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Abstract

The usual power series Y anz" are generalized by the substitution
z — g(x) to power series built from a function Y ang™(z). The key fea-
ture of our approach consists in using functions g with free parameters
g(z) = g({p:i}, z); the resulting expansions thus keep the Taylor-like be-
havior (i.e., they match derivatives at the expansion point), but can also
be tuned to adjust the far-away behavior. We present six specific cases gx,
X € {A,...,F}, each containing five free parameters. We use examples
to demonstrate that the generalization can improve the convergence (rate
and domain), mimic branch points and branch cuts and have other inter-
esting properties. Because the partial Bell polynomials are a necessary
ingredient in our method, our results can be interpreted as new formulas
for specific values of the Bell polynomials.

1 Introduction

Many approximations can be seen as “matching” procedures [1]: interpolations
match function values, (generalized) Fourier series and moment-problem solu-
tions match weighted integrals and several expansions are based on matching
derivatives. Besides the Taylor series, these include a number of other approx-
imations (Padé approximants, Neumann series of Bessel functions, Lambert
series, etc...). Thus, once the derivatives of a function at some point are known,
one can choose the approximation from a finite set of existing possibilities. With
each of them reproducing the function well in the neighborhood of the expansion
point, we can select the one that describes the function best when the argument
becomes larger. For example, it is well known that for some applications the
Padé rational function provides a better description than the Taylor series.

We adopt a similar strategy: we construct derivative-matching approxi-
mations with tunable parameters, meaning that for each (well-defined, non-
singular) parameter combination the resulting approximation matches deriva-
tives at the expansion point. One can then use the parameters to tune the
far-away behavior. We propose six formulas, with five free parameters each. In
this way six infinite sets of adjustable approximations are built.

Alternatively, one can also interpret our results as new formulas for special
values of the Bell polynomials, since these are necessary for our purposes.



2 Method

The method of construction is not new and proceeds through a substitution
into the standard power series © — g(z), as described in [2]. Reassessing our
results there, we realized that some of them possess parametric freedom and
this inspired us to investigate further. Adopting the notation

dn dn
A~ fe dx—nAf () | om0 = dmﬁf () |p=0, 71 €Np

for an approximation Af, we assume, without loss of generality, that the expan-
sion is performed at = 0. Writing A7 as

Al (2) = F(0)+ ) anlg(@)]", g(0)=0, ¢ (0)#0, (1)

straightforward manipulations and Faa di Bruno’s formula give

1 d» _ 1 & —1 —1 1
an = o (67" (2)) |amo = mZd;:Bn,k(d-‘{ A A ), (2)
k=1
where B, are (incomplete) Bell polynomials and dl! := (Zc—nnh(x) lz=0- The

existence of a non-vanishing derivative of g at zero guarantees the existence of
the inverse function g~! in some neighborhood of the same point.
Assuming we have a candidate function g(z) to be used in (1), the simplest

way to find By, := Bn,k(dﬁfl,dgi ,...) is to study higher-order derivatives of
(¢g~H)*. Indeed, the latter can be understood as u(v(z)) where v = g~! and
u(z) = z¥. Rewriting Faa di Bruno’s formula as
i’ = " dYBy;(dy,dy,...),
=0

one uses dj = kld; ;. to get

d* 1) N !

yr (97" ()" lamo = k!> _ 8 1Bnj = k!B x. (3)

=0

—1\k
So, if one is able to derive an expression for d¥9 ) ina way that does not rely

on the Bell polynomials, i.e., d%gil)k =F(n,k) then

1 - 1
Bk = Hdﬁf’ = HF(n, k). (4)

l)k

Thus, finding a formula for the nth derivative of (¢~!)* for some proposed g is
one of the key concerns of this text. To implement parametric freedom, the free
parameters are introduced into the definition of the function g(z) = g({p;}; x).



We remark that, to simplify notation, we will often write >~ ang" ()
instead of the expression in (1). In (1), we isolate the constant term to avoid
ambiguity in the coefficient formulas in Section (4). Thus, whenever coefficient
formulas are involved, any sum of the form Y °  a, g™ (x) should be understood
as in (1).

3 Properties

3.1 Existing freedom

The Bell polynomials follow a transformation rule that reflects properties of
differentiation

B,k (wger,wg®ca, wgPes, ...) = ¢"w" B, i, (c1,c2,¢3,...) (5)

where ¢ and w can be seen as parameters, which gives new possibilities for
approximations. Indeed, if f(z) ~ Y07 & (ZZ:O d£B§?k> g™ (x) then

=1 - T
f(z) = o (Z diw’“BZ k) q" (;)
n=0 k=0
and
21 (& df
[e] n
f(z) %Zﬁ By i | lag()]”
n=0 k=0
where By | = BZ’;l’qzl. The latter expansion is trivial and does not repre-

sent a new approximation: the compensating scaling factor is introduced into
the coefficients, but the summands remain identical. The former expansion is,
however, non-trivial and we understand w as our first free parameter.

3.2 Convergence

Let I be the maximal open interval containing zero where g can be inverted.
The question of convergence is then reduced to the convergence of the power
series: the expansion ) a,g™(x) converges for all = € I such that |g(z)| < Ry,
where R, is the radius of convergence of )" a,y™. To determine R, one uses
standard power-series methods. In general, the convergence to the function is
lost outside I. If two different arguments x7 € I and x5 ¢ I give the same
value g(z1) = g(z2) then, obviously, the correct value is reconstructed for
and the same value (which is generally incorrect) is obtained for x5, since the
series Y ang"(x) cannot distinguish between z; and .

Although convergence properties can be straightforwardly related to power
series, the approximation properties are non-elementary: the expansion A/ =
> ang™ of f may converge more rapidly and on a larger domain than the Taylor
series of f. Consider a trivial example: with g(x) = In(14+2) and f(x) = In(1+=x)
the sum A/ approximates f exactly and very rapidly: just one term suffices. The



Taylor series converge only at (—1,1) and their convergence is slow (alternating
sum). For g(x) = In(1 + z), see the function gg from Definition 1 with ¢ = 1,
d=0,B=0,a=1and w=1.

4 List

The following list of parametric functions gx consists of three pairs of inverse

—1\k
functions: any time a formula for dilg x )" was established then also an ex-

k
pression for dﬁfx )" was found: the roles of gx and g)_(1 can be swapped. It

is unclear if this is just a coincidence or whether there is some deeper un-
derlying reason. Parameters are included in the function names implicitly:

gx (2) = gx(p1, p2, p3, P4, Ps; x). Also we define 00 := 1.
Definition 1.

ga(z) = (m) -1, with t = g (6)
_a—bt+sgn(b—a)y/(b? —4c) 2 + [4(c+ 1) — 2ab] t + (a® — 4)

95(x) = 2[ct —1] ’

with = (1+ %)Ua (7)

_[a+0)f + A" - (14 A L@

solo) = e, with o=~ ®)

t4 (14 A e , z

gp(z) = {1_&5} —A -1, with ¢ = . 9)
~ [n(e+1t) +d* —[In(c) +d]* o, T

9z(@) = 1+ Bln(c+t)+d* with t=4 (10)

nc al/e T
gr(x) = exp { [W] — d} —c, with t = . (11)

The Python implementation of generalized expansions using these functions
is submitted as supplementary material with this text.

Proposition 2. Assume o # 0, w # 0 and a #b. Then f(z) = > .~ jang’s(z),
where a,, are defined by (2) with

B = wz:mz_:ﬁm S (7) (). (12)

=0

S EE ()
™ m =0 =0 p—3 J m—1

where



Formula (6) has a significant limit case without the quadratic term in the

numerator o

1+ 2z 4 Lg2
ga(x) = I

)

a,b,c,w—00
where a/w, b/w and ¢/w? tend to finite constants A, B and C. Thus

1+ Az r_ _[ L+t r_ ;

x
_ - rar Tt T
1+ Bz + Ca? 1+ Kt + Kot? w’ (13)

ga(z) = [

with w = 1/A, K1 = B/A, Ky = C/A?, and one free parameter is lost. The
corresponding limit of the formula for C' # 0 affects only the 3, term:

m—k [p/2] .
OO_E m p—J3\/2m—k—p—1
e 2 ()T

x BP=2gitm—k-p (g _ gypth=2m (14)

Taking C' = 0, one has

BooC = (7:__11) Bk (A—B)™. (15)

For the proofs, see the Appendix.

Q

Proposition 3. Assume o # 0, w # 0, a # b and ¢ # 1. Then f(x)
S o angh(z), where a, are defined by (2) with

K n_lo/2) :
Bog = wb 3 (—1)kd <k> 3 a”q( “ ) (p - q>
’ k! = J P—q q

p=0 ¢=0
L(n—p)/2] Cej \fn—p-s
bn—p—QSs . 16
e GL)0TT) e

For the proof see the Appendix.

Remark 4. The case ¢ = 1 gives correct results if approached as the limit ¢ — 1.

Proposition 5. Assume a #0, 5 #0, w#0, A > —1 and B(1+ A)* # —1.
Then f(x) = Yo" o angd(z), where a, are defined by (2) with

=3 () s () 5 ()

q=0
<y (qfa> (;q_/ff) (1+ AP (=B)"". (17)

For the proof, see the Appendix.



Proposition 6. Assume a #0, 8#0, w#0, A> —1, B(1+ A)* # —1 and
B #0. Then f(z) ~ Y ", angh(z), where a, are defined by (2) with

mawr () S () S (e
st(6t> (18)

xi@D 3 ()

14 BDe’

where
D=1+Aandp=

For the proof, see the Appendix.

Remark 7. The case B = 0 gives correct results if approached as the limit
B —0.

Proposition 8. Assumec>0,d+1Inc>0, a #0, w#0 and B(d+ Inc)* #
—1. Then f(z) = > 0", ang(x), where a, are defined by (2) with

o= () EEE ()
SO

where
Lo=Inc+d.

For the proof, see the Appendix.

Proposition 9. Assumec>0,d+1Inec>0, a#0, w+#0, B(d+1Inc)* # —1
and B # 0. Then f(z) = Y " angi(z), where a, are defined by (2) with

e B2 QS () (B

q=0

x i ! (O‘Sq> LS9 %s(n, 5), (20)

where
LO = ln C + d

and s(n, s) are the Stirling numbers of the first kind.

For the proof, see the Appendix.

Remark 10. The case B = 0 gives correct results if approached as the limit
B = 0.



5 Case studies

This section focuses on illustrative examples where proposed expansions are
applied.

5.1 Increasing convergence rate and domain of power se-
ries

In Section 3.2 we have demonstrated the convergence rate/domain enhancement

using a somewhat degenerate (yet formally valid) case, in which the function

being approximated was precisely the function used to build the series. Let us

now provide a more “fair” example: we chose to approximate f(z) = In(1 + x)
using go(z) with parameters A =0, B =1, a = 1/2, § =1 and w = 1, thus

obtaining
Vi+zr—-1
€T :77
9@ = e

which is bijective on [—1,400). Besides elementary algebraic operations this
formula uses only the square root which is evaluated very rapidly on a computer.
To investigate the behavior of the series

P~ - Vite—1\"
In(1 ) = 3 augx) = 3 a <m>

n=0

the inverse function is found to be
( 1+ gc ) 2
r=|——"2] —1.
1-ygc

(1+gc
1-gc

It gives

In(l+2)=1In

) ] =2In(l+4+g¢) —2In(1 — go).

Using the standard expansion

2 3 4
9, 96 9t .

In(1+gc) =gc — 5 T3y

and |go(z)| < 1 for all z > —1, one sees that the expressions for In[1 £ go ()]
converge for all z > —1. One obtains

9 | 9& ., 96 3
1n(1+$)=4<gc+3+5+7-">=nz_0an98($)'

The summation no longer contains alternating signs, meaning that the expan-
sion not only converges on the whole domain (—1,+00) domain, but also con-
verges more rapidly than the usual power expansion on (—1,1). In addition, the
convergence rate is enhanced by the absence of even powers.
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Figure 1: Description of both branches of the Lambert W function by ga-series
with different branches of the square root, see formula (21).

In this studied example we used specific properties of the logarithm to find
agnt+1 = 4/(2n + 1), which is, of course, also reproduced by the formula (17).
The formula is, however, much more general and covers many additional cases
in which an increase in the convergence rate or domain may be achieved, and
which are more difficult to analyze.

5.2 Reproducing branch points

Let us approximate the Lambert W function by constructing an expansion for
its principal branch Wy at © = 0. We use g4, formulas (13) and (15), with
parameters B = C =0, a = 1/2 and A = e, where e is the base of the natural
logarithm. Then

ga(z) =09V1l4+exr—1, 9=1 (21)

This choice creates a branch point for g4 situated at x = —1/e, i.e., at the
exact same position as the branch point between W and W_;. Doing this, one
hopes to construct an expansion that works beyond the branch cut and where
the branch is chosen by selecting the appropriate branch of the square root in
(21), 1. e. ¥ = —1 for W_y.

Figure 1 shows the description of both Wy _; branches by Zangfl:l and
> an gfi:_l. One observes that the second branch is approximated as well which
can be justified rigorously. Indeed, one can understand the two W branches
as situated on the branch cut which starts at © = —1/e and goes to +oo.
Wy is then defined on its upper bank and W_; on the lower bank. Thus,
W_4 values are reached by transporting the Wy values continuously around the
branch point, not crossing the cut. It is known that the branch point is of the
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Figure 2: Branches Wy _1(t) become one analytic function at —1/e with the
branch point removed. Sum > a,g’; [t(x)] represents its Taylor series expanded
at t(x =0) =1/e* —1/e ~ —0.2325....

square-root type, so it can be removed by the substitution t = (x +1/e)? —1/e.
Under this transformation, the upper bank remains unchanged (with a scaled
argument), whereas the lower bank is “rotated” around (—1/e, 0) and identified
with (—oo,—1/e). Consequently, the branch point is removed. Specifically, let
us define

Wo [(z+1/e)? — 1/e] ifx>—-1/e

From preceding arguments it follows that the function Ry is analytic at = =
—1/e and the only (logarithmic) singularity of Ry is situated at z;, = —1/y/e—
1/e = —0.9744. ... By the transformation, it corresponds to the singularity of
W on all Riemann sheets, Wy excepted, at x = 0. What is the effect of the
argument transformation on g4? One has

Ryfa) = ga(0) = ve (a4 1) -1

We see that after the substitution the function used for the expansion becomes

a simple linear function, g4 — R,, and the whole series > a,g¢"% becomes

a derivative-matching power expansion ZanRZ, which is the Taylor series.
This converges to the nearest singularity which, after removing the (—1/e, —1)
branching, is the logarithmic singularity at zr,, see Figure 2. If ) a,, It} (t) con-
verges to the unified branches Wy _1 (¢), then, by back-substitution, > a, g’} (z)]|9=+1
converges to Wy(z) and W_;(x), respectively. The back-substitution in fact
gives a shifted Puiseux series.
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Figure 3: Branches Wy _; approximated using the expansion with g4 from (22).

Again, we have illustrated a feature of the approximations we propose on
a simple example where the convergence can be easily demonstrated. Never-
theless, other parameter choices may also provide branch-point reconstruction
(possibly with better convergence properties). For example, the numerical com-
putations suggest that using g4 withb=c=0, 0 =1/2, w =2, a = 2e+1/(2¢)

1 1
ga(z) 19\/ + (e+4e>x+4x , 0 , (22)

one gets series that converge to W in the neighborhood of the branch point for
both branches (see Figure 3), although this may be more difficult to prove.

5.3 Matching value

Matching the function value at a point zy # 0, different from the expansion
point, is possible only in special situations.

5.3.1 Scenario with f(0) =0 and f(x¢) =0

The generalized power series 25:1 ang™(z) takes the value zero at xy whenever
g(zo) = 0, a condition that can be realized by suitable parameter tuning. How-
ever, such an z( necessarily lies outside the interval I containing 0, on which g
is bijective (recall that g(0) = 0 = g(x¢) while ¢’(0) # 0). Consequently, in any
neighborhood of x(, the series will generally fail to converge to f. Nevertheless,
this property remains useful, as it can still provide a rough approximation near
specific points within the non-convergent region.

10



5.3.2 Scenario with f(0) = f(z¢) =0 and an underlying symmetry
In addition to f(0) = f(xzo) = 0, let us also assume:
e The symmetry g(z1) = g(x2) <= f(x1) = f(x2);

e The convergence > ang"(x) — f(x) for x € I, where I is an interval
containing zero on which g is bijective;

e The bound f(z) € J for all z, where J is the image of I, i.e. J = f(I).

Proposition 11. Under these strong conditions, we can conclude that
> ang™(x) = f(x)
n

for all .

Proof. Indeed, for any za, we have f(zg) € J = f(I), so there exists 1 € I
such that f(xz1) = f(x2). Since x1 € I, the assumed convergence gives f(x;) =
> ang"(x1). By the symmetry property, f(x1) = f(z2) implies g(x1) = g(x2).
Consequently, >~ a,g"(x1) =, ang™(x2), and hence

f@s) = f(@1) =) ang™(@1) = Y ang™(22).

Since zo was arbitrary, the desired convergence holds for all x. O

Let us show how this property can be useful using an example that we
investigate only numerically. We chose f(x) = sin(nz) and g4 with parameters
c=b=0,w=1, a=1and a = —1, deliberately such that

ga(T)|z=1 = (x2 — x) lo=1 = 0 = sin(7x)|p=1,

i.e., the approximation reproduces the value of sin(7x) at = 1. The symmetry
of the functions with respect to x = 1/2

ga(l/2 —x) = ga(1/2+z), sin[r(1/2 —z)] =sin[r (1/2 + )],

implies that if Y a,g%(z) — sin(mz) for 0 < & < 1/2 then Y a,g%(z) —
sin(rx) also for 1/2 < x < 1. The imposed constraint ) ang’%(1) = 0 is
expected to improve the approximation, for example when compared to the
Taylor polynomial of the same degree. An objection can be made: because we
add new information (about the symmetry), the improvement is not a surprise.
This is only partially true. We may include the same information content also
to an approximation based on a Taylor polynomial T (z) = 22;1 apx™

(23)

(2) Tn(x) ifo<z<1/2
T™~(x) =
N Tv(l—z) if1/2<z<1’

11
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Figure 4: The approximation of sin(nz) by Af: = Zizl ang’y and by sym-
metrized Taylor polynomial 4, formula (23), on the left, and the corresponding
errors on the right.

thereby explicitly taking the symmetry into account. The results are shown
in Figure 4. Clearly, the g4-based approximation outperforms 7y significantly.
This can be understood: besides the symmetry property, our expansion is an-
alytic at = 1/2 for any partial approximation A{V = -1 ang%. We there-
fore believe that in a similar symmetry-backed situation the use of the value-
matching procedure (value being zero) can be very useful and may considerably
improve the convergence.

5.3.3 Optimizing parameters

In previous paragraphs we have used specific parameters to demonstrate inter-
esting features of new expansions without mentioning probably the most natural
approach: tuning the parameters in an optimization procedure to best describe
a function on a given interval. The aim would be to minimize the number of
terms or the (computer) time to reach a desired precision. This ought to work:
standard power expansions represent a single special case from the infinite set
of parametric formulas we provide. There is no a priori reason why the global
optimum should occur with the standard power series. Concerning comput-
ing time, they may win only if a small number of terms is taken into account,
because our method requires computing g(z) from z. For a larger number of
terms, one can expect the benefits of using g(z) (instead of ) to prevail. Let us
also note that our expansions can be evaluated, like polynomials, by Horner’s
method. Of course, for the generalized power series to be rapid, the coefficients
need to be pre-computed, since they are computationally expensive. Thus a
typical use case is to approximate a fixed function: compute the coefficients,
store them, and use them repeatedly to evaluate the function for different argu-
ments. We have made an effort to search for a mathematical function commonly
implemented in numerical libraries (C, Java, Python, ...) for which our method
could be competitive, at least on some reasonable interval. We did not succeed:
the existing methods are fine-tuned over decades and use the power expansion
(to be replaced by ours) very rarely; rather resorting to minimax polynomials

12
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Figure 5: For the approximation of Ai(z) using Zfz\’:o angk(z), tuning w to
reproduce the zero at x = —2.34... improves the accuracy much more than
increasing N.

and rational functions. Thus we believe our approach is more suited for specific,
occasional situations where a solution to a problem is found as a non-standard
(i.e., new, previously unknown) power series; it can then be enhanced.

Rather than providing a fully-tuned example let us focus on a specific op-
timization aspect: the parameter w is universal (present in all gx) and com-
putationally cheap. Tuning it may be a quick and routine way to improve the
convergence. It does not appear deeply in formulas (12)-(20) and if these are
used to compute By , := BYy ! for g(z) then B, ) = w*B2 > to be used with

g(x/w), see Sectlon 3.1 Tt is therefore sufficient to remember a triangular array
of numbers B] , and search for an optimal w. The following example uses g
with ¢ =1, d—l B=1/10 and o = 1, i.e.,

gr(z) = exp (”) .

10w — x

The series Z:LO angw(z) with a, given by (20) is meant to approximate the
Airy function Ai(z) and we use the first six terms (N = 5). In the optimization,
we start with the reference value w = 1 and tune it so that the approxima-
tion reproduces the first zero of Ai(z), situated at x = —2.33811.... We find
Wopt. = 4.034 ... and present the results in Figure 5. We observe a very signifi-
cant improvement and we see that the parameter tuning can hardly be compen-
sated for by increasing the number of terms. We do not go beyond numerical
observations in this example.

13



5.4 Manipulating singularities

Assume f has a pole at o and is analytic on a simply connected domain U\{zg}
which contains z = 0 and xg # 0. It may then seem natural to approximate it
using a function g that also has a pole at the same position. Unfortunately this
does not work well.

Proposition 12. Let U be a simply connected domain (i.e., an open connected
set) containing 0 and xg # 0. Let f be analytic on U \ {xo} and have a pole at
xo. Let g be analytic on U\ {x0} and have a pole at xy. Define

Af(z) = £(0) + ) anlg(@)]",

n=1

and assume that infinitely many a, are nonzero. Assume that the series con-
verges on U\ {xo} to an analytic function. Then A’ has an essential singularity
at zo. Consequently, AY # f on U\ {xo}; in particular, there exists 1 € U,
Ty # x0, such that Af(z1) # f(x1).

Proof. Let
F(z) = f(0)+ ) an2".
n=1

For x € U \ {0}, we have A7 (x) = F(g(z)). Let m be the order of the pole of
g at xg. Then
h(z)

g(z) = m7

where h is analytic in a neighborhood of z¢ and h(xg) # 0. First we show that
F is entire. For sufficiently large |w|, the equation g(x) = w has a solution
z € U\ {x0}. Indeed, this equation is equivalent to

h(z) — w(x — 29)™ = 0.

Choose r > 0 so small that the disk |« —x¢| < r is contained in U. On the circle
|x — xg] = r, the function h is bounded, say |h(x)] < M. For |w| > M/r™, we
have

w( = 0)™| = lwlr™ > M > |h(x)].

By Rouché’s theorem, t(z) = —w(x —x¢)™ and t(z) + h(x) = h(z) —w(x —z0)™
have the same number of zeros inside |x—x¢| < r, counting multiplicities. Since ¢
has m zeros, t+h also has m zeros. Thus there exists x with |[x—x¢| < 7, x # 20,
such that g(z) = w (z¢ is not a solution because h(zg) # 0). Hence the series
for F'(w) converges for all sufficiently large |w|. Therefore F' has infinite radius
of convergence and is entire. Now suppose A7 has a removable singularity or a
pole at 2. Then there exist N > 0 and C' > 0 such that for |z — z¢| sufficiently
small,
A (2)] < Cla — o 7.
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Since h(xg) # 0, there is ¢ > 0 such that |h(z)| > ¢ for |z — x| sufficiently small.
Then

|h(z)] -
= 7 > — m
‘g(l’)‘ |.23 _ xOlm = C|1' .’E0| )
SO
|z — 20| N < e N/™ g () N/,
Therefore

|F(g(a)| = |Af ()| < Cla — xo| N < Ce™N/™|g ()N
Since g(z) takes all sufficiently large values w, we get
|F(w)] < C"|w] V™

for all sufficiently large |w|. An entire function that grows at most polynomially
is a polynomial. Hence in the expansion F(z) = f(0) + >  a,2™ only finitely
many a, are nonzero, contradicting the assumption. Thus A/ cannot have a
removable singularity or a pole at xg. Since it is analytic on U \ {x¢}, it must
have an essential singularity at xg. Since f has a pole at zg, the two functions
have different types of singularities at xg, so they cannot coincide on U \ {zo}.
Therefore there exists z; € U, x1 # xo, with A/ (z1) # f(x1). O

If f has an essential singularity in z¢ then the convergence is possible. There
are simple examples, see e.g. Section 5.1 of [2].

Although poles cannot be directly approximated by the poles of g, one may
use poles of g to improve the convergence rate. For example, define g with
a shape (concavity/convexity, inflection point) similar to f. Let us give an
example with f(z) = tan(z). We use

(24)

which corresponds to parameters a =1, a = —1, b =10, ¢ = 1 and w = ixy with
xo = m(14+/2)/2. Here i is the imaginary unit and 4z are poles positions. One
notices that ga(x) is purely imaginary on the real axis and its imaginary part
is odd and similar to tan(z), meaning it is increasing and antisymmetric with
inflection point at the origin (Figure 6). By careful consideration of singularities
of tan(g~1), the parameter zg is chosen so as to guarantee the convergence of the
g power series on (—m/2,7/2) (see Section 3.2). By combining the odd powers
of g (even ones are missing) with imaginary coefficients, a real-valued function is
constructed. Numerical inspection (Figure 7) suggests that the approximation
converges more rapidly than the Taylor series of the same length. One notices
that the formula (24) is a very simple rational function that is fast to evaluate
on a computer.
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Figure 6: The imaginary and real part of g4(x), formula (24). From the per-
spective of the origin, the poles are situated (quite) beyond those of tan(x),
latter denoted by dotted lines.
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Figure 7: Left picture: Approximation of tan(z) by AP"(z) = Zi:o ang’s (x)
and by the Taylor series T (z) = Zi:o anz™. Right picture: Comparison of
errors by ratio.
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6 Discussion, summary, outlook

The expansions we present are derived from the simple idea of a substitution
into a power series; we do not see additional sources for our work that should
imperatively be cited. After conducting extensive literature and internet re-
search, we firmly believe that the presented results are original, nevertheless,
we acknowledge the existence of results with some degree of similarity, which
deserve to be mentioned. Many of them have a higher mathematical complexity
and are often targeted at specific physics problems.

A well-known method for improving convergence of a power series is the
Euler transform [3]

ZO‘" 1—x§%a"<1fx>n’ (25)

where a,, are computed as the nth order forward difference from coefficients «;.
The method is well suited for summing alternating series and has generalization
to negative indices [4] or to an approach dedicated to the summation of Rayleigh-
Schrodinger series [5]. The formula (25) resembles what we present and can be
seen as a special case of our approach which corresponds to expanding (1—x) f(x)
using the function g¢ with « = 8 =w =1 and A = B = —1, see formula (8).

Another mainstream approach for enhancing the convergence of series is
Kummer’s transformation [6]. Aiming to speed up the convergence of S =
>oo2 | ana™, one searches for a similar series C' = Y | 8,2 where C is known.
Then S can be rewritten

S = 70+Z<1—’yﬁ>an 70—1—2)\ anz”

n=1 n=1

with v = limy, 00 @ /Bn. If {Bn} and {a,} behave alike as n increases, then
A, tends to approach zero quickly.

A large number of publications stem from the seminal works of Aitken [7],
Shanks [8] and Levin [9]. These authors introduced non-linear sequence trans-
formations aimed at accelerating convergence by eliminating oscillations while
preserving the underlying trend. Numerous other transformations have since
been proposed [10, 11, 12], some of which incorporate free parameters. A nice
overview is given in [13].

In fact, most of the methods mentioned above, as well as the method pre-
sented here, can be interpreted as conformal mappings, basically meaning sub-
stitution (or variable transformation), possibly with some terms re-arrangement.
If done properly, it may move the point of evaluation from a position close to a
singularity to a position far-away from the singularity, thus accelerating the con-
vergence. Here, the essential texts to cite are by Van Dyke [14] and Guttmann
[15].

An important approximation scheme is the Padé approximant which, by
construction, is able to reproduce poles of the approximated function, thus pos-
sibly providing a good approximation even beyond this type of singularity. Here
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again, large generalizations exist: the authors of [16] propose a constructions
where polynomials are replaced by general Chebyshev systems, thus possibly re-
producing branch points and cuts. Another important application is the Padé-
Borel summation, successfully implemented for example in quantum physics
[17].

The latter citation is related to a topic many authors in physics and applied
sciences work on: to give meaning to divergent series and to provide a mechanism
for formally summing them up. Besides the Borel summation, one can mention
order-dependent mapping methods [18], the variational perturbation theory [19]
or more unconventional frameworks such as the self-similar approximation, a
theory developed by Yukalov [20]. Nevertheless, these topics lie at the edge of
the scope of this text.

We believe our construction surpasses previous approaches in several re-
spects: the number and variety of both expansions and parameters, as well as
their simplicity. The list of six functions we have presented is by no means
exhaustive - one is free to invent his own g function, provided a formula for
d%g ek can be derived. The same applies to the number and meaning of the
parameters; we have focused on five-parameter formulas only for convenience,
and one may attempt to construct a g with an even larger number of adjustable
parameters.

Apart from regularizing divergent series, our approximations can be used, as
demonstrated, for all the other purposes mentioned above. Yet the construction
remains remarkably simple. In principle, Bell polynomials can be expressed
by a formula, but this formula is formal rather than explicit. It contains a
summation symbol where the sum runs over all sequences of indices subject to
specific constraints; this does not qualify as an explicit formulation in our view.
In contrast, the formulas we provide are truly explicit: although lengthy, they
rely solely on single summations with explicit summation limits. Furthermore,
the convergence of our expansions is easily determined via back-substitution into
power series. None of the competing approaches combines all these features.

We cannot foresee all possible applications of our construction, yet, given the
sheer size of the field dedicated to enhancing power expansions, we believe our
method can make a meaningful contribution. It remains for each researcher or
scientist to adapt the tools we propose to their own needs. Our experience shows
that parameter tuning is not always easy; in preparing the examples for this
paper, we have explored many suboptimal parameter regions and encountered
problematic local minima during optimization. Still, we have always succeeded
in finding an expansion that met our requirements. We hope this will likewise
be the case in future applications.

As a future prospect, we plan to establish a diverse library of parametric
functions similar to gx to provide a broader range of options.

Very generally, extensions of existing mathematical definitions or construc-
tions can be useful; in the past, we [21, 22| and others [23, 24, 25| have con-
tributed to the concept of differentiation by integration, which generalizes the
ordinary derivative (extends the set of differentiable functions, provides algo-
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rithms to differentiate noisy data or can be used for fractional derivative) and
is parameterized by an infinite (but not arbitrary) set of kernel functions. We
believe this is also a path to follow in the future: one may investigate useful
extensions of existing mathematical concepts, which, in relation to the present
text, may for example consist in considering expansions to other approximation
forms (not only power-based) and principles (not only derivative-matching).

Use of artificial-intelligence (AI) tools

The core ideas are the author’s own and can be traced back to a time before
the widespread use of large language models [1, 2]. However, Al tools (mostly
DeepSeek [26] and Qwen [27]) were employed as supporting tools in the develop-
ment of this text. Their role included providing assistance with the formulation
of functions (6-11), the derivation of equations (12-20), which were carefully
checked by the author, and offering suggestions for the illustrative examples.

Furthermore, the Al aided in proofreading and language refinement, while
the initial drafting of the text was performed entirely by the author. It also
assisted with the translation of the mathematical framework into the accompa-
nying Python code. In all cases, the author has reviewed, validated, and taken
full responsibility for the final output.

Data availability statement
No new data were created in this study. The research outputs consist of com-
puter programs submitted as supplementary material with this text.
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A Proofs of formulas (12)-(20)

We have postponed the proofs of formulas (12)-(20) to appendix to make the text
more readable. We work with expressions where the parameter w is missing,
(meaning w = 1) and we replace z/w by z. Thanks to the formula (5) w is
specific; it can be introduced later, once formulas with other parameters are
established. As indicated in the text, formula (3), one needs to find the nth
derivative of the kth power of the inverse function of g. First, let us list one
useful formula
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Lagrange-Biirmann formula

Let f be an analytic function and let h be its inverse near x = 0. Then for any
analytic function T'

i) = 2o (770 [ ).

where [z"]F(z) denotes the coefficient of 2™ in the Taylor expansion of F'(x).

A.1 Proof of formula (12)

Proof. We assume a # 0 and a # b (and w = 1, z/w — z). The inverse function
to ga, formula (6), is, in the neighborhood of x = 0, the function gp, formula
(7), which can be verified by direct calculation. The latter is written as

a—bu+sgn(b—a)vVAu
2 [cu — 1] ’

g(r) =

u:(l—i—x)l/a, Au= (b* —4dc)u® + [4(c+ 1) — 2abju+ (a® — 4).
One has

1+ags+g% 1" 1/a 1+ agp + g*
$=9A[QB($)}:[W 1= (@+1)Y ZW-
B B
Introducing
wi=(@+1)Y*~1, yi=a-b, s=1-c
one has

9B + g%

A9 = T b + g

Let us work in the variable w. We write g&(w) = >"°_, 8,,w™ where

ok gy (LAt

This follows from the Lagrange-Biirmann formula with T'(t) = t*, h(w) = gp(w):

) (] )

1
m
k [t <1+bt+ct2)m
m v+ ot '

B = W™ lgp(W)]" =
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We treat numerator and denominator in (26) separately.
m m ﬂ’l m
1+ bt + ct? 1+x)" bt + ct?)"
(T+bt+ct?)" =1+ ;(» (r)( +ct?)
< ) (r> (bt)" 9 (ct?)?
J

T
2m |p/2] o
L
p—1J J

p=0 j=0

(e}

ng ng
M%

(

<.
s

J b chtT+j|p r+j

h

for any m € N. The original condition r < m (i.e., p — j < m) is taken care of
automatically by the binomial coefficient (p’fj) Next

e (1) (£

which follows from the generalized binomial theorem for negative exponents.
One extracts the coefficient in front of the term t™~*

m m |p/2] .
s 1+bt+ct2> mk (m )(p—g)
) () = S () (7

p=0 j=0

y (m +q— 1> bp—chj,y—m (_6)q tp+q
q Y

EE ()
== j m—k—p
x bP~ 2chprrk_Qm(c — 1)’”_’“"’.

Ifm—k—p<0 (ie. p>m—k) then the last binomial coefficient is zero so we
can restrict the summation limit over p to m — k. Next, for the same binomial
coefficient we use the identity (') = ("), thus getting

7:; pzo L)CCmr) e
el

x b2

( )p+k Qm(C l)mfkfp.
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Let us recall our aim: we seek a formula for d(g“‘ )" . We have ¢gk(w) =
S Brmw™ and w = (x + 1)1/a — 1. Thus

d(gA )

Il ||
s
M8 ™
S
3 NMg
MS —~
:‘g QE
—
%
Jr
=
B
S
|

Using (4) we reproduce formula (12)
=5 m e (7))

with 8, given by (27). Special limit cases (14) and (15) are derived by applying
the limit to the previous procedure. O

A.2 Proof of formula (16)

Proof. We assume o # 0, a # band ¢ # 1 (w = 1, /w — x). The inverse
function to gp, formula (7), is, in the neighborhood of & = 0, the function g4,
formula (6), which can be verified by direct calculation. The latter is written as

(x)— 1+ az + 22 a_l
gal®) = 1+ bz + ca? '
So

lga@)]* = [(1 4 az + 22)*(1 + br + ca®) ™ —1]"

I

Il
<

<j> (—l)kﬂ(l +ax + 2% (1 + ba + cx?)™
J

If

(5)rima (25)

J=1

where the lower limit can be set to j = 1 because j = 0 gives a constant which
disappears in the differentiation. Now we search for [#"]F};(x) = [d"F;(0)/dz"]/n!.

22



Using the generalized binomial theorem we get

(1+az +22)* = i (aj> (az + 2%)"

p=0 p

-2 ()5 (e

2 ()0

To extract the coefficient in front of " we introduce a new index r = p + q.
Since p > g one has ¢ < |r/2]

W0+ ar ) = 30 e (O;j) (z;) —

Analogically

t 2\ —aj ey —ayj t—58\,1—2s s
[](1 4+ bz + cx*)~ = E b,
et t—s S

With Fj(z) being a product of two terms, its [z"] factor can be expressed as a
convolution

=5 (8 ()0

p=0 \ ¢=0

l=n)/2) N
% bn—p—Qs s
P PN (Y L

Substituting back to (28) we get

& gate)) = i (5) i mme = > (5)evm .

j=1
This gives

nl F k ~n_ [lp/2] i p—q

A Cer £ (£ (20
L= \J “\Z \w-ad\ ¢
L(n—p)/2] —aj n—p—s
bn—p—Zs s

xS0

which is identical to (16). O

23



A.3 Proof of formula (17)

Proof. We assume o # 0, 8 # 0, A > —1 and B(1 + A)* # —1 (w = 1,
xz/w — x). The inverse function to g¢, formula (8), is, in the neighborhood of
x = 0, the function gp, formula (9), which can be verified by direct calculation.
The latter is written as

. aql/o 1/8
gp(z) = {[—’—1(1;;1)} —A} —1.

We define U(z) = gp(z) + 1, so g% (x) = [U(x) — 1]*¥ and one has

n k n
@ o= 3 () 0 I @

dz™ ; dz™
7=0
Thus we search for [2"|U(z). We define

z+ (1+ A1
1— Bz '

Uz) = [Z(z) — A" with Z(z) := [
We have Z(0) = 1+ A. So, introducing D := 1+ A, we have
U/ () = [Z(z) = AP = [(Z(x) = D) + (D = AP = [ + (Z(2) - D)P/*.
The generalized binomial theorem gives
7 _ - J/ﬂ _ P _ S ]/6 - p _ pP—qr7q
v (m)—g( %)z - ) —g( ! );(q) D)P171(a)

Next, let us focus on Z%(z) = (z + D*)9*(1 — Bx)~%/*. We expand both
parenthesis

a/e N (q]a
+ Doy =Dt (14 22) =Y Di—ory
(@ ) D« —\r o

(1 — Bx)™9/* = i (Q/O‘> (—B)*z*.

S
s=0

Again, we express [2"]Z9(z) as convolution

£129() = (115 brsa (/%) oo (1)

r=0 s=0

S (e
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Using [d"Z%(x)/dx"],_, = nl[z"]Z9(x) we get

@)l _ =3 () @l
£ O E L) ortarn
“3 (e ()5 (e

SRR

To complete the proof one needs to show that the upper summation index for
p can be changed to n. If, for a fixed ¢, we define

F(q) = Xn: <qia) (nq_/‘;‘> pr-ar(_ By
then :
> @ (~1)°"*F(q) = APF(0),

i.e., the sum over g represents pth finite forward difference. At the same time the
expressions (qé 0‘) and (;’i/f‘) are, as function of ¢, polynomials of the order r and
n—r respectively. Thus their product has order n. Summing polynomials (index
r) does not change the polynomial order. Therefore, if p > n, the expression
becomes zero since any finite difference operator with a degree higher than is
the degree of the polynomial on which it acts gives zero. So Z;O:O — ZZ:O.

Then, using B, ; = dﬁlg_l)k/k! we get formula (17). O

A.4 Proof of formula (18)

Proof. We assume a #£0, 8 #0, A>—1, B(1+ A)* # —1and B #0 (w =1,
x/w — x). The inverse function to gp, formula (9), is, in the neighborhood of
x = 0, the function g¢, formula (8), which can be verified by direct calculation.
The latter is written as

[(1+2)8 +A]" — (14 A)°
1+ B[(1+z)% + A]”

gc(z) =

We start by defining

W(z)=[1+z)f+A4]", D=1+4
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giving

W(z) — D* 1(1 1+BD“)1<1 M >

9@ =T gww B\ Traww) - B\ 1rBW@

Then
k
gt(x)=B7* Z (f) (=17 M7 1 + BW(ac)]_j .
3=0

We remark that W (0) = D® and we introduce A(x): W(z) = D+ A(x), where
A(0) = 0. We get

B
1+BW(x) =1+ BD“+ BA(z) =M+ BA(z) =M [1 + MA(a:)} .
Then the generalized binomial theorem is used
B & (- (B .,
{1 + MA(x)} = p;] ( , ) (M> AP ().

With A(0) = 0 one expands A(z) = 0+ O(x). We are interested in the nth
derivative at x = 0, i.e. in the nth coefficient of the power expansion. The
expression A(z) = O(x) implies that AP(z) contributes at order O(aP), not
earlier. We can safely truncate the series

1+ BW (@) = M Z () (2) s+ o

p

~u 3 () (5) S (F)wre ooy 0w,

p=0 q=0

Now we focus solely on the W (z) term.

1+2)f—17"
Wia) = 07 1+ SR < Do @) 70 <o
S0 .
Wi(x) = D1+ T(2)]*? = D*¢ S (“T) 72 (a).
(@) = D™ 1+ T(@) > ()
Since T'(z) = O(x), only terms s = 1,...,n contribute to the nth coefficient.
One has



With (1+2)% =37, (i.t)xj obviously [z"](1 + 2)7 = (°*). This leads to

o) - 003 ()3 (0) (7))

Now we put now everything together

g (@)l amo = nlla" gk ()

Bty (’“) (1Y MY (") [1 + BW ()]~
e (e £ () ()
x Xp: (p) (—D*)P~9 [z"|W4(z).

After back-substitutions, using [d"/dz™] = nl[z"] for x = 0, formula (18) is
obtained

=0
- g% <_pj) (ﬁgaDa)p qé(—l)l’—q (1;’)
X 82: <O“1)Ds g(_l)st(i) <€Lt)

A.5 Proof of formula (19)

Proof. We assume ¢ > 0, d+1nc > 0, @ # 0 and B(d + In¢)* # —1 (w = 1,
x/w — z). The inverse function to gg, formula (10), is, in the neighborhood of
x = 0, the function gp, formula (11), which can be verified by direct calculation.
The latter is written as

- T + (hlc -+ d)a 1/04 - Z(I)*Lo
gp(a:)exp{{l_Bx} —d —cfc{e —1]

with

:C+L8)l/a

LO—lnchdandZ(a:)—<1 5
— Bz
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Then .
@) = & 701y

Setting W (z) = Z(x) — Lo, we get

Jj=0 J
We focus on the last term
JW (z) = J* p
e :ZE[Z(‘I)_LO]
p=0

One has Z(0) = Lo so Z(z) — Ly = O(x). Therefore [Z(z) — Lo]”, when ex-
panded, begins at P or higher. Therefore

"™ @ = 7] p_o‘; () - Lol
DY (5) (~Lo)*~"[a"] 27 (x)

One has

= (z+ L§)¥* (1 - Bx)~®

S () (o

LS

The coefficient in front of z™ is given by the convolution r +s=n (s =n —7r)

iz =30 (U (L) cmr e

r=0

28



This gives the final result

1 dar nlo e
BMW frsholno = k,[ lok (2

which is identical to (19). O

A.6 Proof of formula (20)

Proof. We assume ¢ > 0, d+1Inc > 0, « # 0, B(d+ Inc)® # —1 and B #
0 (w =1, x/w — z). The inverse function to gp, formula (11), is, in the
neighborhood of x = 0, the function gg, formula (10), which can be verified by
direct calculation. The latter is written as

[In(c + z) + d]* — [In(c) + d]*
1+ Bln(c+z)+d*

ge(z) =

V(z)=[In(c+z)+d", Lo=Imec+d, M=1+BLg.

Then

ge(z) = é <1_1+1]1\34V(a:)>'

So
f:( ) 1) M7 [1 4 BV ()]

Writing V(z) as V(z) = L§ + A(x) with A(0) = 0 one has
B
1+BV(z)=M (1 + MA(:E)) .

Raising to the power —j gives

1+ BV (x MJZ< )( >pAp(x).
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With A(z) = O(x), the power expansion of AP(z) starts at z? or higher. We
are interested in extracting the nth coefficient, so we write

[+ BV () = M Z () (2) e - 31+ 0w,
v -2 =3 (M) vy

q=0

This leads to
: i~ (9 (B N~ (P
v =003 () (57) X () Lo v,
—o\P M —o \¢
P q
Again, the generalized binomial theorem is used for the last term
[2"]V(z) = [2"] [In(c + z) + d]™

= [2"] [LO +1In (1 + f)] e

_ 2 <a8‘1) 37 [ (14 2]

This can be related to the exponential generation function of the Stirling num-
bers of the first kind s(n, k)

We have

T xm s!

[z"] [ln (1 + E)]S =s! i s(m,s)%[ac”]c—m = ——s(n,s).

nlen

Taking into the account the relation between power-expansion coefficients and
derivatives, one reproduces the formula (20)

_ 1 d" k _n! ni  k
Byx = dengE(w”w:O = y[m l9E(2)

EEOEC) ) )

j=0 p=0 q=0

~ (04 | rag-s
XZ<S>SILOQ s(n, s).

s=1

8

where the innermost sum was truncated thanks to relations s(n,0) = 0 and
s(n,s) =0 for s > n. O
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Summary table

(s w597 (o)is "o p-a(87-)(2) “a () (1) UK 1) () K 2y =1

«m

STg+1=mW ‘pow=07 ‘F=1 9- @JL%Q dxo = ()46

wo 0 Tamal@-) (o) (o)) "7aK p-a 07 (2) 70X 5 00K oy (1) (5) "X oy = g

_ cmo_ ¢ F+C+&E_mi
pHou =07 ‘z=1 ‘o .ptoroa = (©)70
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o virma Ter e fvo ] -em
d/1 ©/1
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‘ [1—22lg — (g
0T D) =1 e oy g S = (59

a—y-u(l IQVST&QSIE%QQQA & VA X V F\EN e El
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