,

*ζ = 0L(2)

mix

01̇
= 2M2

Pl
a33. (447)
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This follows because ↓3A1̇ + 3J5 + A3 ↓ 3V/M2

Pl
= 23 on the shift constraint. The closed equations are

5 = 2J3 + (3JV + A&2)/M2

Pl
↓ 2AC1

T
, (448)

1̇ = b3 + J5 ↓ V/M2

Pl

A
,

3̇ + 3H3 = C5 + (x ↓ 8ϑRx2 ↓ 3↼6x3)1, (449)
˙◁ϱA + 3H(1 + c2

A
)◁ϱA + hA(31̇ + xvA ↓ 3) = 0, (450)

v̇A ↓ 3Hc2

A
vA ↓ 5 ↓ c2

A

hA

◁ϱA = 0. (451)

The only additional canonical inversion is T ⇐= 0; A > 0 by construction. In particular, there is no division by Pfull.
The explicit finite-interval response in Section XVIII uses these equations.

XVI. FIXED SCFT-A PRIMORDIAL COMPLETION

The low/intermediate and late-time profiles defined in Section V C are part of one fixed SCFT-A action. This
section completes that same action at high clock charge, before the finite DBI boundary is reached, and specifies the
positive clock-norm profile that controls the primordial lapse-gradient operator. There is no second benchmark or
alternate theory in the construction.

A. Clock-norm profile in the unified SCFT-A action

The final action is Equation (59). Its positive clock-norm profile is built from the flat switch (33),

U”(Q) → S

(
Q ↓ Q”↓

Q”+ ↓ Q”↓

)
,

$A(Q) → 1 ↓ (1 ↓ ▷E)U”(Q), (452)

with the fixed exact values

▷E = 1
16 , Q”↓ = 7

4 , Q”+ = 19
10 . (453)

Hence $A = 1 for Q ↔ 7/4, $A = 1/16 for Q ≃ 19/10, and 1/16 ↔ $A ↔ 1. The suppression persists through part of
the matter era, not just radiation domination. The locations of this transition are determined anew by the revised
background and are not observational redshifts. Because JA(0) = 0, the regulator contributes neither homogeneous
energy nor a homogeneous clock current on FLRW. Because the matter point Qm = 1, the late point Qd = 103/100,
and the stationary weak-field branch all lie in the $A = 1 plateau, the homogeneous endpoint and local Newton
calibration are unchanged. The completed stationary and lensing equations still contain the spatial operators; their
controlled AQUAL limit is derived in Section XX A.

B. Smooth high-charge kinetic completion

The matching DBI profile is real only for Q < 2. The final SCFT-A kinetic function leaves that finite boundary
outside the physical high-charge branch by switching to a smooth continuation after the complete braiding region.
The upper braiding switch is

QR = 1 + (1 + ςA)&Q = 193
100 , QE → QR + 2&Q = 199

100 . (454)
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For Q ↔ QR, retain the low/intermediate profile already defined in Equation (41), with the local replacement
Equation (51). For Q ≃ QR, define

VK(Q) → S

(
Q ↓ QR

QE ↓ QR

)
, (455)

.DBI(Q) → KDBI,QQ

KDBI,Q

= 1
(Q ↓ 1)[1 ↓ ⇀D(Q ↓ 1)2] , (456)

.A(Q) →
{

[1 ↓ VK(Q)].DBI(Q) + 8VK(Q), QR ↔ Q < QE ,

8, Q ≃ QE ,
(457)

FK(Q) → KA,Q(QR) exp
∫

Q

QR

.A(s) ds


, (458)

KA(Q) → KA(QR) +
∫

Q

QR

FK(s) ds. (459)

Here ⇀↔ = 8. The DBI expression is evaluated only below QE < 2; the second branch is defined independently,
avoiding an undefined product at or beyond the former wall. The braid is extended by B = 0 for Q ≃ QR. The
resulting SCFT-A positive-clock domain is (0, ↖) for the fixed ⇀D = 1. The flatness of VK at both endpoints makes
KA C↔ at QR and QE . Moreover,

KA,Q = FK > 0, KA,QQ = .AFK > 0. (460)

For Q ≃ QE the continuation is elementary,

KA,Q(Q) = FEe⇀↑(Q↓QE),

KA(Q) = KE + FE

⇀↔

[
e⇀↑(Q↓QE) ↓ 1

]
, (461)

where the matching values obtained from Equations (458) and (459) are

FE/↽m ̸ 4.429866605156511, KE/↽m ̸ 0.8370916680467161. (462)

On the unbraided tail the conserved current gives KA,Q = CT a↓3, and therefore

Q(a) = QE + 1
⇀↔

ln
(

CT a↓3

FE

)
, c2

ad
= K,Q

QK,QQ

= 1
⇀↔Q

> 0. (463)

The high-charge function is regular at every finite Q. Its pressure fraction tends to zero only logarithmically as a ⇓ 0.
More explicitly, with F = CT a↓3,

ϱT /M2

Pl
= (Q ↓ 1/8)CT a↓3 ↓ KE + FE/8, pT /M2

Pl
= KE + (CT a↓3 ↓ FE)/8.

Hence a3ϱT is not constant on this tail. The limit c2

ad
⇓ 0 does not establish observationally acceptable clustering at

finite redshift. The value ⇀↔ = 8 is close to the matching DBI logarithmic slope KDBI,QQ/KDBI,Q = 1000000/125643 ̸
7.959058602548485 at QR, so the continuation avoids an artificial sharp change in sti!ness.

C. Completed constraint structure across the clock-norm transition

The clock-norm profile multiplies the adopted smooth acceleration function: Ĵ (Q, Y ) = $A(Q)JA,ϱ(Y ). It introduces
no lapse or shift time derivative. Its exact contribution to the canonical lapse constraint is

C(Ĵ)

N
= M2

Pl

↑
h

{
a2

0

[
Ĵ ↓ QĴ,Q ↓ 2Y Ĵ,Y

]
↓ 2Di


Ĵ,Y qi

}
. (464)

All Q derivatives, the curvature–lapse terms, and the inverse trace Legendre operator are retained in Equation (89). In
particular, if Gϱ is the smooth acceleration Hessian, the profile contributes $AGϱ to the gradient coe"cient and

&M” = ↓a2

0
Q$A,QQJA,ϱ ↓ 2Di


$A,QJA,ϱ ,Y

qi


(465)
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to the local coe"cient in the full negative lapse Hessian. Positivity of $A alone does not control this local term or the
curvature contribution. A su"cient regular-domain condition is a strict coercive lower bound on the full Schur form,

↓◁2HC [N2, N2] ≃ c△2△2

H1 , c > 0, (466)

with the boundary and coe"cient hypotheses needed for its bounded weak inverse. This is a condition on the
configuration. On a strongly regular vacuum Cauchy datum, Theorem XIV.3 guarantees a nonzero local interval on
which the corresponding margins remain positive and gives continuation for as long as they do. It does not prove that
the margins remain positive globally along an arbitrary primordial trajectory. The explicit local su"cient conditions
are given in Section VI L.

On a homogeneous flat background the canonical lapse symbol is

L full

N,p
= Q


K̃,QQ + 3HBA,QQ +

3B 2

A,Q

2(1 + 3ςp2/2)


+ 2$Ap2

Q
. (467)

This is not the momentum-independent braided rank coe"cient of a two-derivative truncation. It must be used
together with the full quadratic scalar and matter reductions. None of these constraint conditions supplies a cubic
interaction bound or an e!ective-theory cuto!.

D. Primordial coe!cient and completed matter criterion

The acceleration coe"cient on a homogeneous background is

▷s(Q) = ↓ 0

0Y
[$A(Q)JA,ϱ(Y )]


Y =0

= $A(Q). (468)

Its primordial value 1/16 is a fixed action choice. It does not restore the radiation normalization of a di!erent
perturbation theory. The completed density-matrix criterion is Equation (442), and its fixed-background high-
momentum limit is one by Equation (445). The two limits in Equation (446) explain why setting the trace-gradient
coe"cient to zero first gives a di!erent answer. Neither limit establishes a primordial adiabatic spectrum for the
completed action. The finite-time response below keeps all spatial terms and avoids singular density-only eliminations.

E. Fixed SCFT-A parameter point

The numerical calculation measures rates in units of Hd and densities in units of M2

Pl
H2

d
. It does not set the physical

ratio Hd/MPl to one. The exact dimensionless benchmark parameters are

&Q = 3
100 , ςA = 30, ⇀D = 1,

↽m

H2

d

= 1030, Qdbd = 4
5Hd, ↓↽d

b2

d

= 1
10 , CT = H2

d
. (469)

The remaining exact choices are ◁ = 10↓140, ▷ = 10↓6, sN = 10 and a0/Hd = 1. The fixed primordial-completion
constants are those in Equations (453), (454) and (457). For the representative visible loading used only as an existence
test,

ϱb0

M2

Pl
H2

d

= 3
20 ,

ϱε0

M2

Pl
H2

d

= 387
106

,
ϱω0

M2

Pl
H2

d

= 258
106

. (470)

These values are not an observational fit. They define one fixed baryon–radiation–clock background on which the
SCFT-A signs can be audited.

XVII. GLOBAL SCFT-A COSMOLOGICAL TRAJECTORIES

The unified SCFT-A action contains both the regular primordial completion and the late braided branch. We
reconstruct a source-free trajectory and one representative visible-loaded trajectory directly from the homogeneous
constraints.
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A. Constraint-preserving reconstruction

Set N → ln a and
F (Q, H) → K,Q + 3HB,Q = CT e↓3N . (471)

For the source-free branch, elimination of F gives

H(Q) = 1
2


QB,Q +


Q2B2

,Q
+ 4

3
(
QK,Q ↓ K

)


, a(Q) =


CT

F (Q)

1/3

. (472)

The derivative identities are

H,Q = 3HB,Q + QDs

3Ws

, F,Q = 2H(s

Ws

, (473)

Q↑ = ↓3FWs

2H(s

, H ↑ = ↓F (QDs + 3HB,Q)
2H(s

. (474)

The source-free diagnostics are
ϱT

M2

Pl

= QF ↓ K,
pT

M2

Pl

= K ↓ HB,QQ↑, wT = pT

ϱT

, (475)

qdec = ↓1 ↓ H ↑

H
, c2

s
(t, 0) = Cs

Q2(s

,
Qs(t, 0)

M2

Pl

= 4Q2(s

W2
s

, (476)

dNT

dH
= ↓ 1

Q2H,Q

. (477)

For visible matter, write ϱb = ϱb0a↓3 and ϱr = (ϱε0 + ϱω0)a↓4. The Friedmann constraint is

3M2

Pl
H2 = ϱb + ϱr + M2

Pl
(QF ↓ K). (478)

With hvis = ϱb + 4ϱr/3, di!erentiation of the current and Friedmann constraints gives

Q↑ = ↓6HF + 3B,Q(hvis/M2

Pl
+ QF )

2H(s

,

H ↑ = ↓Ds(hvis/M2

Pl
+ QF ) + 3HB,QF

2H(s

. (479)

These equations determine the SCFT-A homogeneous branch without introducing a dark-matter density independent
of the clock charge.

B. Source-free and visible-loaded backgrounds

Both homogeneous branches are reconstructed on 10↓15 ↔ a ↔ 900 from the specified action and loading. The output
contains the clock norm, expansion rate, derivatives, and scaled current and Friedmann residuals. The source-free clock
norm approaches Qd from above. The high-charge continuation, upper braiding switch, and late plateau are included.
These are homogeneous background solutions, not finite-momentum stability diagnostics or an observational fit.

The loaded background is used without retuning in Section XVIII C. The positivity of background quantities such as
(s does not imply positive finite-momentum restoring coe"cients; that separate question is answered by the completed
perturbation equations and the endpoint audit.

C. Scope and charge scaling

For the source-free system, changing CT ⇑⇓ ϑCT with ϑ > 0 leaves the intrinsic curve H(Q) and all diagnostics
expressed as functions of Q unchanged while

N1(Q) = N1(Q) + 1
3 ln ϑ, a1(Q) = ϑ1/3a1(Q). (480)

SCFT-A therefore supplies a positive-charge family translated in ln a. The visible-loaded example is one fixed
background, not a fit. The next section computes a full-action finite-time response. It does not assume a primordial
adiabatic initial condition or establish a CMB spectrum, matter-power spectrum, nonlinear basin, or quantum cuto!.
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FIG. 2. Reconstructed source-free homogeneous solution of the completed action. Upper panel: Q and NT = Q
→1; lower panel:

log10(H/Hd). The scale-factor normalization is internal. The plotted coordinates are recomputed for the revised coe"cient
point and exported with the verification files.

XVIII. COMPLETED-ACTION FINITE-WAVELENGTH RESPONSE

The purpose of this calculation is to test the perturbations of Equation (59) itself. It is a finite-time response
audit, not a primordial adiabatic transfer calculation. In particular, regular superhorizon initial data derived for a
two-derivative action are not assumed to solve the completed constraints when φp2 is large.

A. A numerically regular first-order system

Let N = ln a, r2 = x/H2, ⇁H = H ↑/H, ◁A = ◁ϱA/ϱA, and ,A = HvA. Introduce

u = H3

x
= ↓H4, J = J/H, T = T /H2,

hA = hA

M2

Pl
H2

, ϱ
A

= ϱA

M2

Pl
H2

, V =
∑

A

hA,A, & =
∑

A

ϱ
A

◁A. (481)

The symbol u in this section is a perturbation variable, not the kinetic interpolation u(Q) used in the local construction.
Then Equations (448) to (451) become

5 = 2Jr2u + 3JV + A& ↓ 2Ar2(1 + φx)1
T

,

1 ↑ = br2u + J5 ↓ V
A

,

u↑ = (⇁H ↓ 1)u + (1 + φx)5 + (1 ↓ 8ϑRx ↓ 3↼6x2)1,

◁↑
A

= ↓(1 + wA)

31 ↑ + r2(,A ↓ u)


,

,↑
A

= (⇁H + 3wA),A + 5 + wA

1 + wA

◁A. (482)
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Here wA = c2

A
is constant for the stated barotropic model. To avoid subtracting large background terms, the canonical

denominator is computed as

T = 2Q2(s

H2
+ 4$Ar2 + 3b

(
Q2Ds

H2
+ 2$Ar2

)
. (483)

All four spatial completion terms occur in this system. No density-only reduction is used.

Proposition XVIII.1 (Finite-interval linear regularity). On a compact N interval and a compact nonzero wavenumber
band, suppose the background coe"cients are continuous and bounded, H > 0, and |T | has a positive lower bound.
Then Equation (482) has a unique finite solution for each finite initial datum, uniformly on that band.

Proof. The displayed equations form y↑ = M(N, k)y with continuous, bounded coe"cients. The fundamental matrix
exists and

△y(N)△ ↔ △y(Ni)△ exp
∫

N

Ni

△M(s, k)△ ds


. (484)

The stated coe"cient and denominator bounds are uniform on the band.

This bound allows large amplification; it is not a stability theorem.

B. Metric observables and the completed gravitational slip

The Newtonian-gauge fields are

”N = u ↓ 1, ’N = 5 ↓ u↑ + ⇁Hu,

◁N

A
= ◁A + 3(1 + wA)u. (485)

Using the u↑ equation gives the exact perfect-fluid identity

’N ↓ ”N = ↓φp25 + (8ϑRp2 + 3↼6p4)1. (486)

Thus universal matter coupling does not imply equal scalar metric potentials for this completed gravitational action.
The no-slip identity of its two-derivative truncation cannot be imported into the response calculation. Collisionless
anisotropic stress would require an additional matter treatment and is not included in Equation (486).

C. A corrected three-fluid response on the loaded background

The background is fixed by Equations (469) and (470). On 1 ↔ a ↔ 10 the spatial coe"cients are ς = ◁/(2↽m),
φ = ϑR = 1/(2↽m) and ↼6 = ◁2/↽2

m
, with ↽m/H2

d
= 1030 and ◁ = 10↓140. The response initial datum is

(1, u, ◁b, ◁ε , ◁ω , ,b, ,ε , ,ω)a=1 = (0, 0, 1, 0, 0, 0, 0, 0). (487)

The lapse follows from the corrected action’s constraint. This unit baryon-density input normalizes a linear response;
multiplication by a physical small initial amplitude rescales every output. The sampled wavenumbers are

kj

Hd

= 3
100

(
100000

3

)j/41

, j = 0, . . . , 41. (488)

All outputs are evaluated at 1001 common points in N ⇔ [0, ln 10]. The action’s current and Friedmann constraints are
solved on 4001 background nodes and interpolated with cubic splines. DOP853 uses relative and absolute tolerances
2 ¬ 10↓10 and 2 ¬ 10↓15, and maximum step 0.01. Refinement uses 8001 background nodes, tolerances 2 ¬ 10↓11 and
2 ¬ 10↓16, and maximum step 0.005. RK45 independently checks k/Hd = 0.03, 10, 1000. The exact rational coe"cient
is used consistently; no coe"cient is retuned between modes. The flat-switch complement is evaluated directly before
multiplication by ↽m, avoiding catastrophic cancellation in 1 ↓ W . The exact value ↼6H4

d
= 10↓340 is stored with an

extended exponent range; its finite-band contribution 3↼6p4 ↔ 3 10↓328 lies below binary64 update resolution. The
all-momentum conclusions rely on the symbolic expressions, not resolution of this term in the finite-band scan.
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TABLE II. Recomputed curvature-completed unit responses. The exact wavenumber is fixed by the index in Equation (488).
Printed decimals are stored floating-point results, not exact real numbers; all 42 rows are provided in the verification archive.

j Maximum sampled unit response Channel-normalized refinement discrepancy

0 1.0011357323900973 3.078104394635406 ↓ 10→12

24 1.0000053656122538 9.666787227462226 ↓ 10→14

30 1.0000004240527078 7.602012281390097 ↓ 10→15

35 1.000000013729301 4.591882429849647 ↓ 10→13

38 1.0000000014248187 1.3540961597973225 ↓ 10→12

41 1.0000000001399332 2.914335439641036 ↓ 10→13

10→1 100 101 102 103
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FIG. 3. Maximum absolute response among the curvature, both Newtonian metric potentials, and three Newtonian density
contrasts for Equation (487), using the curvature-completed action. Each point is the maximum over 1001 sampled times on
1 ↔ a ↔ 10.

Over the specified six observable channels, the fine calculation gives

max
j,N, X↘{ζ,$N,%N,⇁

N
A}

|X| ̸ 1.0011357323900973. (489)

All sampled responses remain finite and close to their unit normalization on this interval. This is a positive finite-grid
response result for the stated input and interval. It does not certify a continuum maximum, all initial states, or a
primordial transfer spectrum. The endpoint restoring sign is established independently and exactly by Theorem XII.1.

The archive contains all eight evolved variables, the reconstructed lapse, both metric potentials, all Newtonian
density contrasts, and constraint and refinement diagnostics. Recombination, polarization, collisionless neutrino
multipoles, calibrated primordial statistics, and observational likelihoods are not included [51].

XIX. INTERACTIONS OF THE COMPLETED ACTION AND EFFECTIVE-THEORY LIMITS

Quadratic positivity, finite-time evolution, and quantum perturbative control are di!erent questions. The following
expansion retains the four spatial operators and the smooth acceleration tip of Equation (59). Its vertices are therefore
those of the same action as the linear response. No two-derivative interaction scale is assigned to the completed theory.

A. An exact scalar action before expansion

Use the scalar variables of Equation (256), with the covariant shift Ni = 0i4, and put q(t) = ˙̄T (t). Define

A = H + 1̇, V i
j = hikDkDj4, v = V i

i, Qloc = q

1 + 5
. (490)
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The pure-scalar restriction of the completed action, to all perturbative orders, is

Lsc

M2

Pl
a3

= e3ζ

{
1 + 5

2
(3)R +

↓3A2 + 2Av + 1

2
[Tr(V 2) ↓ v2]

1 + 5
+ (1 + 5)K̃(Qloc)

+ BA(Qloc)(3A ↓ v) ↓ (1 + 5)a2

0
$A(Qloc)JA,ϱ(Y )

↓ 1 + 5

2

[
ς(Qloc)DiKDiK + φ(Qloc)(3)RDiAi + ↼6Di

(3)RjkDi(3)Rjk + ϑR
(3)R 2

] 
, (491)

where

(3)R = ↓e↓2ζ

a2
[4021 + 2(01)2], Y = e↓2ζ(05)2

a2a2

0
(1 + 5)2

. (492)

Equations (491) and (492) fix the scalar vertices without an imported Horndeski cubic formula. They follow from
NKi

j = A◁i
j ↓ V i

j . Tensor and vector responses generated at second order do not enter the pure-scalar cubic action:
they multiply their vanishing first-order constraint or field equations. Their contributions to quartic interactions must
nevertheless be retained in a complete higher-order calculation.

B. Classical mixed vertices and the limits of e"ective-theory control

The companion fixes the nonlinear ideal-fluid completion by ϱA(n) ⇒ n1+wA and derives its full cubic density in
independent current variables. Combined with the displayed gravitational cubic functional and first-order auxiliary
solutions, this determines the classical cubic mixed interactions for that matter model. It is not a microscopic photon
or neutrino action.

One necessary interaction diagnostic can be made explicit. On the exact Minkowski plateau, 51 = ↓(1 + φ0p2)1 and
v =

↑
2MPl

√
Kp,M1. The smooth-tip quartic vertex therefore contains the equal-momentum coe"cient

34(p) = µA(▷)
8εN▷2a2

0
M2

Pl

p4(1 + φ0p2)4

K2

p,M

. (493)

This dimensionless quantity describes the coe"cient of one canonically normalized derivative vertex before angular
and combinatorial factors. It is not the full scattering amplitude. The conditions 34 ▽ 1, |↘5|/a0 ▽ ▷, and small
metric and lapse amplitudes are necessary checks in a strict tip expansion. Cubic exchange, other quartics, generated
tensors, and matter interactions must be included before a complete strong-coupling scale can be assigned. For the
sixth-order dispersions, a frequency bound and a momentum bound are distinct; the identity 72 = V/K alone does
not establish either cuto! [30, 31].

Shift symmetry forbids an explicit T -dependent potential but permits a constant vacuum term, arbitrary functions
of Q, and independent foliation invariants. It therefore does not protect the exact kinetic plateau, the small chosen
coe"cients, or the restriction to the displayed operator subset. Renormalization results for other foliation theories
require their own actions and constraint measures [52]; they cannot be imported from a positive quadratic spectrum.
The present work supplies a classical existence construction, with no demonstrated radiative protection or complete
quantum validity window. These remaining tasks are not claimed solved by the coe"cient hierarchy.

XX. COSMOLOGICAL EMBEDDING OF THE STATIONARY FORCE LAW

A. Completed coupled stationary equations

Within the exact vacuum plateau, let ς0 = ◁/↽m, φ0 = 1/↽m, and ↼6 = ◁2/↽2

m
. For a stationary conformally scalar

weak field hij = (1 ↓ 2”)◁ij , N = 1 + ’, and T = t, the leading stationary density, keeping the full acceleration
function but the quadratic metric-gradient terms, is

Lstat

M2

Pl

= (↘”)2 ↓ 2↘’ · ↘” ↓ 2φ0&’&” ↓ 8ϑR(&”)2 ↓ 3↼6|↘&”|2 ↓ a2

0
JA,ϱ(|↘’|2/a2

0
) ↓ ϱb

M2

Pl

’. (494)
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The trace-gradient term vanishes because K = 0. Write µreg(s) = µϱ(s2), which equals µA(s) for s ≃ 2▷. Varying
both potentials gives

↘ · [µreg(s)↘’] + εN&(” ↓ ’) ↓ εNφ0&2” = 4ωGNϱb, s = |↘’|/a0, (495)

&

(1 + 8ϑR& ↓ 3↼6&2)” ↓ (1 ↓ φ0&)’


= 0, ’lens = ’ + ”

2 . (496)

The harmonic term in the second equation is fixed by boundary or matching data. The coupled equations avoid
dividing by 1 ↓ 8ϑRp2 ↓ 3↼6p4, which can vanish in an isolated spatial-potential elimination even though the coupled
Minkowski scalar restoring coe"cient is positive. Such a zero is not, by itself, a physical mode instability.

Outside the regularized tip and for smooth fields varying on a common scale L, su"cient asymptotic conditions for
recovery of the seed AQUAL equation are

φ0 + 8ϑR

L2
▽ 1,

↼6

L4
▽ 1, εN


2φ0 + 8ϑR

L2
+ (φ0 + 8ϑR)2 + 3↼6

L4


▽ min{µA(s), µA(s) + sµ↑

A
(s)}, s ≃ 2▷.

(497)
These are derivative-expansion conditions, not identities at every wavelength. The exact coupled form is Equations (495)
and (496). Inside the tip the function is changed deliberately, and its strict deep-acceleration asymptotic is not the
seed µA(s) ∅ s law. No observational acceptability claim is made here for sourced solutions matched to cosmological
boundary data.

B. Embedding and force-law hierarchy

The following kinematic and scale estimates must be used together with the completed coupled equations, not in
place of them.

The formal stationary calculation in Section X establishes an operator limit. It does not construct a galaxy in the
evolving positive-charge solution. In a local patch of that solution, write

T = T̄ (t) + Q̄(t)ω(t,x). (498)

To first weak-field order in Newtonian coordinates,

◁Q

Q̄
= ω̇ +

˙̄Q
Q̄

ω ↓ ’N, Ai = ↓0i

(
◁Q

Q̄

)
+

˙̄Q
Q̄

0iω = 0i(’N ↓ ω̇). (499)

The acceleration expression follows by projecting the gradient of ln Q, including the first-order spatial component of uµ.
Its clock-dependent terms cannot be dropped merely because HL ▽ 1; the behavior of ω must be solved. Equivalently,
in unitary gauge the exact linear momentum constraint is

J5 ↓ A1̇ + b3 = V
M2

Pl

. (500)

Setting the clock-comoving fluid momentum, 1̇, and 3 to zero while keeping J ⇐= 0 would force 5 = 0. With a nonzero
shift, its b3 term must also be retained. A static lapse potential on the zero-braid Minkowski reference state therefore
cannot be transplanted unchanged into the cosmological unitary slicing. Time dependence of that slicing, clock flow,
or matter momentum supplies terms that must be retained at the order at which the momentum equation is used.
The nonstationary khronon response is known to matter even in related theories without the present braid [32].

On a constant-regulator patch, the acceleration part of the quasi-static lapse operator is

µ̄Q(s) = 1 ↓ ▷(Q) + ▷(Q)
εN

µA(s). (501)

Only the ▷ = 1 plateau has the stated deep-MOND normalization. In a clock-norm transition, extra ▷QJ terms in
Equation (464) must also be included. The benchmark reaches ▷ = 1 before its late branch, so clock-norm suppression
alone does not obstruct late galaxies; the clock and braiding matching problem remains.

There is also a stronger scale requirement than |m2

loc
|L2 ▽ 1 in a region where µ ▽ 1. Comparing the Helmholtz

term with the local elliptic operator requires

|m2

loc
|L2 ▽ min{µA(s), µA(s) + sµ↑

A
(s)}, (502)
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when the potential and gradients vary over a common scale L. For a general profile the direct condition is |m2

loc
’| ▽

|→ · (µA→’)| wherever that comparison is nonzero. Boundary data must fix the potential entering the mass term; in a
vacuum region the smallness test is instead made against the separate di!erential terms or their linearized eigenvalues,
not their vanishing on-shell sum. Exact asymptotically flat, zero-charge boundary conditions now use the repaired
vacuum sector in Section XIII. Its quadratic health does not prove that a sourced nonlinear galaxy can be matched to
the positive-charge cosmological branch.

Finally, the finite Newton calibration is not complete recovery of general relativity. The adopted high-acceleration
function obeys

JA(Y ) = ↓ Y

sN + 1 + O(1) (Y ⇓ ↖), ↓M2

Pl
a2

0
JA ℜ M2

Pl

sN + 1AµAµ. (503)

The surviving preferred-foliation operator is not removed by defining GN. Preferred-frame, post-Newtonian, binary,
and inhomogeneous tensor tests require their own solutions. The completed tensor dispersion is Equation (238); only
its low-momentum limit equals the photon speed. This does not supply preferred-frame tests or protect coe"cients
against radiative corrections.

An embedded galaxy calculation must solve the metric and clock equations with cosmological boundary data,
demonstrate a controlled quasi-static ordering, apply Equations (497) and (502), and check the local fluctuation
spectrum within Supplemental Material, Eq. (21). Proposition XIV.1 supplies localized positive-charge linear vacuum
data and Theorem XIII.3 supplies an exact flat-vacuum quadratic repair, but neither result solves the sourced
nonlinear matching problem. The stationary AQUAL equation is retained only in the controlled hierarchy where the
higher-spatial-derivative repair terms are negligible; successful galactic phenomenology of the revised benchmark has
not been demonstrated.

C. A scale-separated coe!cient point

The former choice ↽m/H2

d
= 120 made (φ0 + 8ϑR)/L2 = 1/[24(HdL)2], which could not be small on subhorizon

scales. This is repaired by the revised exact coe"cient point, not by omitting any term from the action. With k = 1030,

φ0 + 8ϑR

L2
= 5

k(HdL)2
,

↼6

L4
= ◁2

k2(HdL)4
. (504)

Choose the declared theoretical test scale HdL = 10↓6 and acceleration s = 1/100, with a0/Hd = 1, sN = 10 and
εN = 11/10. Then

φ0 + 8ϑR

L2
= 5 10↓18,

↼6

L4
= 10↓316, µA(1/100) = 1000101

101000101 . (505)

Since µ↑
A

(s) > 0, the smaller acceleration-Hessian coe"cient is µA(s). The dimensionless correction ratio in Equa-
tion (497) is exactly

Rstat = 11 · 101000101
10 · 1000101

(
6 10↓18 + 25 10↓36 + 3 10↓316

)
< 10↓14. (506)

Moreover s > 2▷, and a potential variation of order sa0L = 10↓8 fits inside the exact kinetic plateau, where
U ↑ = U ↑↑ = B = 0. Thus the local mass term vanishes and the scale and acceleration conditions have a nonempty
simultaneous domain. By continuity the strict margins persist on a neighborhood of the declared scale and acceleration;
this is not an isolated equality.

The change of ↽m alters the exterior kinetic function. The broad homogeneous curves and all 42 matter responses
have therefore been recomputed. The local all-momentum proof is dimensionless and still applies; the generalized
endpoint polynomial explicitly retains k and proves positivity at the revised point. These checks repair the coe"cient
hierarchy within the same operator family. They do not construct a nonlinear sourced solution joining the Q ̸ 1
stationary plateau to the Q ̸ Qd cosmological clock, or prove a uniform singular-perturbation limit for arbitrary
boundary data. The AQUAL reduction is asserted only under the stated smooth common-scale ordering, with boundary
layers excluded from that local approximation.

XXI. STRUCTURAL PREDICTIONS AND CONSISTENCY CONDITIONS

The derived quantities are the homogeneous current and reciprocal response, the specified vacuum scalar and tensor
spectra, the constrained perfect-fluid response, and the coupled stationary equations. They are predictions of one
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fixed action. The explicitly stated homogeneous, linear, and strongly regular vacuum Cauchy domains have been
established. The revised local stationary hierarchy is certified in Equation (506); a nonlinear sourced solution matched
to the cosmological clock remains a separate problem.

XXII. RELATION TO EXISTING THEORIES

The relevant precedents are action-level, not merely interpretive. Kinetic gravity braiding already supplies scalar–
metric kinetic mixing and self-accelerating branches [6, 7]. Relativistic khronon models combine one metric, a foliation
scalar, generalized-dark-matter behavior, and a stationary MOND operator [8, 9, 32]. Higher spatial derivatives and
lapse-gradient terms are part of the established spatially covariant and nonprojectable operator basis [18, 35, 36, 39].
A preferred direction derived from a scalar di!ers from the independent vector sectors of TeVeS and AeST [10, 11].

The contribution here is the explicit combination of a convex local kinetic replacement, positive spatial floors, and a
curvature-square term with a continuum endpoint positivity certificate. The reciprocal sign is an additional branch
diagnostic. Neither the field-first interpretation nor a change of clock variable alone constitutes the mathematical
advance. The coe"cients are constructed to meet classical sign conditions; a microscopic derivation or radiative
stability argument is absent.

The nonanalytic unregulated MOND term and its smooth replacement have di!erent interaction expansions. General
results about mixed-derivative gravity or well-posed Einstein evolution cannot simply be transferred to this action:
the action-specific lapse operator, reduced sixth-order Hessian, gauge slice, and loss-free energy must be checked
[40–42, 45, 46, 49, 50]. Those checks are supplied in Section XIV C. The comparison above identifies the narrow
contribution rather than claiming the underlying operator families as new.

XXIII. DISCUSSION

The concrete advances are the explicit rational coupling certificate, a coe"cient hierarchy admitting a controlled
local stationary ordering, a contracting unbraided solution, and an all-mode decreasing scalar energy at the expanding
de Sitter endpoint. The full scalar reduction and the local transition positivity proof apply to the same revised
coe"cients. The constraint-domain mode count and the homogeneous self-accelerating endpoint are retained. All
numerical curves and finite-time matter responses have been recalculated after changing the exterior sti!ness.

These results have defined domains. The contracting solution is unbraided; the decreasing endpoint energy is a
linear theorem; the local stationary hierarchy assumes smooth common-scale fields and does not solve cosmological
matching. In addition, the exact vacuum gravity–clock equations are locally Hadamard well posed on the strongly
regular boundaryless torus domain of Theorem XIV.3. The theorem includes the homogeneous lapse mode, tame
auxiliary reconstruction, a loss-free variable-coe"cient energy, existence, uniqueness, continuous dependence, and
constraint propagation. It is not a global stability theorem, a nonlinear bounded-domain theorem, or an unconditional
theorem for the unspecified visible-matter functional.

The coe"cient functions are deliberately engineered to demonstrate compatible classical inequalities. This is a
mathematical rationale for an existence construction, not a derivation from microscopic physics. The supplied ideal-fluid
cubic functional improves the interaction specification, but a complete quantum cuto! and radiative-stability argument
remain absent. No nonlinear or quantum conclusion follows merely from choosing smaller spatial coe"cients. These
limitations concern this theoretical paper itself, independently of any later observational program.

XXIV. CONCLUSION

A single specified operator family admits the displayed reciprocal expanding and unbraided contracting branches,
positive local scalar and tensor quadratic forms, and a de Sitter scalar energy that decreases for every linear initial
state. The revised exact coe"cient point restores a nonempty controlled stationary hierarchy while preserving the
proved endpoint and local-transition inequalities. The supporting calculations use a rigorous interval moment bound,
exact rational inequalities, independent symbolic elimination, and recomputed finite-time ideal-fluid responses.

The manuscript establishes these classical results together with full nonlinear local Hadamard well-posedness of the
vacuum gravity–clock Cauchy problem on the stated strongly regular boundaryless torus domain. It does not establish
global nonlinear stability, a nonlinear initial-boundary-value theorem, a complete strong-coupling domain, radiative
protection, an unconditional theorem for the unspecified visible-matter functional, or a nonlinear sourced solution
joining the local and cosmological clock sectors. A completed dark-sector unification theorem would require those
additional results.
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COMPUTATIONAL VERIFICATION

The reproducibility package contains certify_coefficients.py, exact_algebra.py, and reproduce_numerics.
py. The coe"cient certificate passes 33 checks; the symbolic and exact scale audit passes 16 checks, including
the independently expanded ideal-fluid cubic density. The numerical calculation uses new arrays for the revised
coe"cient point. Its maximum sampled response is 1.0011357323900973, its largest channel-scaled refinement
discrepancy is 1.6975908959798724 ¬ 10↓11, and its largest scaled background residual on the fine response grid is
5.028079805054185 ¬ 10↓13. The independent-integrator checks and complete per-mode diagnostics are supplied.
Numerical decimals are approximations; exact claims use rational or symbolic expressions and proved enclosures. No
claimed theorem depends on interpreting a floating-point output as exact.
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